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Abstract

The emergence of renewable, degradable polymers in everyday applications necessi-
tates the prediction of their mechanical behavior during service. In a recent contribu-
tion, |Alkhoury et al| (2024) characterized changes in microstructural and mechanical
behavior resulting from stress-enhanced photo-degradation of cellulose acetate, a re-
newable and degradable glassy amorphous polymer used in various consumer products.
In this work, we complement the existing set of experiments and develop a thermo-

dynamically consistent constitutive model informed by both micro- and macro-scale
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information. The outcome of this work enables the prediction of the mechanical be-
havior of photo-degrading glassy amorphous polymers while subjected to stresses. This

can help engineers design sustainable devices while ensuring product integrity.

Keywords: Constitutive behavior; Degradable polymers; Renewable polymers; Stress-

enhanced photo-degradation; Stress-enhanced UV degradation.

1 Introduction

Modern societal trends are focused on replacing petroleum-derived polymers with sustainable
polymers with similar performance (Eerhart et al., [2012; |Zhu et al., 2016; Elsawy et al.
2017; [Nakajima et al., 2017, Asgher et al., [2020; Hayes et al. 2022; [Singh et al., [2022;
Campbell et al [2023). Since sustainable polymers are much more likely to be degradable,
it is important to understand how quickly they break down under environmental conditions
versus how well they maintain their structural and functional integrity during storage and
application. For that reason, it is important to have constitutive models with the ability to
capture the mechanics concurrently with the relevant chemical processes, such as degradation
reactions.

While the modeling of the mechanics of polymeric materials undergoing chemical reac-
tions is still at a relatively early stage of development, there exists substantial work in the
existing literature. In recent years, numerous studies have focused on polymer hydrolysis,
that is, the degradation of polymers in the presence of water. For instance, Vieira et al.
(2014) developed a three-dimensional time-dependent model to simulate the performance
of biodegradable structures undergoing large deformations, incorporating hydrolysis degra-
dation. Bahrololoumi et al. (2020) modeled the effect of hydrolytic aging on mechanical
quasi-static responses of rubber-like materials, exhibiting the Mullins effect and permanent
set. Brassart and co-workers developed a thermodynamically-consistent continuum frame-

work and constitutive model for coupled large deformation and hydrolytic degradation in



hydrogels (Pan and Brassart), [2022), and more recently extended this framework to incorpo-
rate hydrolytic degradation and viscoplasticity in glassy polymers (Pan et al., [20206)).

Turning attention to thermal degradation, Gigliotti et al. (2011 characterized and mod-
eled the local shrinkage strains and stresses induced by thermo-oxidation in composite mate-
rials at high temperatures. Konica and Sain| (2021]) presented a homogenized thermodynami-
cally consistent constitutive model to predict high-temperature oxidation for fiber-reinforced
polymer matrix composites undergoing large deformation. Bahrololoumi and co-workers de-
veloped models that address concurrent effects on cross-linked polymers, such as thermo-
oxidation (Bahrololoumi et al., 2021)), and thermal aging and cyclic fatigue (Bahrololoumi
et al., 2022). Song and Zhong| (2024)) developed a constitutive model to elucidate the me-
chanical degradation of carbon fiber-reinforced polymer composites when subjected to direct
current while simultaneously accounting for thermal degradation. Moreover, Shakiba and
Najmeddine (Shakiba and Najmeddine, 2023; Najmeddine and Shakibay, 2024) presented
physics and chemistry-based constitutive frameworks to predict the mechanical responses of
thermo-chemically aged elastomers.

Moving onto photo-degradation, Ayoub and co-workers modeled the effect of photo-
degradation on various polymers ranging from amorphous to semi-crystalline (Belbachir
et al., 2010; Ayoub et all 2020; Lamnii et al. 2021). |Mohammadi et al. (2021) pro-
posed a micro-mechanical model to describe the effects of temperature and UV radiation
on the constitutive behavior of cross-linked elastomers. |[Najmeddine et al.| (2022) presented
a physio-chemically-based constitutive framework to predict the response of severely photo-
oxidatively aged semi-crystalline polymers. In all of these cases, the focus was limited to
photo-degradation under traction-free conditions. While some of these studies investigated
the effect of photo-degradation on the underlying chemistry of the polymers of interest, to
the best of the authors’ knowledge, no work exists that simultaneously addresses both stress
effects and the underlying chemistry.

In a recent contribution, |Alkhoury et al. (2024) addressed this limitation by characteriz-



ing the microscopic chemical changes associated with stress-enhanced photo-degradation and
examining their influence on the mechanical response of cellulose acetate, a degradable poly-
mer used in various consumer products. Specifically, cellulose acetate was photo-degraded
under (i) traction-free conditions, and (ii) under an applied stress. A key finding of that
work is that upon photo-degradation, cellulose acetate undergoes microstructural changes
due to UV irradiation, which affects its mechanical properties and is further affected by
the applied stress. Consequently, the objective of this work is to complement the existing
set of experiments reported in that work and to develop a thermodynamically consistent
constitutive model that captures the experimental observations.

