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Abstract

Classical nucleation theory describes the rate at which stable nuclei form within a metastable parent phase
by crossing a free-energy barrier set by competing bulk and interfacial energies. In an elastic material,
a pre-existing stress state modifies this barrier through an elastic contribution to the bulk driving force.
This contribution is well characterized for linear elastic materials, but the corresponding finite-deformation
result for soft solids remains less developed. The gap is computationally significant: in simulations that
sample candidate nuclei throughout a stressed body, direct evaluation of the elastic contribution to free-
energy change would require solving a new nonlinear elasticity boundary-value problem for each possible
nucleus. Here, we derive an asymptotic expansion of the equilibrium elastic potential energy change for a
hyperelastic body before and after formation of a small transformed region. The expansion is with respect
to the amplitude of an isotropic transformation strain, while the pre-existing deformation and stress may
be finite. At leading order, the elastic contribution to the formation energy is determined entirely by the
known untransformed equilibrium fields, with additional terms accounting for stiffness contrast between the
parent and transformed phases. Incorporating this into classical nucleation theory yields the stress-shifted
transformation temperature, critical radius, and nucleation barrier. Representative results are shown for a
compressible neo-Hookean solid under hydrostatic, uniaxial, and equibiaxial loading; tensile stresses promote
nucleation and compressive stresses suppress it when transformation strain is expansive. Comparison with
the corresponding linear-elastic result shows that finite-deformation effects can substantially change the
predicted energy barrier at moderate stretches.

1. Introduction

Nucleation of transformed domains in soft solids arises in a variety of settings, such as freezing of tissues
in cryopreservation and strain-induced crystallization of elastomers [1-5]. In such phenomena, the energetic
cost of a nucleus is not determined solely by local thermal, chemical, and interfacial driving forces; it also
depends on the pre-existing deformation of the surrounding matrix, on the transformation strain of the
nucleus, and on the contrast of elastic properties between the nucleus and the surrounding matrix. These
factors add a bulk elastic potential energy contribution to the free-energy change for nucleation [6-8]. This
is the origin of stress effects on material microstructure and has been explored in considerable depth for
linear elastic materials, thanks to pioneering work by J. D. Eshelby [9-13]. However, for soft solids, which
show finite deformations and non-linear elasticity, the question is less settled: how does a pre-existing
finite-deformation stress state alter the thermodynamic barrier for nucleation?

Classical nucleation theory (CNT) gives the free-energy change for a spherical nucleus of radius R as

4
AG(R) = 47R%y — §R3A f, (1)

where v is the interfacial energy and Af is the bulk driving force per unit volume [14-17]. For speci-
ficity, we will consider a thermally triggered phase transformation for which Af can be linearized near the
transformation temperature. For a transformed phase that is favored below T,,, we write

L(T,—T)
T, .
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where T is the current temperature, T, is the transformation temperature in the absence of elastic effects,
and L is the latent heat per unit volume!.

It is known that hydrostatic pressure shifts the melting temperature through the Clausius—Clapeyron
relation [18, 19], but soft solids can sustain heterogeneous, thermoelastic stress states for which a scalar
pressure correction is not sufficient. The finite-deformation problem is not solved by replacing pressure with
an ad hoc stress measure: the elastic contribution must be obtained from the work-conjugate pair that
appears in the equilibrium energy difference between the untransformed and transformed systems.

The need for such a result is especially clear in simulations of nucleation in stressed soft solids. In
stochastic or phase-field-type simulations of nucleation, candidate nuclei may be sampled throughout a
stressed body and assigned nucleation probabilities from local free-energy barriers [20-23]. A direct finite-
deformation treatment would require solving a separate nonlinear elasticity boundary-value problem for
every possible candidate nucleus in order to compute its energy barrier. Such a procedure is generally
prohibitive. The aim of the present work is to obtain an asymptotic energetic contribution that can be
evaluated from the pre-existing equilibrium stress and deformation fields, thereby converting the elastic
part of the nucleation barrier into a local post-processing calculation, within the range of validity of the
small-transformation-strain expansion.

This paper derives the elastic contribution directly from the equilibrium potential energy of a hyperelastic
body before and after formation of a small transformed region. The same material body is compared in the
two states; the transformed nucleus differs from the matrix by a small transformation strain and, in general,
by small changes in elastic moduli. To first order in the transformation strain, the elastic contribution is
local and depends only on the untransformed equilibrium fields. We show in Section 2 that the leading-order
contribution contains a term governed by the contraction between the pre-existing stress and deformation
gradient, together with additional stored-energy terms arising from stiffness contrast.

The framework presented in this work is not restricted to classical nucleation theory. It gives the elastic
contribution to the formation energy of a transformed region in a finitely deformed soft solid, and therefore
applies whenever a local transformation produces a transformation strain or elastic contrast. This includes
both non-conserved order-parameter transformations, such as crystallization or nematic ordering [24, 25],
and broader transformed-region problems involving phase separation, growth, or curing, where transport or
reaction kinetics may also enter [26-31].

