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Abstract

Classical nucleation theory describes the rate at which stable nuclei form within a metastable parent phase
by crossing a free-energy barrier set by competing bulk and interfacial energies. In an elastic material,
a pre-existing stress state modifies this barrier through an elastic contribution to the bulk driving force.
This contribution is well characterized for linear elastic materials, but the corresponding finite-deformation
result for soft solids remains less developed. The gap is computationally significant: in simulations that
sample candidate nuclei throughout a stressed body, direct evaluation of the elastic contribution to free-
energy change would require solving a new nonlinear elasticity boundary-value problem for each possible
nucleus. Here, we derive an asymptotic expansion of the equilibrium elastic potential energy change for a
hyperelastic body before and after formation of a small transformed region. The expansion is with respect
to the amplitude of an isotropic transformation strain, while the pre-existing deformation and stress may
be finite. At leading order, the elastic contribution to the formation energy is determined entirely by the
known untransformed equilibrium fields, with additional terms accounting for stiffness contrast between the
parent and transformed phases. Incorporating this into classical nucleation theory yields the stress-shifted
transformation temperature, critical radius, and nucleation barrier. Representative results are shown for a
compressible neo-Hookean solid under hydrostatic, uniaxial, and equibiaxial loading; tensile stresses promote
nucleation and compressive stresses suppress it when transformation strain is expansive. Comparison with
the corresponding linear-elastic result shows that finite-deformation effects can substantially change the
predicted energy barrier at moderate stretches.

1. Introduction1

Nucleation of transformed domains in soft solids arises in a variety of settings, such as freezing of tissues2

in cryopreservation and strain-induced crystallization of elastomers [1–5]. In such phenomena, the energetic3

cost of a nucleus is not determined solely by local thermal, chemical, and interfacial driving forces; it also4

depends on the pre-existing deformation of the surrounding matrix, on the transformation strain of the5

nucleus, and on the contrast of elastic properties between the nucleus and the surrounding matrix. These6

factors add a bulk elastic potential energy contribution to the free-energy change for nucleation [6–8]. This7

is the origin of stress effects on material microstructure and has been explored in considerable depth for8

linear elastic materials, thanks to pioneering work by J. D. Eshelby [9–13]. However, for soft solids, which9

show finite deformations and non-linear elasticity, the question is less settled: how does a pre-existing10

finite-deformation stress state alter the thermodynamic barrier for nucleation?11

Classical nucleation theory (CNT) gives the free-energy change for a spherical nucleus of radius R as12

∆G(R) = 4πR2γ − 4π

3
R3∆f, (1)

where γ is the interfacial energy and ∆f is the bulk driving force per unit volume [14–17]. For speci-13

ficity, we will consider a thermally triggered phase transformation for which ∆f can be linearized near the14

transformation temperature. For a transformed phase that is favored below Tm, we write15

∆f =
L(Tm − T )

Tm
, (2)
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where T is the current temperature, Tm is the transformation temperature in the absence of elastic effects,16

and L is the latent heat per unit volume1.17

It is known that hydrostatic pressure shifts the melting temperature through the Clausius–Clapeyron18

relation [18, 19], but soft solids can sustain heterogeneous, thermoelastic stress states for which a scalar19

pressure correction is not sufficient. The finite-deformation problem is not solved by replacing pressure with20

an ad hoc stress measure: the elastic contribution must be obtained from the work-conjugate pair that21

appears in the equilibrium energy difference between the untransformed and transformed systems.22

The need for such a result is especially clear in simulations of nucleation in stressed soft solids. In23

stochastic or phase-field-type simulations of nucleation, candidate nuclei may be sampled throughout a24

stressed body and assigned nucleation probabilities from local free-energy barriers [20–23]. A direct finite-25

deformation treatment would require solving a separate nonlinear elasticity boundary-value problem for26

every possible candidate nucleus in order to compute its energy barrier. Such a procedure is generally27

prohibitive. The aim of the present work is to obtain an asymptotic energetic contribution that can be28

evaluated from the pre-existing equilibrium stress and deformation fields, thereby converting the elastic29

part of the nucleation barrier into a local post-processing calculation, within the range of validity of the30

small-transformation-strain expansion.31

This paper derives the elastic contribution directly from the equilibrium potential energy of a hyperelastic32

body before and after formation of a small transformed region. The same material body is compared in the33

two states; the transformed nucleus differs from the matrix by a small transformation strain and, in general,34

by small changes in elastic moduli. To first order in the transformation strain, the elastic contribution is35

local and depends only on the untransformed equilibrium fields. We show in Section 2 that the leading-order36

contribution contains a term governed by the contraction between the pre-existing stress and deformation37

gradient, together with additional stored-energy terms arising from stiffness contrast.38

The framework presented in this work is not restricted to classical nucleation theory. It gives the elastic39

contribution to the formation energy of a transformed region in a finitely deformed soft solid, and therefore40

applies whenever a local transformation produces a transformation strain or elastic contrast. This includes41

both non-conserved order-parameter transformations, such as crystallization or nematic ordering [24, 25],42

and broader transformed-region problems involving phase separation, growth, or curing, where transport or43

reaction kinetics may also enter [26–31].44

The rest of the paper is organized as follows. Section 2 sets up the finite-deformation energy difference45

and the effects of stress on CNT. Section 3 specializes the results to a compressible neo-Hookean material46

and presents the results for various loadings. Section 4 presents quantitative predictions for stress effects on47

CNT. We conclude with Section 6. Detailed algebra is deferred to the appendices wherever appropriate.48

2. Elastic energy change due to nucleus formation49

2.1. Kinematics50

Let ΩR denote the stress-free reference configuration of the soft solid. This configuration is subjected51

to temperature change, ∆T , and external tractions, t0, that cause it to deform. We denote the deformed52

configuration by Ω. The material points X ∈ ΩR map to x ∈ Ω via the deformation map χ:53

x = χ(X), (3)

where54

χ : ΩR → Ω and Ω = χ(ΩR). (4)

The corresponding deformation gradient, F, maps infinitesimal line segments in ΩR to their deformed55

counterparts in Ω56

F :=
∂x

∂X
=

∂χ(X)

∂X
. (5)

1We do not consider any direct dependence of latent heat L on stress in this study. Should such an effect be important for
a material, the current theory can be extended in accordance with equation (2.26) in Saeedi et al. [5].
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This map comprises the thermal and phase transformation induced deformation, Fth, as well as the accom-57

panying elastic accommodation, Fe, and can be expressed using the Kröner–Lee decomposition58

F = FeFth. (6)

We consider isotropic thermal deformations of the following form59

Fth(X) =

󰀫
a(X)(1 + η)1, X ∈ Ωi,

a(X)1, X ∈ ΩR \ Ωi,
(7)

where a(X) represents the isotropic, temperature-change dependent thermal expansion, and η ≪ 1 represents60

the isotropic phase-change expansion in a small nucleus Ωi ⊂ ΩR that undergoes phase transformation.61

Untransformed Transformed (nucleus formed)
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F0 = F0,eF0,th

Figure 1: Kinematic states used in the calculation of energy change when a region in the parent material undergoes phase
transformation. (a) Stress-free reference configuration ΩR. (b) Untransformed, thermoelastically deformed state, Ω0, resulting
from temperature change and applied tractions. (c) Reference configuration showing pre-image of the transformed region,
Ωi ⊂ ΩR. (d) Final deformed state, Ωη , after elastic accommodation of the transformation strain.