The remainder of this paper is organized as follows. In Section [2 we briefly overview the
experimental procedure reported in Alkhoury et al.| (2024) by providing some background,
along with a summary of the results and a list of major assumptions that are crucial to laying
the foundation for our model. In Section [3| we describe the active physical mechanisms
responsible for changes in the constitutive behavior in photo-degrading cellulose acetate. In
Section [ we overview the continuum-level model, calibrate it in Section [5, and then use the
model to study a boundary value problem in Section [6] to demonstrate its practicality. In

Section |7, we provide concluding remarks.

2 Experimental background and results from the liter-
ature

In this section, we provide background and major assumptions, reproduced from our earlier
work (Alkhoury et al. 2024). We also summarize the experimental results that are crucial

to laying the foundation of our model.



2.1 Attenuation of light

As monochromatic light travels through a participating medium in a given direction, it is
well known that its intensity attenuates, a phenomenon based on a physical observation,

often called the Beer-Lambert Law (Lambert], [1760), which can be schematically described

by Figure [1}

Figure 1: Schematic of a monochromatic light attenuation as it travels through a participat-
ing medium in a given direction denoted by the unit vector s.

This phenomenon is commonly modeled in one dimension using

I(s) = Ipexp(—fs), (1)

where I is the incident intensity, 8 the attenuation coefficient, and s is the path length. This
attenuation is relevant to photo-degradation, as it results in an inhomogeneous intensity dis-
tribution through the sample’s thickness during exposure. This results in an inhomogeneous
degradation across samples, which must be mitigated as much as possible to ensure a clear
interpretation of the experimental results.

Toward mitigating inhomogeneity in |Alkhoury et al.| (2024), the intensity of the incident
light was first measured using a UV light meter (Omega-HHUV254SD), and the light inten-
sity across cellulose acetate samples of relevant thicknesses was also measured, as shown in
Figure[2] It was observed that the light was fully attenuated at a sample thickness of 254 pm,
approximately twice that of the used samples. Next, the measurements were calibrated using

, where Figure [2| shows a reasonable agreement between the “Beer-Lambert” model and
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experimental results. Moreover, the parameters are tabulated in Table [l For that reason,
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Figure 2: Light attenuation measurements along with the corresponding Beer-Lambert model
for cellulose acetate samples of varying thicknesses.

Iy (mW/cm?) | § (pm~7)
2.59 0.007

Table 1: Beer-Lambert model parameters obtained from the calibration in Figure .

two UV sources were used, one from each side, as shown schematically in Figure 3 such that
samples were exposed from both sides. Since light emanating from two independent sources
with intensities I; and I is incoherent, the combined intensity is given by I(s) = I1(s)+ I2(s)

(Hecht, [2002). We further introduce an approximation based on an “average intensity”

.
[:E/O I(s)ds, (2)

where the “average intensity,” I, is assumed to be quasi-uniform, and results in a nearly
homogeneous degradation across the thickness, as shown schematically in Figure 8] This
was the first major assumption made in analyzing the experimental results. In the case that

£ is a constant and does not vary in space, this leads to the simple result

1

B h
I= E/o Iyexp(—PBs) + Ipexp (— B(h — s))ds, (3)



which in this case leads to an average intensity I

T=20[1—exp(—Bh)] . (4)

Lastly, exposure to UV light at a known intensity for a fixed amount of time is commonly

referred to as “UV dose,” often expressed in mJ/mm?. Accordingly, we take

me@AUmoM 5)

as the definition of UV dose. For the experiments, based on the average intensity assumption,

that reduces to

D@:Af@@, (6)
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Figure 3: Schematic of light attenuation across the sample thickness and the approximated
quasi-uniform “average intensity” I.



2.2 Degradation mechanisms

All degradation experiments were conducted at a constant temperature of 27°C. In addition
to that, since all degradation experiments occurred over a short period of time, any possible
degradation due to physical aging, as well as thermal oxidation, was neglected, since both are
expected to happen at a relatively longer time scale and much higher temperatures (Yousif]
and Haddad, 2013 |Gardette et al., 2013; Rasselet et al., 2014). Furthermore, the mass of
photo-degraded samples was measured using a balance (Sartorius Practum213-1S), and no
measurable mass change was detected within the instrument accuracy (1 mg), corresponding
to approximately 0.3%, for a 313 mg sample. Therefore, the second major assumption was
that any measurable change in the micro- or macro-scale behavior of cellulose acetate is

attributed solely to photo-degradation.

2.3 Virgin/baseline and degraded materials

When discussing materials undergoing degradation, two terms describing the state of the
material are necessary to understand — virgin and degraded. Virgin material is a raw ma-
terial without any prior degradation and loading history, serving the purpose of establishing
a baseline behavior for comparison. Whereas degraded material is a material that has been
subjected to degradation under different conditions (UV dose and stress), and is used to

understand the effect of these conditions on the materials’ response.