We introduce further notation to distinguish between two scenarios (see Fig. 1), which will be important
for calculating energy changes in §2.2. In the first scenario, the deformations are only due to thermal
expansion and all quantities are denoted by superscript (·)0. In the second scenario, both thermal and phase
change expansions contribute to deformation and all quantities bear the superscript (·)η. The corresponding
Kröner-Lee decompositions are

F0 =F0,eF0,th [thermal only] (8)

Fη =Fη,eFη,th [thermal + phase transformation] (9)

In the limit η → 0, both scenarios converge, and so do the corresponding field i.e. Fη → F0,Fη,e → F0,e,62

and Fη,th → F0,th.63

2.2. Elastic energy change64

Our aim is to obtain the elastic contribution to the driving force for nucleation. This contribution comes65

from the change in equilibrium potential energy when a small material region of the soft solid, Ωi, undergoes66

phase transformation. The transformed region differs from the parent material in two ways: it carries a67

local transformation strain η ≪ 1, and its elastic moduli may also differ from those of the parent phase. We68

will consider the material properties of the transformed region to be parametrized by η.69

The above physics is captured by choosing the strain energy density function ψ(Fe, η) to depend on70

two arguments: while Fe accounts for the dependence of strain energy on elastic deformation, the explicit71

dependence on η accounts for the phase-dependence of material properties. In equilibrated states of the72

solid, Fe also depends on η. Thus, the equilibrium strain energy depends on η through both arguments.73

To calculate the change in elastic potential energy, we will first obtain the elastic deformation gradients74

in transformed and untransformed states, followed by calculation of potential energies in both states, and75

ultimately, their difference.76
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For our chosen form of thermal-transformation strain (see equation (7)), the corresponding elastic de-77

formation gradient is78

Fη,e = Fη(Fη,th)−1 =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

1

a(X)(1 + η)
Fη, X ∈ Ωi,

1

a(X)
Fη, X ∈ ΩR \ Ωi.

(10)

Setting η = 0, gives the elastic deformation gradient in the untransformed state79

F0,e = F0(F0,th)−1 =
1

a(X)
F0. (11)

Next, we define the equilibrium elastic potential energy of a solid containing a transformed region and80

subjected to dead-load tractions t0 as81

Πη =

󰁝

ΩR\Ωi

ψ(Fη,e, 0)dV +

󰁝

Ωi

ψ(Fη,e, η)dV −
󰁝

∂ΩR

t0 · uη dA, (12)

where uη is the equilibrium displacement field, and Fη,e is the elastic part of the equilibrium deformation82

gradient Fη.83

84

Similarly, the equilibrium elastic potential energy of the untransformed system (η = 0) is85

Π0 =

󰁝

ΩR

ψ(F0,e, 0)dV −
󰁝

∂ΩR

t0 · u0 dA, (13)

where u0 is the equilibrium displacement field, and F0,e is the elastic part of the equilibrium deformation86

gradient F0.87

88

Finally, the change in the equilibrium elastic potential energies between the transformed and untransformed89

states is obtained from Eq. (12) and Eq. (13) as (see Appendix A for a detailed derivation)90

∆Π(η) = Πη −Π0 = −η

󰁝

Ωi

P0 :F0dV + η

󰁝

Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2), (14)

where

P0 =
∂ψ(Fη,e, η)

∂Fη,e

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

(F0,th)−⊤

is the first Piola–Kirchhoff stress in the untransformed state and will be the stress measure used throughout91

this study2. Equation (14) is the main result of our work. The first order energy difference has two contri-92

butions: the first term is due to the transformation strain of the nucleus, and the second term is due to the93

contrast in elastic properties between the nucleus and the parent material. Notably, the energy difference94

depends only on the fields in the untransformed state in the region Ωi ⊂ ΩR and on the magnitude of the95

transformation strain.96

97

Remark §2.1 If the transformation strain inside the inclusion is anisotropic instead of isotropic, i.e. Fth =98

a(X)(1+ ηA), where the tensor A brings in the anisotropy in transformation strain, the result in equation99

(14) generalizes as ∆Π(η) = −η
󰁕
Ωi

P0 : (F0A)dV + η
󰁕
Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2).100

2Equivalently, using P0 : F0 = J0 trσ0, the first integral may be expressed over the corresponding untransformed deformed
region as −η

󰁕
ω trσ0 dv.
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2.3. Stress-modified classical nucleation theory101

We now have the ingredients necessary to include the effects of stress in the classical nucleation theory. The102

change in free energy upon formation of a spherical phase-transformed nucleus of radius R is103

∆G(R) = 4πR2γ − 4π

3
R3∆feff . (15)

where γ is the surface energy of the nucleus-matrix interface and ∆feff is the bulk portion of the free energy104

change. The sign convention is that ∆feff > 0 favors growth of the transformed phase. The bulk driving105

force comprises thermal and elastic driving forces106

∆feff = L
Tm − T

Tm󰁿 󰁾󰁽 󰂀
Thermal

+ η

󰀣
P0 :F0 − ∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

󰀤
+O(η2)

󰁿 󰁾󰁽 󰂀
Elastic

(16)

where L is the latent heat per unit reference volume. The last term in the elastic contribution appears only107

when the transformed nucleus has elastic moduli different from those of the parent phase.108

The critical radius and nucleation barrier retain the classical three-dimensional spherical-CNT form:109

R∗ =
2γ

∆feff
, ∆G∗ =

16πγ3

3∆f2
eff

. (17)

These expressions apply only when ∆feff > 0. When ∆feff ≤ 0, the transformed phase is not locally favored110

by the bulk driving force.111

Finally, the stress-shifted melting condition follows from ∆feff = 0112

T ∗
m = Tm + η

Tm

L

󰀥
P0 :F0 − ∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

󰀦
+O(η2). (18)

In the following sections we will illustrate the results from the general theory by specializing it to a113

neo-Hookean material model, and applying it to uniform loading cases.114

115

Remark §2.2 The linear dependence of bulk thermal energy on undercooling in (16) is used only to make116

the connection with CNT explicit; the elastic calculation is unchanged if ∆f is replaced by a more general117

bulk thermodynamic driving force.118

3. Specialization to a neo-Hookean material119

We will specialize Eq. (14) to a compressible neo-Hookean solid that is subjected to uniform thermal120

stretch (a(X) is taken to be constant) and remote hydrostatic traction.121

The strain energy density, ψ, has the following decoupled volumetric–isochoric form122

ψ(Fe, η) =
µ(η)

2

󰁫
J−2/3
e Fe :Fe − 3

󰁬
+

K(η)

2

󰀃
ln Je

󰀄2
, Je = detFe. (19)

The moduli of the transformed material {µ(η),K(η)} are assumed to differ perturbatively from those of123

the untransformed material {µ0,K0},124

µ(η) = µ0 + ηµ1 ≡ µ0 + δµ, K(η) = K0 + ηK1 ≡ K0 + δK. (20)

The thermal deformation gradient is taken to be constant, F0,th = a1. In the untransformed state, the125

elastic deformation is then easily related to the total deformation gradient as F0,e = 1
aF

0 from Eq. (11).126

Noting that J0 = detF0, the first Piola–Kirchhoff stress is127
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P0 = µ0(J
0)−2/3

󰀗
F0 − F0 :F0

3
(F0)−⊤

󰀘
+K0 ln

󰀕
J0

a3

󰀖
(F0)−⊤. (21)

For a locally uniform nucleus of reference volume Vi, Eq. (14) gives the mixed stress–stretch form128

∆Π = Vi

󰀥
−ηP0 :F0 +

δµ

2

󰁱
(J0)−2/3F0 :F0 − 3

󰁲
+

δK

2

󰀝
ln

󰀕
J0

a3

󰀖󰀞2
󰀦
+O(η2). (22)

This mixed stress–stretch form is convenient under prescribed stress, because P0 : F0 can be evaluated129

directly from the applied stress and the resulting stretch3. It is worth noting that in the energy change, the130

transformation strain couples to P0 :F0, whereas shear- and bulk-modulus contrasts couple with the stored131

distortional and volumetric energies of the untransformed state.132

133

For remote tensile hydrostatic loading of magnitude S, the stress and deformation gradient fields are of the134

form135

F0 = λ1, P0 = S1, (23)

where the two fields are connected from equation (21)136

S =
3K0

λ
ln

󰀕
λ

a

󰀖
. (24)

The resulting potential energy change then becomes137

∆Π = Vi

󰀥
−3ηSλ+

δK

2

󰀝
3 ln

󰀕
λ

a

󰀖󰀞2
󰀦
+O(η2) = Vi

󰀗
−3ηSλ+

S2λ2δK

2K2
0

󰀘
+O(η2) (25)

where the second equality follows from equation (24). Using this result together with equations (16) and138

(18) gives the total bulk driving force and stress-shifted melting point as139

∆feff = L
Tm − T

Tm
+ η

󰀕
3Sλ− S2λ2K1

2K2
0

󰀖
+O(η2) (26)

and140

T ∗
m = Tm + η

Tm

L

󰀗
3Sλ− S2λ2K1

2K2
0

󰀘
+O(η2). (27)

141

142

Remark §3.1 Equation (14) does not require the thermal deformation a to be constant or the stress P0 or143

the deformation F0 to be locally uniform in the nucleus. It also does not require the transformed region to144

be small. These assumptions are employed only to facilitate analytical estimates.145

146

Remark §3.2 Hydrostatic loading is a special case where the shear-modulus contrast term vanishes. Thus,147

for hydrostatic loading, the first order approximation can be applied to freezing-type phase changes where148

the shear modulus contrast is large but bulk modulus contrast is not.149

150

Remark §3.3 The asymptotic analysis is valid only if the expansion is well ordered i.e. the O(η) term is151

much bigger than O(η2) term. To mathematically define this requirement, the second order term can be152

3For the same neo-Hookean specialization, Eq. (22) may also be written entirely in terms of stretches: ∆Π =

Vi

󰀗
−3ηK0 ln

󰀓
J0

a3

󰀔
+ δµ

2

󰀋
(J0)−2/3F0 :F0 − 3

󰀌
+ δK

2

󰁱
ln
󰀓

J0

a3

󰀔󰁲2
󰀘
.
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explicitly calculated for the special case of hydrostatic loading. This result is derived in Appendix C.153

154

We also present briefly the energy expressions for two other loading types—uniaxial and equibiaxial—in155

Table 1.156

Table 1: First-order formation energy for a locally uniform transformed region of reference volume Vi under prescribed first
Piola–Kirchhoff stress. The thermal stretch is uniform, F0,th = a1. The stretches λ and λ⊥ are determined from the prescribed
traction boundary conditions in Appendix B. The matched-stiffness terms reduce to −ηViP

0 : F0; stiffness contrast adds the
stored distortional and volumetric energy terms shown in the third column.

Loading Matched stiffness Small stiffness contrast

Uniax.
P0 = diag(S, 0, 0), F0 = diag(λ,λ⊥,λ⊥)

−ηViSλ Vi

󰀥
−ηSλ+

δµ

2

󰀝
λ2 + 2λ2

⊥
(λλ2

⊥)
2/3

− 3

󰀞
+

δK

2

󰀝
ln

󰀕
λλ2

⊥
a3

󰀖󰀞2
󰀦

Equibiax.
P0 = diag(S, S, 0), F0 = diag(λ,λ,λ⊥)

−2ηViSλ Vi

󰀥
−2ηSλ+

δµ

2

󰀝
2λ2 + λ2

⊥
(λ2λ⊥)2/3

− 3

󰀞
+

δK

2

󰀝
ln

󰀕
λ2λ⊥

a3

󰀖󰀞2
󰀦

Hydro.
P0 = S1, F0 = λ1

−3ηViSλ Vi

󰀥
−3ηSλ+

δK

2

󰀝
3 ln

󰀕
λ

a

󰀖󰀞2
󰀦

4. Results and Discussion157

We now evaluate the stress-modified nucleation theory for representative soft-solid material parameters.158

Unless otherwise stated, the calculations use159

K0 = 10MPa, µ0 = 1MPa, L = 2× 108 J/m3, Tm = 273.15K,

with an undercooling Tm − T = 1K. The transformation strain amplitudes are η = {0.01, 0.02, 0.03}.160

The stress S is taken positive in tension. Hydrostatic results are plotted against S/K0, while uniaxial and161

equibiaxial results are plotted against S/µ0. Dashed curves denote the stiffness-matched case, δµ = δK = 0,162

for which the first-order mechanical contribution comes only from the P0 :F0 term. Solid curves include an163

O(η) stiffness contrast, with δµ = ηµ0 and δK = ηK0, which gives rise to additional terms in the energy164

change (see Table 1). For hydrostatic loading, the distortional change is identically zero, so the shear-165

modulus contrast does not contribute at first order and only δK = ηK0 affects the plotted solid curves. All166

critical radii and barriers are normalized by their zero-stress, stiffness-matched reference values,167

R0
c =

2γ

∆f
, ∆G0

c =
16πγ3

3∆f2
,

where ∆f = L(Tm − T )/Tm. Because only normalized critical quantities are shown, the interfacial energy168

γ cancels from the plotted ratios.169

Figure 2 shows the effect of hydrostatic stress on the effective bulk driving force and shifted transfor-170

mation temperature for a = 1. Tensile stress increases the effective driving force for phase transformation,171

whereas compressive stress reduces it (for η > 0). The response is not symmetric under S 󰀁→ −S, because172

prescribed stress determines the hydrostatic stretch through173

S =
3K0

λ
ln

󰀕
λ

a

󰀖
,

and the stiffness-matched mechanical contribution scales as Sλ, not as S alone. The same energetic con-174

tribution shifts the transformation temperature upward in tension and downward in compression. The175

stiffness-contrast terms add positive stored-energy contributions to the formation energy and therefore par-176

tially offset the stress-induced increase in driving force.177

The corresponding changes in the CNT free-energy landscape are shown in Fig. 3. For tensile hydro-178

static loading, the increased driving force reduces both the critical radius and the nucleation barrier. For179
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compressive loading, the driving force is reduced, so the critical radius and barrier increase. For hydrostatic180

loading, the stiffness-contrast contribution depends only on the bulk-modulus contrast, since the distortional181

stored-energy term vanishes on the hydrostatic branch.182

Figure 4 compares the finite-deformation neo-Hookean prediction with the matched-stiffness linear-elastic183

Eshelby theory prediction for η = 0.02. The comparison isolates the effect of finite deformation on the184

normalized barrier ratio ∆Gc/∆G0
c under hydrostatic, uniaxial, and equibiaxial loading. Linear elasticity,185

when applied beyond its validity at large stresses, overestimates the nucleation barrier as compared to the186

finite-deformation theory; this difference becomes more pronounced with increasing magnitude of stress.187