2.4 Photo-degradation apparatus and procedure

As reported in |Alkhoury et al.| (2024]), prior to photo-degradation, commercially purchased
amorphous cellulose acetate films were subjected to a stress relief heat treatment for 6 hours
at a temperature of 135°C, followed by a slow cooling to room temperature overnight!T]

Then, tensile dog bone samples were extracted using an ASTM D638-V cutting die. The

IThe cooling was uncontrolled in practice; the power was turned off, and the oven door was not opened
until the next day.



nominal gauge section dimensions of samples were ~ 9.52 mm long, ~ 3.14 mm wide, and ~
0.114 mm thick, though the exact dimensions of each sample were measured prior to testing
for accuracy. The grip sections were then covered with tape, as schematically shown in
Figure [4] to prevent any exposure to UV light and thus eliminate any possible degradation
to these regions. Next, samples were gripped and exposed to UV light at a known intensity
for a fixed amount of time, for the purpose of prescribing a known UV dose. Cellulose
acetate samples were photo-degraded using two 20W UV lamps (Analytik Jena XX-20S)
with a wavelength of A = 254 nm, corresponding to UVC on the UV spectrum. Specifically,
the 20W lamps were set at a standoff distance of 0.3 m, which led to an incident intensity of
Iy = 25mW/cm”. In what follows, the average intensity I = 3.4316 x 102 mW /mm? was
used to compute the UV dose following @ Moreover, the chosen exposure times were four
(4), eight (8), and twelve (12) hours, resulting in UV doses of D = 494 mJ/mm?, D = 988

mJ/mm?, and D = 1482 mJ/mm?, respectively.
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Figure 4: A schematic of the experimental setup used for a) traction-free degradation, and
b) degradation under constant applied stress. Note that the UV light comes from both sides
and that the grip section is taped, represented by the black in the figure, leaving only the
gauge section open to UV light.

The degradation experiments in |Alkhoury et al.| (2024)) were grouped into two categories:
(i) traction-free degradation and (ii) degradation under a constant applied stress. For the

traction-free degradation experiments, the samples were gripped from one end, hung under



their own weight, and exposed to UV light, as shown in Figure [dh. Those experiments
provided a baseline behavior of photo-degrading cellulose acetate. For the degradation under
constant applied stress, the samples were gripped from one end, and a known constant stress
was applied from the other end, resulting in a constant tensile state of stress, as shown
in Figure [db. Those experiments probed the effect of stress on the mechanical behavior
of photo-degrading cellulose acetate. The results from those experiments were reported in
terms of engineering stress due to its simplicity, ubiquity, and acceptance by many other
communities. We also note that any stress contribution due to the samples’ weight was
neglected in the traction-free degradation experiments as the samples typically weighed ~
0.025% of the smallest applied load (1.341bs), which is negligible. Moreover, five samples
were used in each degradation experiment, and each degradation experiment was repeated
at least once to ensure repeatability between the results. Lastly, photo-degraded samples

were used to characterize the micro-scale and macro-scale response.

2.5 Summary of the experimental results

Key experimental results from |Alkhoury et al. (2024) are summarized as follows. At the
micro-scale, it was observed that an increase in the UV dose decreases the number average
molecular weight M, and the glass transition temperature 7, (see Figure |5)), without having
any significant effect on the functional groups in cellulose acetate, regardless of the applied
stress. This indicates that upon photo-degradation, the cellulose acetate backbone undergoes
chain scission. At the macro-scale, cellulose acetate showed a rate-dependent elastic-plastic
behavior with approximately linear strain hardening. It was observed that both the UV
dose and applied stress affect the mechanical properties. The typical constitutive response,

1

conducted at a nominal strain rate of ¢ = 1073 s, and reproduced from |Alkhoury et al.

(2024)), is shown in Figure [6]

The mechanical properties of relevance were determined using the method shown in
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Figure 5: DSC results showing the T, for cellulose acetate subjected to different UV doses
and applied stress. Note that the baseline plotted in magenta represents a virgin sample
with no prior loading or exposure history.
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Figure 6: Typical uniaxial experimental results for load-unload tensile tests for cellulose ac-
etate a) comparing the effect of the applied stress under the same UV dose, and b) comparing
the effect of the UV dosage under the same applied stress.

Figure [7| and are reported in Figure
Starting with the elastic modulus reported in Figure [8h, we note that while some changes
may be observed, the overall trend seems unaffected by both UV dose and applied stress.

Next, the yield strength reported in Figure |[8p shows a unique transitional behavior. When

2We note that since plasticity models are typically built upon true and not engineering quantities, the
mechanical properties of relevance were also quantified using true quantities by imposing incompressibility
restrictions on the uniaxial stress-strain curves (see Figure ), with the details provided in Appendix
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Figure 7: Schematic showing the method to determine the mechanical properties for a typical
uniaxial experimental result using a) nominal stress-strain curves, and b) true stress-strain
curves.

subjected to traction-free degradation, the yield strength decreases as the UV dose increases.
On the other hand, when degradation occurs at 16 MPa tensile, the yield strength remains
unchanged as the UV dose increases. Finally, when degradation occurs at 32 MPa tensile,
the yield strength increases as the UV dose increases. Lastly, the hardening slope is obtained
from both the nominal and true stress-strain curves reported in Figures|[8c and d respectively,
and decreases as the UV dose increases and decreases further with the addition of stress. In
what follows, we relate changes in yield strength and hardening slope to ongoing physical

mechanisms and use these findings to motivate our modeling effort.

12



3.5 65 ‘ ‘
= _60r § ; _— | I
o 3 ©
g — o 55 - i
2 3 \E,
3 £50 ¢
o c
S La5t 4
D o5l —§—Baseline 7 —§—Baseline
2= —8—0 MPa tensile % 40 - —$—0 MPa tensile
3 —4—16 MPa tensile s —4—16 MPa tensile
> —§—32 MPa tensile 35 —§—32 MPa tensile
2= : : 30— : :
0 500 1000 1500 0 500 1000 1500
UV dose (mJ/mm?) UV dose (mJ/mm?)
a) b)
120 250
© 100 ©
o
£ | £ |
2 % 2
o o
o 60 % 150 |
(@] (@]
= 40+ —3§—Baseline = —3§—Baseline
3 —8$—0 MPa tensile g 100 | —§—0 MPa tensile
5] | —4+—16 MPa tensile & —4— 16 MPa tensile
T 207 _§ 32 MPatensile T —§—32 MPa tensile
0 ‘ ‘ 50— ‘ ‘
0 500 1000 1500 0 500 1000 1500
UV dose (mJ/mm2) UV dose (mJ/mmZ)
c) d)

Figure 8: Mechanical properties calculated as an average from the uniaxial experimental
results, a) Young’s modulus, b) yield strength using true stress-strain, c¢) hardening slope
obtained using engineering stress-strain, and d) hardening slope obtained using true stress-
strain, for different applied stress and UV dose. Error bars indicate the standard deviation.
Note that for a UV dose of 1482 mJ/mm? and an applied stress of 32 MPa tensile, the material
was brittle, and did not show any hardening.
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3 Potential physical mechanisms and corresponding in-
ternal variables

In this section, we describe the potential physical mechanisms responsible for changes in yield
strength and hardening slope due to photo-degradation, and introduce the corresponding
internal variables to support our modeling effort.

The yield strength reported in Figure shows a unique transitional behavior. For
degradation under traction-free conditions, the yield strength decreases as the UV dose
increases, which is a typical behavior expected due to chain scission and the associated
increase in free volume (Wu and Buckley| 2004). However, for degradation at 16 MPa tensile,
the yield strength is unaffected by photo-degradation. This is due to the increased energy due
to UV, which allows for strain hardening due to chain reorientation at stress levels below
the yield, leading to an increased yield point, which has been observed in other contexts
(Engqvist et al., [2016). Therefore, the decrease in yield due to scission is offset by the
increase in yield due to chain reorientation under applied stress and UV. Additionally, for
degradation at 32 MPa, the yield strength increases with increasing UV dose, suggesting that
the increase in yield due to chain reorientation is more dominant than the decrease due to
scission. Consequently, our model will include a dependence of the yield strength on two
competing mechanisms, chain scission and chain reorientation induced by concurrent applied
stresses and UV.

The hardening slope reported in Figures [Sc and shows a decrease with increasing
UV dose due to chain scission. Furthermore, the hardening slope decreases further with
increasing stress. The observed behavior suggests that during UV exposure, the application
of stresses promotes chain scission, which in turn results in a “less-entangled” microstructure
(Venkatesan and Basu, 2015; Narayan and Anand, [2021) and, therefore, the reduced signifi-

cance of the intermolecular interactions.rﬂ Consequently, our model will include a dependence

3The entanglement density is known to be a key factor governing polymer mechanical behavior. Prior
experimental (Van Melick et al.,|2003)) and computational (Hoy and Robbins, [2006) studies have shown that
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of the hardening slope on the stress-enhanced chain scission.

The extent of scission is an internal variable, defined as a local dimensionless measure
¢ (x,t), which was introduced to model and track the progression of chain scission.(Kannan
and Rajagopal, [2011; Loeftel et al., 2013} Konica and Sain, [2020; Hajikhani et al.; 2021; |Pan

and Brassart} 2022; |Alkhoury and Chester}, 2025), such that
0<&(x,t) <1, (7)

where £ (x,t) = 0 corresponds to a virgin, intact polymer region, and & (x,t) > 0 corresponds

to a region of polymer that has undergone scission.

4 Continuum framework and constitutive equations

In this section, we provide an overview of the foundational ingredients for developing the
continuum-level framework to describe the quasi-static elastic-plastic constitutive behavior

of photo-degrading cellulose acetate under isothermal conditions.

4.1 Kinematics

Consider an undeformed body By identified with the region of space it occupies in a fixed
reference configuration, and denote by x; an arbitrary material point of By. The referential
body By then undergoes a motion x = x(xXg,t) to the deformed body B; with deformation

gradient and velocity gradient given by

F =Vx, L =gradv =FF!. (8)

changes in entanglement density directly influence the strain-hardening modulus (i.e., the hardening slope
in a stress—strain curve).
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Further, the polar decomposition of the deformation gradient

F=RU=VR (9)

allows its split into a rotation tensor R, and the symmetric stretch tensors U and V as is

standard in the literature and defined as

U=VFF, V=VFF. (10)

Additionally, the right and left Cauchy-Green deformation tensors are given by

C=U*=F'F, and B=V?=FF". (11)