Additional results are presented in Appendix D that include uniaxial and equibiaxial loading as well as188

results for a = 1.002. Uniaxial and equibiaxial stresses can also modify the driving force, critical radius, and189

energy barrier considerably. When present, the shear-modulus contrast contributes to the energy barrier190

for uniaxial and biaxial cases. The results for a = 1.002 show that the same mechanisms persist when the191

untransformed body carries a finite thermal stretch.192

Finally, in continuation of Remark §3.3, a rigorous ordering estimate in Appendix C quantifies the validity193

of the first-order approximation for a spherical nucleus under remote hydrostatic loading. For the parameters194

used here and η = 0.02, the ratio of O(η2) term and O(η) term in the energy change remains small over a195

broad range of stress away from points where the first-order term vanishes or the incremental hydrostatic196

accommodation coefficient becomes singular. Thus the first-order theory is broadly applicable and serves197

as a useful analytical estimate; the appendix identifies regimes where second-order accommodation energy198

must be retained.199
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Figure 2: Hydrostatic stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness;
solid curves include δK = ηK0. For hydrostatic loading, the shear-modulus contrast does not contribute at first order.
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Dashed curves denote matched stiffness; solid curves include δK = ηK0.
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neo-Hookean prediction; gray curves show the matched-stiffness linear-elastic Eshelby prediction.

5. Direct numerical validation200

Predictions of the first-order estimate are validated by directly solving the nonlinear elasticity problem,201

beginning with the hydrostatic loading that is the focus of this work. These calculations use the same202
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parameters as used in the previous section: K0 = 10MPa, µ0 = 1MPa, and a = 1. For hydrostatic203

remote stress the transformed-inclusion problem is spherically symmetric, so equilibrium reduces to a one-204

dimensional radial equation, which is numerically solved by an energy-minimizing radial discretization in205

MATLAB using a radially graded one-dimensional mesh. The first-order energy of Table 1 matches this206

direct solution to a few percent for both the matched and the stiffness-contrast cases, as shown in Fig. 5(a)-207

(b) for η = 0.02 case. This confirms that the first-order formula is accurate to within a few percent except in208

a narrow window about S = 0, where the leading term −3ηSλ vanishes and the second-order accommodation209

must be retained, consistent with the ordering requirement of Remark §3.3. Further, for a representative210

case of S/K0 = 0.3, we show in Fig. 5(c) that the absolute error between the asymptotic estimate and211

the numerically computed energy scales as O(η2), confirming the validity of the theory. Within the small-η212

range, therefore, the elastic part of the nucleation barrier follows from post-processing the untransformed213

state rather than from solving a new boundary-value problem for each nucleus.214

Qualitatively similar conclusions hold for uniaxial and equibiaxial loading, computed with 3-D finite215

element simulations using FEniCS [32–40] package on a cubic matrix containing the spherical nucleus (see216

Appendix E, Figs. E.17–E.18 for details).217
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Figure 5: Hydrostatic validation for matched and stiffness-contrast cases. (a) ∆Π/Vi versus S/K0 at η = 0.02:
first-order asymptotic (lines, Table 1) and direct radial solution (markers). (b) Relative error of the first-order prediction with
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of accuracy—the absolute error there is the small O(η2) accommodation). (c) Absolute error |∆ΠFE − ∆Πasymp.|/Vi versus
η at fixed stress S/K0 = 0.3: the first-order asymptote converges to the direct solution as O(η2) (slope-2 reference triangle).
Dashed gray curves show matched-stiffness and solid black curves show stiffness-contrast cases.

6. Conclusions218

The central result is the first-order equilibrium elastic potential-energy change associated with forming219

a transformed region in a prestressed hyperelastic body:220

∆Π = −η

󰁝

Ωi

P0 : F0 dV + η

󰁝

Ωi

∂ψ(Fe, η)

∂η

󰀏󰀏󰀏󰀏
Fe=F0,e, η=0

dV +O(η2). (28)

Here Ωi is the reference-domain region occupied by the candidate transformed nucleus, which experiences221

an isotropic transformation strain η ≪ 1. The first integral is the work-conjugate contribution of the222

transformation strain in the pre-existing equilibrium state, while the second integral accounts for explicit223

phase-property dependence, including stiffness contrast between the parent and transformed phases. To224

first order in the transformation-strain amplitude, this energy change can be evaluated directly from the225

untransformed equilibrium stress and deformation fields. Thus, the leading-order mechanical contribution226

does not require solving a new nonlinear elasticity boundary-value problem for each candidate nucleus.227

This is the main practical consequence of the theory: it converts the elastic part of the nucleation barrier228

into a post-processing calculation on a known prestressed state, within the range of validity of the small-229

transformation-strain expansion.230
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When incorporated into classical nucleation theory, this elastic energy change modifies the effective bulk231

driving force, transformation temperature, critical radius, and nucleation barrier. For the representative232

compressible neo-Hookean solid considered here with η > 0, tensile prestress increases the driving force233

for the transformed phase and lowers the critical radius and barrier, whereas compressive prestress has234

the opposite effect. The response is not symmetric in tension and compression because the stress, stretch,235

and elastic volume change are related nonlinearly at finite deformation. Stiffness contrast contributes ad-236

ditional stored-energy terms at the same asymptotic order when the changes in modului scale with the237

transformation-strain amplitude.238

Comparison with the corresponding linear-elastic Eshelby-theory prediction shows that finite-deformation239

effects can substantially change the predicted energy barrier for phase transformation at moderate stretches.240

The difference arises because the finite-deformation theory retains the nonlinear relation between stress,241

deformation, and mechanical energy change, rather than replacing the prestressed state by its infinitesimal-242

strain approximation.243

It is worth delineating the regime of applicability of this result. Since the energy difference is calculated244

asymptotically, the first order estimate increases in accuracy as η → 0. In practice, the theory is applicable245

to small transformation strains. The leading order energy difference vanishes when the prestress S = 0; the246

dominant term is then O(η2), and the first-order estimate is correspondingly least accurate near S = 0. For247

hydrostatic loading, the incremental elasticity problem loses strong ellipticity when 3K0+4µ0−3λS = 0. As248

this threshold is approached from the strongly elliptic regime, the second-order coefficient becomes singular249

and the asymptotic expansion ceases to be uniformly valid. For 3K0 + 4µ0 − 3λS < 0, the homogeneous250

prestressed state is no longer strongly elliptic, and the present nucleation analysis about that state is not251

physically meaningful (see Appendix C).252

Within this range of validity, the energy-difference calculation is broadly applicable: while the current253

study focuses on a non-conserved order parameter system, the calculation can be extended to conserved order254

parameter systems as well; the result provides a convenient and computationally efficient finite-deformation255

basis for incorporating stress-dependent nucleation barriers into simulations of phase-transforming soft solids.256

The kinetic consequence is immediate; once ∆Gc is replaced by Eq. (17), any Arrhenius nucleation257

rate has the usual form Jnuc ∝ exp[−∆Gc/(kBT )]. A full Avrami treatment that builds in the nucleation258

framework and tracks the long-time spatiotemporal evolution of a phase-transforming solid is beyond the259

scope of the current work and is deferred to a future study. The work can similarly be expanded to treat260

non-spherical nuclei as well as anisotropic interfacial energies to broaden its applicability to other material261

systems.262
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Appendix A. Detailed derivation of the first order elastic energy change266