In general, since photo-degrading polymers can undergo multiple relaxation and deforma-

tion mechanisms, we adopt the multi-mechanism approach to the multiplicative Kroner-Lee

decomposition (Kroner| |1959; [Lee, |1969), which takes the form

F =F@FP(@  with J4*) = det F*(®) > 0, and JP@ = det FP® >0, a=1,..., M,
(12)

where the deformation gradient F is split into an elastic F¢(®) and a plastic FP(® and each

a represents a specific micromechanism of deformation (Buckley and Jones, |1995; Bergstrom|

land Boycel 1998} [Boyce et al., [2000} [Dooling et al, [2002} [Dupaix and Boyce, [2007; [Anand

et al.l 2009; Ames et al., [2009; [Srivastava et al., 2010; Sain et al.| 2018]). Starting with

and , we write the velocity gradient as

L= FF—I — Le(a) + Fe(a)Lp(a)Fe(a)_l (13)

where

Le@ = Fe@pe@-1 and 1P = Frpr-t (14)
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are the elastic and plastic velocity gradients, respectively. We also introduce the correspond-

ing elastic and plastic stretching and spin tensors such that

D=symL, W =skwlL,
D@ = sym L*® We (@) = skw L@ (15)
DP(® = gym LP () | WP @) = skw LP(@)

such that L = D + W, Le(® = De(@ - Wel® and Lr(@ = DP(@® + WP Further, our
interest lies with isotropic materials, for which plastic flow is typically taken to be irrotational
such that

wr@ =0, (16)

As a consequence, L?(®) = DP(@) and

Fr(@) — prl@)fr(a) (17)

Further, the former relations hold for both elastic and plastic parts, i.e.,

Fe (@) _ R¢ (a)Ue (@) _ Ve (a) R¢ (a) :

(18)
Ue (@) =V Fe(a)TFe(a) , V¢ (a) vV Fe(a)fe (oa)T,
and
Ce (o) Ue ()2 _ Fe¢ (a)TFe (a) : B¢ (o) _ AVAS ()2 _ Fe¢ (a)Fe ()T : (19)
with
Fr(@) = Rrleyr@ = yrl@Rrl@)
(20)

UP@ —VFr@TFr(@) VP = /Fp(@Fp ()T

17



and

Cr(a) — grl)2 — pr(@)Tge (@) , B (@) — yp(@)2 _ pr@)pp(@)T (21)

4.2 Specialization of constitutive equations

In |Alkhoury et al. (2024), the uniaxial tensile experiments were performed at a single strain
rate (¢ = 1072 s7!). Given this limited data, we focus our attention here on a single

micromechanism (o = 1) to capture the mechanical response of pre-exposed materials. Con-

sequently, and can be recast
F) = F = F°F?, with  detF®>0 and  detF? >0, (22)

and

Frl) — FP — DPF? (23)

Lastly, plastic flow is assumed to be incompressible such that

JP =1, (24)
and as a result
trL? =trD? =0, (25)
and therefore
J¢=J. (26)

4.2.1 Free energy and stress

Since photo-degrading cellulose acetate subjected to concurrent stresses shows a typical
elastic-plastic behavior with linear strain hardening, we start by laying the general founda-
tions of our constitutive framework, based on rate-dependent plasticity with linear hardening

(Gurtin et al., 2010).

18



We take a free energy per unit intermediate volume in the form
e e|2 1 e\2
v = GIBSP? + SK(rE)?, (27)

where G and K are the shear and bulk moduli, respectively, and are taken to be constants
following the results from Figure [8h that show the elastic modulus was unaffected by UV
exposure. Ef is the deviatoric part of the logarithmic elastic strain E¢ = In U®. Next, the
corresponding Mandel stress is obtained

_ oY

Me
OE*

= 2GES + K(trE)1, (28)

which is work conjugate to D?. Since the material is isotropic, the Cauchy stress is related
to Mandel stress by
T = J 'R°MR. (29)

4.2.2 Plastic flow

Now, keeping and in mind, we write the flow rule in the equivalent tensile repre-

D = \/gépNP, (30)

where € and NP are the equivalent tensile plastic strain rate and the direction of plastic

sentation

flow, respectively. Moreover, the strength relation is given by

g=2>9, (31)

e 3
ad:f,/ﬁmgzmg, (32)

where

19



is the equivalent tensile stress. The direction of plastic flow is taken as

3 M
sz\ﬁ iy (33)
2 0

where M is the deviator of the Mandel stress. Lastly, the equivalent accumulated plastic is

given by

e & /0 &(Q)dc . (34)

4.2.3 Extent of scission

To account for chain scission due to photo-degradation, we specialize the extent of scission

such that

o def Tgo — Ty(D, 0)

(D, 5) = P (35)
where T}, Tg(]]]), o), and T} s, correspond to the initial glass transition temperature for a
virgin material, the current glass transition temperature for a UV dose and applied stress, and
the minimum glass transition temperature, respectively. We note that although a common

definition of the extent of scission is based on the molecular weight & L Aj\f“ ,
ng

we use 1
as a surrogate measure of chain scission following the Flory-Fox relation (Fox Jr and Flory),
1950)) since those measurements are more common and simpler.

Moreover, since Tj decreases with UV exposure, and even further decreases under an
applied stress as shown in Figure [f] we use a constitutive equation for the glass transition

temperature in the form

T, = —ke(@), T,(Xn,t=0)=T,, (36)

where k. is a stress-dependent reaction rate Constantlﬂ for the chain scission mechanism, and

I is the local light intensity. The stress-dependent reaction rate is constitutively prescribed

4In general, the rate of chemical reactions is affected by the absorptivity of the material (cf. eg., Long
et al.l |2009)), but is neglected here due to the lack of experimental data.
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such that

kse = ky + kso (37)

where k, represents the baseline reaction rate for a virgin material and k, is a material
parameter that controls its stress-dependent rate of change. This constitutive choice was
made since a decrease in T} is only expected to occur upon UV exposure (i.e., { can only
evolve when I # 0), and it is known that the stress affects the rate of reaction in polymeric
materials (Silberstein et al., 2013; |Kim et al. 2015; Vidavsky et al., 2019)). This includes
degradation processes, where mechanical loading can accelerate the rate of degradation (cf.
eg., Chen et al., 2025, and references within). Moreover, ¢ was adopted as the relevant
stress measure in and because the experiments were purely tensile. While the
stress measure used to drive reactions may include pressure or triaxiality, we have limited
data at this time and thus have assumed the equivalent tensile stress, as it was directly

applied in the experiments.

4.2.4 Strength evolution

We decompose the total strength S into

~

S(& 5, &) = S55(¢) + S™O(g,0) + SRP(¢, &, &) . (38)

Such a treatment conveniently identifies the strength components, and allows capturing in-
dividual physical mechanisms observed experimentally, as described in Section [3] Starting
with the first contribution, SSC(f) represents the change in strength due to chain scission
alone and is specifically introduced to model traction-free degradation and could be directly
measured from the stress-strain curves. Moreover, in the presence of applied stresses and UV
exposure, SRO(ﬁ ,0) is introduced to model the increase in yield due to chain reorientation.
Moving onto the rate-dependent contribution, and since the experimental results are reason-

ably captured by a simple linear hardening model upon plastic deformation, gRD(ﬁ &P EP) is
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chosen accordingly.
First, the reaction-dependent strength for traction-free degradation decreases with chain

scission. Consequently, we specialize its evolution such that
S%(€) = ~Ru€, % (3,1 =0) = 55, (39)

where Ry, > 0 and S;€ > 0 are material parameters that correspond to the rate of evolution
and the initial yield strength for virgin materials, respectively. This form is chosen since
as scission occurs, the decrease in T} leads the extent of scission from its virgin state (i.e.,
¢ = 0) towards a more degraded state, causing S5C€ to decrease.

For the opposing contribution due to chain reorientation, we specialize its evolution such
that

SRO(£,5) = RooMH(G — )€,  STO (xq,t =0) = RO (40)

where R,., > 0 corresponds to the rate of evolution, H to the Heaviside function such that

1 ifa>ay

0 if5'<5'th,

where Gy, represents an applied stress threshold, and SF° > 0 an initial yield strength. This
form is chosen since the increased energy due to UV allows for strain hardening due to chain
reorientation only after exceeding a stress threshold distinct from the yield, resulting in an
increased yield [’

Lastly, the strength due to plastic flow can be described by a rate-dependent flow rule

with hardening such that
scen e = foe () (42)

where we specialize H (¢). Based on the experimental results, the reaction-dependent hard-

5We note here that while and can be combined, experimental results indicate that each reaction-
dependent mechanism progresses at a distinct rate and, therefore, needs not to be combined.
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ening slope decreases with chain scission for all applied stresses. Consequently, we specialize

A~

H(&) such that
H(§) = H, — Hy¢, (43)

where H, represents the baseline hardening slope for a virgin material and H, is a material

parameter that controls its rate of change.

4.3 Governing equations

In this section, we overview the governing continuum-level equations to describe the me-
chanical behavior of photo-degrading cellulose acetate subjected to stress.

4.3.1 Balance of forces and moments

As is standard, neglecting inertial effects, the balance of forces and moments in the deformed
body B; are expressed as

divl+b=0 and T=T", (44)

where b is the body force.

4.3.2 Radiative transfer

Building upon existing literature and our recent work (Modest and Mazumder, 2021; |Alkhoury
and Chester, 2025), the governing equation for radiative transfer, for each frequency v, can

be expressed as

191

k
. d I(V) e .1/ - ky.[(y) - ksyl(y) ym / I(V)¢Vd \V/ 45
c Ot +s-gra J +47T ar “ " .

where ¢ is the speed of light, I®) is the spectral radiative intensity, j, is the emission
coefficient, k, is the absorption coefficient, k,, is the scattering coefficient, and ®, is the

scattering phase function. Equation indicates that as a beam of light travels through a

23



participating medium along a known path s, its intensity is decreased by absorption k,I®*)
and scattering away k., /™) (out-scattering), and augmented by emission j, and scattering
from other directions into the direction of travel (in-scattering), as shown in the last integral
term. In most engineering applications, the appropriate time scale is significantly longer
than the transmission time through the body. Moreover, neglecting scattering and emission,

and assuming monochromatic light, can be recast in the form
s-gradl + 31 =0, (46)

where s is the local direction in which light is propagating, and 5(x,t) is the extinction field

that takes into account the attenuation of the light inside the material.

5 Calibration

In this section, we describe the calibration process using both micro- and macro-scale exper-
imental results. The micro-scale results are used to inform the model about the material’s
degraded state by relating the extent of scission to the glass transition temperature. The
macro-scale results are used to inform the model about the broader constitutive response.