To calculate the differences in the elastic potential energy between the transformed and untransformed267

states, we first obtain the changes in the elastic deformation gradient. We perturb the general Kröner-Lee268

decomposition, Fη = Fη,eFη,th about the prestressed state using the following expansions:269

Fη = F0 + δF+O(η2), Fη,e = F0,e + δFe +O(η2), Fη,th = F0,th + δFth +O(η2). (A.1)

where270

δF = O(η), δFe = O(η), δFth = O(η). (A.2)

Substituting these expansions in Fη = Fη,eFη,th, we get271

δF = δFe F0,th + F0,e δFth, (A.3)

which can be rearranged to obtain272

δFe = (δF− F0,eδFth)(F0,th)−1. (A.4)

Together with equation (7) and noting that the transformation strain exists only inside the transformed273

nucleus, the elastic perturbation has the following piecewise form:274

δFe =

󰀻
󰀿

󰀽

δF−ηF0

a(X) , X ∈ Ωi

δF/a(X), X ∈ Ωm.
(A.5)

The elastic potential energies for the transformed and untransformed systems are

Πη =

󰁝

ΩR\Ωi

ψ(Fη,e, 0)dV +

󰁝

Ωi

ψ(Fη,e, η)dV −
󰁝

∂ΩR

t0 · uη dA, [transformed] (A.6)

Π0 =

󰁝

ΩR

ψ(F0,e, 0)dV −
󰁝

∂ΩR

t0 · u0 dA, [untransformed] (A.7)

respectively. Here, uη and u0 are the equilibrium displacement fields, and Fη,e and F0,e are elastic defor-275

mation gradients for transformed and untransformed systems, respectively.276

To evaluate the difference in the potential energies, we consider first the difference in the strain energies,277

which we denote by ∆ψ and define as follows,278

∆ψ =

󰁝

ΩR\Ωi

ψ(Fη,e, 0)dV +

󰁝

Ωi

ψ(Fη,e, η)dV −
󰁝

ΩR

ψ(F0,e, 0)dV. (A.8)

Using equation (A.5), we get

∆ψ =

󰁝

ΩR\Ωi

∂ψ(Fη,e, 0)

∂Fη,e

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

:
δF

a(X)
dV +

󰁝

Ωi

∂ψ(Fη,e, η)

∂Fη,e

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

:

󰀕
δF− ηF0

a(X)

󰀖
dV

+ η

󰁝

Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2). (A.9)

279

Noting further that280

P0,e =
∂ψ(Fη,e, 0)

∂Fη,e

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

, P0 = P0,e/a(X), (A.10)

the difference in strain energy simplifies to281

∆ψ =

󰁝

ΩR

P0 : δFdV − η

󰁝

Ωi

P0 :F0dV + η

󰁝

Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2). (A.11)
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By application of divergence theorem on the first integral and invoking equilibrium, we find that282

󰁝

ΩR

P0 : δFdV =

󰁝

∂ΩR

t0 · (uη − u0) dA, (A.12)

which nullifies the dead-load traction terms in the potential energy.283

284

Thus, the potential energy difference reduces to285

Πη −Π0 = −η

󰁝

Ωi

P0 :F0dV + η

󰁝

Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2)

Note on anisotropic transformation strain. If the transformation strain is anisotropic286

Fth(X) =

󰀫
a(X)(1+ ηA), X ∈ Ωi,

a(X)1, X ∈ ΩR \ Ωi,
(A.13)

where A encapsulates the anisotropy, we get δFth = ηa(X)A, which leads to287

δFe =

󰀻
󰀿

󰀽

δF−ηF0A
a(X) , X ∈ Ωi

δF/a(X), X ∈ Ωm.
(A.14)

Then along the same line of derivation following equation (A.8), we obtain the potential energy difference288

as289

Πη −Π0 = −η

󰁝

Ωi

P0 : (F0A)dV + η

󰁝

Ωi

∂ψ(Fη,e, η)

∂η

󰀏󰀏󰀏󰀏
Fη,e=F0,e,η=0

dV +O(η2)

for anisotropic transformation strain.290

Appendix B. Stress-stretch equations291

We derive the equations used to calculate the stretches for prescribed uniaxial, equibiaxial, and hydro-292

static first Piola–Kirchhoff stress states. These equations support the loading-state results summarized in293

Table 1. All three loading states are described by a diagonal total deformation gradient294

F0 = diag(λ1,λ2,λ3), (B.1)

where the principal stretches include the uniform thermal stretch a. Substitution into Eq. (21) gives the
principal stresses directly in terms of the stretches:

P 0
11 =

µ0

3λ1
(λ1λ2λ3)

−2/3
󰀃
2λ2

1 − λ2
2 − λ2

3

󰀄
+

K0

λ1
ln

󰀕
λ1λ2λ3

a3

󰀖
, (B.2)

P 0
22 =

µ0

3λ2
(λ1λ2λ3)

−2/3
󰀃
2λ2

2 − λ2
1 − λ2

3

󰀄
+

K0

λ2
ln

󰀕
λ1λ2λ3

a3

󰀖
, (B.3)

P 0
33 =

µ0

3λ3
(λ1λ2λ3)

−2/3
󰀃
2λ2

3 − λ2
1 − λ2

2

󰀄
+

K0

λ3
ln

󰀕
λ1λ2λ3

a3

󰀖
. (B.4)

The off-diagonal stress components vanish.295
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Hydrostatic. For hydrostatic stress control,296

P0 = S1, F0 = λ1.

The three stress conditions P 0
11 = P 0

22 = P 0
33 = S reduce to297

S =
3K0

λ
ln

󰀕
λ

a

󰀖
. (B.5)

Equivalently, λ is determined for a prescribed hydrostatic stress S by298

ln

󰀕
λ

a

󰀖
=

Sλ

3K0
. (B.6)

Uniaxial. For uniaxial stress control,299

P0 = diag(S, 0, 0), F0 = diag(λ,λ⊥,λ⊥).

The stress conditions P 0
11 = S and P 0

22 = P 0
33 = 0 give

S =
2µ0

3λ
(λλ2

⊥)
−2/3

󰀃
λ2 − λ2

⊥
󰀄
+

K0

λ
ln

󰀕
λλ2

⊥
a3

󰀖
, (B.7)

0 =
µ0

3λ⊥
(λλ2

⊥)
−2/3

󰀃
λ2
⊥ − λ2

󰀄
+

K0

λ⊥
ln

󰀕
λλ2

⊥
a3

󰀖
. (B.8)

Equivalently, the following two equations determine λ and λ⊥ for a prescribed uniaxial stress S:300

S =
µ0

λ

󰀗
a3 exp

󰀕
Sλ

3K0

󰀖󰀘−2/3 󰀗
λ2 − a3

λ
exp

󰀕
Sλ

3K0

󰀖󰀘
, (B.9)

301

λ⊥ =

󰀗
a3

λ
exp

󰀕
Sλ

3K0

󰀖󰀘1/2
. (B.10)

Equibiaxial. For equibiaxial stress control,302

P0 = diag(S, S, 0), F0 = diag(λ,λ,λ⊥).