First, we numerically implement and use the results from Figure [5| to calibrate for
k, and ks, and Ty, as shown in Figure @a with material parameters reported in Table . We
note and remind the reader that the light intensity was approximated by an experimentally
measured quasi-uniform “average intensity,” that corresponds to I = 34.316 W/m?. Next,
we use to calculate the extent of scission &, as shown in Figure @b with T} ., reported
in Table[2 Lastly, using this information, we obtain the relationship between ¢ and UV dose
shown in Figure ¢ and use it in what follows.

Moving onto the constitutive response, we use the results from Figures and 9 to
plot the reaction-dependent contribution to the strength, SS¢, due to chain scission, for

the traction-free case in terms of £&. We then calibrate it using (39) as can be observed
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Figure 9: a) Calibration of T}, evolution for different UV doses, b) the relationship between
T, and § using , and c) the relationship between ¢ and UV doses for photo-degrading
cellulose acetate, at different applied stress. Note that the model fit is represented using
solid lines.

in Figure [I0h, and the material parameters are reported in Table [2] Moreover, we plot
the difference in yield strength between the traction-free (labeled Sy in the plot) and the
degradation under 32 MPa tensile (labeled S in the plot), and use it to calibrate for the
opposing contribution, SR, due to chain reorientation induced strain hardening using
as can be observed in Figure [I0p, with material parameters reported in Table 2] We note
that there was no significant increase in yield for an applied stress of 16 MPa tensile; for that

reason, the stress threshold &y, is taken to be 32 MPa due to a lack of more comprehensive
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E (GPa) 3.2

yPo! 0.47

Ty (K) 404.48
Tymin (K) 389.65

k, (K m?/J) 7.5 x107F
ky (K m?/J Pa) | 7.8125 x10~
S5C (MPa) 59.96

R,. (MPa) 15.45
SO (MPa) 0

R, (MPa) 15.18

Oth (MP&) 32

H, (MPa) 199.29
H, (MPa) 108.9

g0 (1/s) 1073

m 0.01

B (1/m) 7000

Table 2: Calibrated material parameters for photo-degrading cellulose acetate.

data. We also note that while the model can predict S5¢(€) and SRO(¢£,5) for a range of
conditions, one should not attempt to extrapolate the reaction-dependent threshold strength

predictions beyond the calibrated range as sample failure is very likely as observed in the

experiments.
65 r i
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e S —2S)
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Figure 10: Calibration of the strength evolution due to pre-exposure a) S5C(¢) for traction-
free photo-degrading cellulose acetate, and b) SRO (¢, 7) for photo-degrading cellulose acetate
at an applied stress.
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Next, we use the results from Figures[9c and [8d to plot the reaction-dependent hardening
slope H (€) in terms of &, for different applied stresses. Likewise, we calibrate for the reaction-
dependent hardening slope using as can be observed in Figure and the material
parameters are reported in Table We also note that while the model can predict H &)
for a range of conditions, one should not attempt to predict beyond the calibrated range as

material failure is very likely.

250
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N
o
2

—_
a
o

Hardening slope (M
S
o

¢ Baseline
e 0 MPa tensile
A 16 MPa tensile
50 = 32 MPa tensile
Model
0 L L L L
0 0.2 04 0.6 0.8 1

£

Figure 11: Calibration of the reaction-dependent hardening slope H (&) for photo-degrading
cellulose acetate at different applied stresses.

Lastly, we assume incompressibility and implement a 1D version of the constitutive model
introduced in Section 4.2 using the calibrated material parameters from Table [2| to obtain
the full constitutive response of previously photo-degraded cellulose acetate as can be seen
in Figure [12, where we can see a good agreement between our model and the uniaxial

experimental results.
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Figure 12: Constitutive model calibration of photo-degrading cellulose acetate for different
UV doses for a) traction-free degradation, b) degradation at an applied stress of 16 MPa
tensile, and c¢) 32 MPa tensile. Note that the model fit is represented using solid lines.
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6 Application of the model

In this section, building on our previous work (Chester et al., 2015; Hamel et al., 2017}
Alkhoury and Chester, 2025), we implement our model as a user-defined element (UEL)
subroutine in the commercial finite element software package ABAQUS (Abaqus/Standard),
2024). We then use it to revisit our benchmark problem (Alkhoury and Chester, 2025)),
in which we consider three-dimensional photo-degradation under stress to demonstrate the
effect of stress-enhanced photo-degradation in cellulose acetate used in this work.

Specifically, we consider two geometries as shown in Figure [I3] (i) a rectangular plate
(Figure [13p), and (ii) a notched rectangular plate (Figure [L13p). The overall dimensions are
Lo = 1mm, Wy = 1mm, {; = 0.1 mm. The notched rectangular plate has a notch radius
of R = 0.05mm at the center along the top face. The simulation consists of two steps. In
the first step, the material is mechanically loaded by applying a traction o,, = 12 MPa over
10s. In the second step, the applied traction remains fixed, and the material’s top surface
is exposed to light irradiation at an incident intensity I, = 250 W/m? for 1 hour. With one
geometry featuring a notch, the stress concentration enables the coupling between mechanics
and degradation to be easily observed when compared to the un-notched plate.

The boundary conditions are shown in Figure [13], and described as follows.

The top face: An incident light irradiation, I = I, is applied at the top face, which is

traction-free.

The bottom face: A roller boundary condition is applied to the bottom face such that

UQIO.

The lateral faces: A tensile traction of o4, is applied to the lateral surfaces.

The front and back faces: The front and back faces are traction-free.

Due to the symmetry, we only simulate one quarter of the geometry. Specifically, the mesh

consists of 1200 8-node linear user elements with one element through the (half-)thickness
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Figure 13: Schematic showing the geometry and boundary conditions illustrating the three-
dimensional photo-degradation to a unidirectional monochromatic light for the a) rectangular
plate, and b) the notched rectangular plate.

for the rectangular plate, and 2708 8-node linear user elements with two elements through
the (half-)thickness for the notched rectangular plate.

Figure [14] shows the simulation results after 1 hour of irradiation. For easy comparison,
the two geometries are shown side by side: un-notched on the left and notched on the right.
Starting with Figure [14h, it can be observed that for the un-notched body, there is no
stress concentration and everywhere ¢ = o,,. On the other hand, for the notched body, the
maximum stress concentration at the notch tip is roughly 6 ~ 30.

Next, as light travels through both geometries, its intensity attenuates, as can be observed
in Figure [[4b. This result is expected, the intensity attenuates as the light travels through

the body.
As shown in Figure[T4k, after 1 hour of light exposure, the extent of degradation, denoted
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Figure 14: Contour plots of the: a) stress concentration factor, b) light intensity, and c)
extent of degradation for the degradation after 1 hour of irradiation. We note that the left
half of each image corresponds to the un-notched case, while the right half corresponds to
the notched case, side by side for easy comparison.

by &, clearly shows how the stress impacts the degradation. For the un-notched body, &
exhibits a non-uniform distribution where £ is highest (£ &~ 0.49) near the top surface,
which is expected since the light intensity is highest near this region. For the notched
body, ¢ remains highest near the top surface; however, it is more pronounced near the notch

(€ ~ 0.63), which can be attributed to the stress-enhanced photo-degradation.
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7 Conclusion

In this work, we have built upon our recent contribution (Alkhoury et al., 2024)) and devel-
oped a continuum-level constitutive model for photo-degrading cellulose acetate subjected to
concurrent stress. The model was built on rate-dependent plasticity and informed by both
microstructural and macro-scale information. The novelty of this work lies in the combined
use of multi-scale information with stress coupling into the overall constitutive response.

The experimental results reported in |Alkhoury et al. (2024) suggested that upon photo-
degradation, the material undergoes microstructural changes due to UV irradiation, which
may be further affected by the applied stress. There was no significant change in the Young’s
modulus, accordingly, our model assumed a constant Young’s modulus. The yield strength
showed a unique transitional behavior: decreasing as the UV dose increase, and increasing
after a stress threshold while the UV dose increase. Consequently, our model included a
dependence of the yield strength on two competing mechanisms affected by chain scission
and strain hardening due to chain reorientation, due to the applied stresses in the presence
of UV. The hardening slope exhibited a decreasing trend with UV exposure and stress
application. Consequently, our model included a dependence of the hardening slope on the
stress-enhanced chain scission. Lastly, the model was calibrated against the micro- and
macro- scale experiments reported in Alkhoury et al.| (2024)).

The outcome of this work enables the prediction of the mechanical behavior of photo-
degrading amorphous polymers while subjected to stresses. This can help engineers design
and use devices made from renewable and degradable materials without sacrificing the de-
vices’ performance or integrity.

Our future research will focus on additional experiments to inform our subsequent mod-
eling work. In experimental endeavors, it remains crucial to investigate rate-dependent
phenomena, such as strain-rate dependence and strains arising from creep-like permanent
deformation, including chain sliding and reorientation, under stress below the yield point.

Motivated by these experimental findings, we will further expand our model to account for

32



this behavior, thus enhancing its capabilities.
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A Uniaxial experiments preliminaries

We define the standard engineeringﬂ kinematic quantities for a uniaxial test, where the

engineering strain is defined by

11 lh—1
e=tzh_Ute—h 1 (47)
lo lo lo

where [ is the instantaneous gauge length, [; is the initial gauge length, and wu is the crosshead

displacement; and the engineering strain rate is given by
U
£=—, (48)
lo

where 7 is the crosshead velocity. Additionally, the engineering stress P, can be easily
obtained by dividing the force over the initial cross-sectional area Ay, that is measured for
each sample prior to testing

P= (49)

We additionally define the standard true kinematic quantities for a uniaxial test, where the

true strain is given by

e:ln<%>:1n<l0;:u>:1n<1+%>zln(1+5), (50)

where [ is the instantaneous gauge length, [y is initial gauge length, u is the displacement,

and ¢ is the engineering strain introduced in . Moreover, we introduce the term stretch

A % Additionally, assuming homogeneous deformation and incompressibﬂity the true

6We use the terms “engineering” and “nominal” interchangeably; that is to refer to quantities defined in

for strain and for stress.

"The incompressibility assumption is reasonable since the elastic deformation is small compared to the
plastic deformation.
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stress o, can be easily obtained by

And thus can be recast as

Ao
h A=—.
where 3
F
=—\=PA\.
o i
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