The stress conditions P 0
11 = P 0

22 = S and P 0
33 = 0 give

S =
µ0

3λ
(λ2λ⊥)

−2/3
󰀃
λ2 − λ2

⊥
󰀄
+

K0

λ
ln

󰀕
λ2λ⊥
a3

󰀖
, (B.11)

0 =
2µ0

3λ⊥
(λ2λ⊥)

−2/3
󰀃
λ2
⊥ − λ2

󰀄
+

K0

λ⊥
ln

󰀕
λ2λ⊥
a3

󰀖
. (B.12)

Equivalently, the following two equations determine λ and λ⊥ for a prescribed equibiaxial stress S:303

S =
µ0

λ

󰀗
a3 exp

󰀕
2Sλ

3K0

󰀖󰀘−2/3 󰀗
λ2 − a6

λ4
exp

󰀕
4Sλ

3K0

󰀖󰀘
, (B.13)

304

λ⊥ =
a3

λ2
exp

󰀕
2Sλ

3K0

󰀖
. (B.14)
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Appendix C. Hydrostatic spherical-nucleus accommodation at second order305

This appendix estimates the second-order term in the formation energy for the hydrostatic case. The306

purpose is to quantify when the use of first-order result used in the main text is valid i.e. when is the307

asymptotic expansion of the energy difference well ordered. We consider a spherical transformed region of308

reference radius A embedded in a much larger spherical body, subjected to remote hydrostatic loading of309

magnitude S at the remote boundary. The sign convention is tension-positive.310

311

Untransformed State. In the untransformed state, the stress and deformation gradient in the body is312

homogeneous.313

F0 = λ1, P0 = S1. (C.1)

For reference, the first Piola–Kirchhoff stress is314

P0 = µ0(J
0)−2/3

󰀗
F0 − F0 :F0

3
(F0)−⊤

󰀘
+K0 ln

󰀕
J0

a3

󰀖
(F0)−⊤, (C.2)

where J0 = detF0. Therefore, the stretch and applied loading are connected as315

S =
K0

λ
ln

󰀕
λ3

a3

󰀖
. (C.3)

Equivalently,316

K0H = λS, H := ln

󰀕
λ3

a3

󰀖
. (C.4)

Here H is the logarithmic elastic volume change in the hydrostatic pre-state.317

318

Transformed State. The transformed nucleus is assigned319

Fth
i = a(1 + η)1,

whereas the matrix has320

Fth
m = a1.

The nucleus moduli are expanded as321

Ki = K0 + ηK1, µi = µ0 + ηµ1. (C.5)

Thus the actual modulus jumps are O(η): δK = ηK1 and δµ = ηµ1.322

323

After the transformation, the radial deformation in the nucleus and matrix have different forms. Spherical324

symmetry of the system ensures that the stress in the nucleus remains hydrostatic, which leads to a constant325

stretch. Thus, we can take the radial deformation as326

ri(R) = λiR 0 ≤ R ≤ A. (C.6)

Radial deformation in the matrix can be written as a perturbation of the hydrostatic pre-state,327

rm(R) = λR(1 + ηum(R)) +O(η2). (C.7)

By continuity of displacements at R = A, we get328

λiA = λA(1 + ηum(A)) +O(η2), (C.8)
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which for convenience of representation can be restated as329

λi = λ(1 + ηc) +O(η2), (C.9)

where c := u(A). Then the transformed interface is at330

ri(A) = rm(A) = λA(1 + ηc) +O(η2), (C.10)

where c is the first-order accommodation coefficient.331

The nucleus elastic stretch is therefore332

λe
i =

λ(1 + ηc)

a(1 + η)
=

λ

a
[1 + η(c− 1)] +O(η2). (C.11)

Since this deformation is spherical, Īe1,i = 3. Hence the nucleus shear-modulus contrast does not enter the333

hydrostatic result through this order.334

335

The perturbation function um is determined by satisfaction of equilibrium equation. From equation (21)336

and using the stretches in the matrix derived from equation (C.7), we obtain the stresses Pr and Pθ = Pφ337

and solve the equilibrium equation338

dPr

dR
+

2

R
(Pr − Pθ) = 0 (C.12)

about the hydrostatic pre-state.339

The equilibrium equation at O(η) gives340

󰀕
K0 +

4µ0

3
− λS

󰀖
[Ru′′

m + 4u′
m] = 0. (C.13)

When the coefficientK0+4µ0/3−λS vanishes, the system loses strong ellipticity. Away from the incremental341

singularity and in the strong-ellipticity regime (K0 +4µ0/3− λS > 0), the decaying solution in the infinite-342

matrix limit is343

um(R) = c
A3

R3
, R ≥ A. (C.14)

Thus344

rm(R) = λR

󰀕
1 + ηc

A3

R3

󰀖
+O(η2). (C.15)

The corresponding matrix stretches are345

λr,m = λ

󰀗
1− 2ηc

A3

R3

󰀘
+O(η2), λθ,m = λ

󰀗
1 + ηc

A3

R3

󰀘
+O(η2). (C.16)

Traction continuity at R = A determines c. Expanding the nucleus and matrix radial first Piola stresses346

to O(η) gives347

Pr,i(A) = S +
η

λ
[K1H + 3K0(c− 1)− cλS] +O(η2), (C.17)

and348

Pr,m(A) = S +
ηc

λ
(−4µ0 + 2λS) +O(η2). (C.18)

Setting Pr,i(A) = Pr,m(A) yields349

c =
3K0 −K1H

3K0 + 4µ0 − 3λS
. (C.19)

We now know all the relevant fields up to the first order.350

351
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Energy Difference. We can now compute the change in potential energy. Let,352

Vi =
4πA3

3

be the reference volume of the transformed nucleus. The full potential energy consists of the nucleus energy,353

the matrix energy, and the dead-load potential. The second-order displacement field is not needed for354

the O(η2) coefficient because it enters only through the first variation of the base potential energy, which355

vanishes by equilibrium of the hydrostatic pre-state.356

The nucleus contribution follows from357

ψi =
Ki

2
(log Je

i )
2
,

with358

log Je
i = H + 3(c− 1)η − 3

2
(c2 − 1)η2 +O(η3). (C.20)

Using Ki = K0 + ηK1 +O(η2) and K0H = λS, we obtain

∆Πi

Vi
=

󰀗
3λS(c− 1) +

1

2
K1H

2

󰀘
η

+

󰀗
9

2
K0(c− 1)2 − 3

2
λS(c2 − 1) + 3K1H(c− 1)

󰀘
η2 +O(η3). (C.21)

The matrix contribution is spatially nonuniform. From Eq. (C.16),359

ψm − ψ0 = (6µ0 − 3λS)c2η2
A6

R6
+O(η3). (C.22)

Therefore

∆Πm = 4π

󰁝 ∞

A

R2(6µ0 − 3λS)c2η2
A6

R6
dR+O(η3)

= Vi(6µ0 − 3λS)c2η2 +O(η3). (C.23)

Finally, the first-order change in the dead-load potential is360

∆Πload

Vi
= −3λSc η +O(η2), (C.24)

with the O(η2) terms involving the second-order displacement canceling by stationarity of the base state.361

Combining Eqs. (C.21)–(C.24) gives362

∆Π

Vi
= A1η +A2(c)η

2 +O(η3), (C.25)

where363

A1 = −3λS +
1

2
K1H

2, (C.26)

and

A2(c) =
9

2
K0(c− 1)2 − 3

2
λS(c2 − 1) + 3K1H(c− 1)

+ (6µ0 − 3λS)c2. (C.27)

Substituting Eq. (C.19) gives the final second-order coefficient364

A2 =
9

2
K0 +

3

2
λS − 3K1H − 3

2

(3K0 −K1H)2

3K0 + 4µ0 − 3λS
. (C.28)
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Thus365

∆Π

Vi
=

󰀗
−3λS +

1

2
K1H

2

󰀘
η +

󰀗
9

2
K0 +

3

2
λS − 3K1H − 3

2

(3K0 −K1H)2

3K0 + 4µ0 − 3λS

󰀘
η2 +O(η3), (C.29)

where366

H = ln

󰀕
λ3

a3

󰀖
, K0H = λS.

367

368

Well-orderedness of the Energy Asymptotic Expansion. Equation (C.29) also makes the ordering369

requirement explicit. The first-order approximation used in the main text is well ordered when370

|A2η| ≪ |A1|.

If A1 is small, the second-order accommodation energy becomes the leading mechanical contribution. Some371

observations:372

1. For zero remote loading,373

S = 0, λ = a, H = 0.

Then A1 = 0,374

c =
3K0

3K0 + 4µ0
,

and Eq. (C.29) reduces to375

∆Π

Vi
=

18K0µ0

3K0 + 4µ0
η2 +O(η3). (C.30)

Clearly, the first order energy change is not the dominant term in this scenario.376

377

2. In the nearly incompressible limit K0 ≫ µ0 with the applied load S being finite,378

λ → a, H → 0. (C.31)

Assuming that K1/K0 is finite,379

A1 → −3λS, A2 → 6µ0 − 3λS. (C.32)

Thus, the energy change becomes380

∆Π

Vi
= −3λSη + (6µ0 − 3λS)η2 +O(η3) (C.33)

Thus, the asymptotic energy expansion is well ordered when,381

|η| ≪
󰀏󰀏󰀏󰀏

λS

2µ0 − λS

󰀏󰀏󰀏󰀏 . (C.34)

3. For a matched-stiffness case, the results from equation (C.29) can be summarized in Table C.2 and figure382

C.6. We find that for a wide range of stresses, the approximation is well ordered; the singularity that is seen383

at S = 0 is already noted in the first observation.384
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Table C.2: Ordering of the hydrostatic expansion for the logarithmic volumetric law with η = 0.02, K0 = 10MPa, µ0 = 1MPa,
K1 = 0, µ1 = 0, and a = 1. The expansion is well ordered when η|A2/A1| ≪ 1. The singular point S = 0 is omitted because
A1 = 0.

S/K0 λ |A1/A2| η|A2/A1|
−0.50 0.8656 1.328 0.01506
−0.30 0.9128 0.9216 0.02170
−0.20 0.9393 0.6939 0.02882
−0.10 0.9682 0.4169 0.04797
0.10 1.0351 1.087 0.01839
0.30 1.1183 1.580 0.01266
0.50 1.2269 0.5688 0.03516

well ordered

marginal

S=K0

-0.5 0 0.5

2
jA

2
=A

1
j

0.1
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0.4
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10%

Figure C.6: Asymptotic Ordering of the Potential Energy Change for Hydrostatic Loading with Matched Stiff-
ness. Ratio of the second and the first order term, η|A2/A1|, is shown for a = 1, K0 = 10MPa, µ0 = 1MPa, K1 = 0, and
µ1 = 0. The expansion is well ordered when η|A2/A1| ≪ 1. The singularity at S = 0 is because the first order term disappears.
The first order approximation works well for a large range of pre-existing stress.

Appendix D. Additional Results385

The material parameters are L = 2 × 108 J/m3, K0 = 10MPa, µ0 = 1MPa and Tm = 273.15K. For386

normalization, non-mechanical reference values, denoted by (·)0, are used throughout. The reference critical387

radius and energy barrier are R0
c = 2γ/|∆f | and ∆G0

c = 16πγ3/(3|∆f |2), respectively.388

I. Uniaxial and Biaxial for a=1.389
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Figure D.7: Uniaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/µ0 = ±1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/µ0. Results use a = 1, Tm − T = 1K, and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness; solid
curves include δµ = ηµ0 and δK = ηK0.
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Figure D.8: Uniaxial stress changes the effective driving force for phase transformation. (a) Effective driving force
normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature shift
versus normalized stress. Results are shown for a = 1 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness; solid
curves include δK = ηK0 and δµ = ηµ0.
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Figure D.9: Equibiaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/µ0 = ±1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/µ0. Results use a = 1, Tm − T = 1K, and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness; solid
curves include δµ = ηµ0 and δK = ηK0.
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Figure D.10: Equibiaxial stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness;
solid curves include δK = ηK0 and δµ = ηµ0.
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II. Hydrostatic, Uniaxial, and Biaxial for a=1.002.392
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Figure D.11: Hydrostatic stress changes the CNT critical radius and barrier. (a) Normalized free-energy landscapes
at S/K0 = ±0.3; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier ratio versus S/K0.
Results use a = 1.002, Tm − T = 1K, and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness; solid curves include
δK = ηK0.
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Figure D.12: Hydrostatic stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1.002 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched
stiffness; solid curves include δK = ηK0. For hydrostatic loading, the shear-modulus contrast does not contribute at first order.
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Figure D.13: Uniaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/µ0 = ±1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/µ0. Results use a = 1.002, Tm − T = 1K, and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness;
solid curves include δµ = ηµ0 and δK = ηK0.
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Figure D.14: Uniaxial stress changes the effective driving force for phase transformation. (a) Effective driving force
normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature shift
versus normalized stress. Results are shown for a = 1.002 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness;
solid curves include δK = ηK0 and δµ = ηµ0.
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Figure D.15: Equibiaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/µ0 = ±1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/µ0. Results use a = 1.002, Tm − T = 1K, and η = {0.01, 0.02, 0.03}. Dashed curves denote matched stiffness;
solid curves include δµ = ηµ0 and δK = ηK0.
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Figure D.16: Equibiaxial stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1.002 and η = {0.01, 0.02, 0.03}. Dashed curves denote matched
stiffness; solid curves include δK = ηK0 and δµ = ηµ0.
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Appendix E. Direct numerical validation of the first-order energy396

The first-order estimate (22) was validated by directly solving the nonlinear elasticity boundary-value397

problem for the compressible neo-Hookean solid (19), with K0 = 10MPa, µ0 = 1MPa, δK = ηK0, δµ = ηµ0398

and a = 1.399

Uniaxial and equibiaxial loading: 3-D Finite Element Simulation in FEniCS400

For non-hydrostatic loading the fields are not radially symmetric and the problem is solved in three401

dimensions. The spherical nucleus of radius A is embedded in a cubic matrix of half-edge B = 50A; one402

octant is modeled, with symmetry boundary conditions. The remote stress is applied as a dead-load traction403

t0 = P0N on the outer faces. The nucleus differs from the matrix only through η (eigenstrain a(1+ η)1 and404

moduli µ0+ηµ0, K0+ηK0 inside), so at η = 0 the body is homogeneous. The mesh is graded tetrahedra and405

the displacement uses quadratic (P2) Lagrange interpolation. Equilibrium is solved by Newton’s method406

(PETSc SNES) with a direct (MUMPS) linear solver, with the load applied incrementally. The potential407

energy difference ∆Π = Π(η)−Π(0) is evaluated on the same mesh.408

Two exact checks underpin these results. First, at η = 0 the potential energy of the homogeneous409

body calculated analytically and through finite-element analysis differ by ≤ 3 × 10−14 (relative) at every410

stress and loading, verifying the energy functional and the dead-load term; similarly the base stretches411

also match the analytic homogeneous stretches of Appendix B. Second, the result is independent of the412

outer domain: repeating the computation on a spherical matrix of radius B changes ∆Π/Vi by at most413

5 × 10−5 (relative) over all stress levels and both loadings—three orders of magnitude below the O(η2)414

accommodation—confirming that the truncation B/A = 50 and the outer-boundary shape are immaterial.415

Figures E.17(a) and E.18(a) compare the asymptotic first-order prediction of ∆Π/Vi as noted in Table 1416

(original contribution of this work) with finite element predictions (considered as “truth”); panel (b) in both417

figures shows the relative error in the first order estimate when compared to the finite element simulations.418

Similar to the case of hydrostatic loading, the deviation is the O(η2) accommodation, growing near S =419

0 where the first-order term vanishes (we have omitted connecting lines across S = 0 in panel (b) for420

this reason to avoid confusion). To further verify the veracity of the result, we carry out a sweep over421

η ∈ {0.005, 0.01, 0.02, 0.03} for S/µ0 = 1 for matched stiffness as well as contrasting stiffness cases. These422

results, presented in panel (c) of each figure, confirm that the error indeed scales as O(η2). Thus, the423

asymptotic approximation keeps getting better as η → 0.424
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Figure E.17: Uniaxial validation (cubic matrix domain). (a) ∆Π/Vi versus S/µ0: first-order asymptotic (lines, Table 1)
and three-dimensional finite-element solution (markers), for matched and stiffness-contrast cases. (b) Relative deviation of the
first-order formula; the dashed line marks the 5% level. (c) Absolute error |∆ΠFE − ∆Πasymp.|/Vi versus η at fixed stress
S/µ0 = 1: the first-order estimate converges to the direct solution as O(η2) (slope-2 reference triangle). Dashed gray curves
show matched-stiffness and solid black curves show stiffness-contrast cases.
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Figure E.18: Equibiaxial validation (cubic matrix domain). Plotted as in Fig. E.17.
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[19] H. B. Callen, Thermodynamics & an introduction to thermostatistics, John wiley & sons, 2006.454

[20] J. P. Simmons, C. Shen, Y. Wang, Phase field modeling of simultaneous nucleation and growth by explicitly incorporating455

nucleation events, Scripta materialia 43 (10) (2000) 935–942.456

[21] C. Shen, J. Simmons, Y. Wang, Effect of elastic interaction on nucleation: II. implementation of strain energy of nucleus457

formation in the phase field method, Acta materialia 55 (4) (2007) 1457–1466.458

[22] T. W. Heo, L. Zhang, Q. Du, L.-Q. Chen, Incorporating diffuse-interface nuclei in phase-field simulations, Scripta Mate-459

rialia 63 (1) (2010) 8–11.460

[23] J. Simmons, Y. Wen, C. Shen, Y. Wang, Microstructural development involving nucleation and growth phenomena461

simulated with the phase field method, Materials Science and Engineering: A 365 (1-2) (2004) 136–143.462

[24] M. Warner, E. M. Terentjev, Liquid crystal elastomers, Vol. 120, Oxford university press, 2007.463

[25] E. Fried, S. Sellers, Orientational order and finite strain in nematic elastomers, The Journal of chemical physics 123 (4).464

[26] B. A. Suslick, J. Hemmer, B. R. Groce, K. J. Stawiasz, P. H. Geubelle, G. Malucelli, A. Mariani, J. S. Moore, J. A.465

Pojman, N. R. Sottos, Frontal polymerizations: from chemical perspectives to macroscopic properties and applications,466

Chemical reviews 123 (6) (2023) 3237–3298.467

[27] X. Li, T. Cohen, Mechanical forces quench frontal polymerization: Experiments and theory, Journal of the Mechanics and468

Physics of Solids 183 (2024) 105517.469

[28] X. Li, T. Cohen, A unified thermo-chemo-mechanical framework for bulk and frontal polymerization: Coupled kinetics470

and front stability, Journal of the Mechanics and Physics of Solids 214 (2026) 106681.471

[29] J. Li, M. Kothari, S. Chockalingam, T. Henzel, Q. Zhang, X. Li, J. Yan, T. Cohen, Nonlinear inclusion theory with472

application to the growth and morphogenesis of a confined body, Journal of the Mechanics and Physics of Solids 159473

(2022) 104709.474

[30] E. S. Matsuo, T. Tanaka, Patterns in shrinking gels, Nature 358 (6386) (1992) 482–485.475

[31] Y. Zhou, L. Jin, Mechanics underpinning phase separation of hydrogels, Macromolecules 56 (2) (2023) 426–439.476

[32] M. S. Alnaes, J. Blechta, J. Hake, A. Johansson, B. Kehlet, A. Logg, C. N. Richardson, J. Ring, M. E. Rognes, G. N.477

Wells, The FEniCS project version 1.5, Archive of Numerical Software 3. doi:10.11588/ans.2015.100.20553.478

[33] A. Logg, K.-A. Mardal, G. N. Wells, Automated Solution of Differential Equations by the Finite Element Method, Springer,479

2012. doi:10.1007/978-3-642-23099-8.480

[34] A. Logg, G. N. Wells, DOLFIN: automated finite element computing, ACM Transactions on Mathematical Software 37.481

doi:10.1145/1731022.1731030.482

[35] A. Logg, G. N. Wells, J. Hake, DOLFIN: a C++/Python finite element library, in: A. Logg, K.-A. Mardal, G. N.483

Wells (Eds.), Automated Solution of Differential Equations by the Finite Element Method, Vol. 84 of Lecture Notes in484

Computational Science and Engineering, Springer, 2012, Ch. 10.485

[36] R. C. Kirby, A. Logg, A compiler for variational forms, ACM Transactions on Mathematical Software 32. doi:10.1145/486

1163641.1163644.487

[37] A. Logg, K. B. Ølgaard, M. E. Rognes, G. N. Wells, FFC: the FEniCS form compiler, in: A. Logg, K.-A. Mardal, G. N.488

Wells (Eds.), Automated Solution of Differential Equations by the Finite Element Method, Vol. 84 of Lecture Notes in489

32

http://dx.doi.org/10.11588/ans.2015.100.20553
http://dx.doi.org/10.1007/978-3-642-23099-8
http://dx.doi.org/10.1145/1731022.1731030
http://dx.doi.org/10.1145/1163641.1163644


Computational Science and Engineering, Springer, 2012, Ch. 11.490

[38] K. B. Ølgaard, G. N. Wells, Optimisations for quadrature representations of finite element tensors through automated491

code generation, ACM Transactions on Mathematical Software 37. doi:10.1145/1644001.1644009.492

[39] R. C. Kirby, Algorithm 839: FIAT, a new paradigm for computing finite element basis functions, ACM Transactions on493

Mathematical Software 30 (2004) 502–516. doi:10.1145/1039813.1039820.494

[40] R. C. Kirby, FIAT: numerical construction of finite element basis functions, in: A. Logg, K.-A. Mardal, G. N. Wells (Eds.),495

Automated Solution of Differential Equations by the Finite Element Method, Vol. 84 of Lecture Notes in Computational496

Science and Engineering, Springer, 2012, Ch. 13.497

33

http://dx.doi.org/10.1145/1644001.1644009
http://dx.doi.org/10.1145/1039813.1039820