The rest of the paper is organized as follows. Section 2 sets up the finite-deformation energy difference
and the effects of stress on CNT. Section 3 specializes the results to a compressible neo-Hookean material
and presents the results for various loadings. Section 4 presents quantitative predictions for stress effects on
CNT. We conclude with Section 6. Detailed algebra is deferred to the appendices wherever appropriate.

2. Elastic energy change due to nucleus formation

2.1. Kinematics

Let Qg denote the stress-free reference configuration of the soft solid. This configuration is subjected
to temperature change, AT, and external tractions, t%, that cause it to deform. We denote the deformed
configuration by 2. The material points X € Qr map to x € € via the deformation map x:

x = x(X), 3)

where
xX:0Or —Q and Q= x(Qr). (4)

The corresponding deformation gradient, F', maps infinitesimal line segments in Qg to their deformed
counterparts in €

_x XX
Fr=ox = ox - )

IWe do not consider any direct dependence of latent heat L on stress in this study. Should such an effect be important for
a material, the current theory can be extended in accordance with equation (2.26) in Saeedi et al. [5].
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This map comprises the thermal and phase transformation induced deformation, F*", as well as the accom-
panying elastic accommodation, F¢, and can be expressed using the Kroner—Lee decomposition

F = F°F'h, (6)

We consider isotropic thermal deformations of the following form

(7)

Bt (X) {a(xm +ml, Xeq,
a(X)1, X € Or\ Qi

where a(X) represents the isotropic, temperature-change dependent thermal expansion, and n < 1 represents
the isotropic phase-change expansion in a small nucleus €2; C Qr that undergoes phase transformation.

Untransformed Transformed (nucleus formed)
v 1 1 LI 11 P
r - T+AT o 0 - / T+ AT _y
FO — FO.cpo0.th F" = Fregmth | . |
—— | 0 QO — N { w Sz(]
2, QR 5 Q 2, Qg A0
//// ///// ) Or s, 0)7‘7" O
(a) Reference State, g (b) Deformed State, 0O (c) Reference State, (R (d) Deformed State, Qn

Figure 1: Kinematic states used in the calculation of energy change when a region in the parent material undergoes phase
transformation. (a) Stress-free reference configuration Qg. (b) Untransformed, thermoelastically deformed state, 20, resulting
from temperature change and applied tractions. (c) Reference configuration showing pre-image of the transformed region,
Q; C Qg. (d) Final deformed state, 27, after elastic accommodation of the transformation strain.

We introduce further notation to distinguish between two scenarios (see Fig. 1), which will be important
for calculating energy changes in §2.2. In the first scenario, the deformations are only due to thermal
expansion and all quantities are denoted by superscript (-)°. In the second scenario, both thermal and phase
change expansions contribute to deformation and all quantities bear the superscript (-)7. The corresponding
Kroner-Lee decompositions are

FO =fFOcp0:th [thermal only] (8)
F7 =F"7°F7th [thermal + phase transformation] (9)

In the limit n — 0, both scenarios converge, and so do the corresponding field i.e. F7 — FO F7e — F0e,
and F7-th — FOth,

2.2. Elastic energy change

Our aim is to obtain the elastic contribution to the driving force for nucleation. This contribution comes
from the change in equilibrium potential energy when a small material region of the soft solid, €2;, undergoes
phase transformation. The transformed region differs from the parent material in two ways: it carries a
local transformation strain n < 1, and its elastic moduli may also differ from those of the parent phase. We
will consider the material properties of the transformed region to be parametrized by 7.

The above physics is captured by choosing the strain energy density function ¥(F¢ 1) to depend on
two arguments: while F¢ accounts for the dependence of strain energy on elastic deformation, the explicit
dependence on 1 accounts for the phase-dependence of material properties. In equilibrated states of the
solid, F¢ also depends on 7. Thus, the equilibrium strain energy depends on n through both arguments.

To calculate the change in elastic potential energy, we will first obtain the elastic deformation gradients
in transformed and untransformed states, followed by calculation of potential energies in both states, and
ultimately, their difference.
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For our chosen form of thermal-transformation strain (see equation (7)), the corresponding elastic de-
formation gradient is

1
—— F", XeQ,,
Fe = Fn(Fmth)—l — a(f()(]- + 77) (10)
F" X e Qg \ Q.
CL(X) ) € VR \ i
Setting 1 = 0, gives the elastic deformation gradient in the untransformed state
1
FO,e — FO FO,th -1 _ FO. 11
(B = (11)

Next, we define the equilibrium elastic potential energy of a solid containing a transformed region and
subjected to dead-load tractions t° as

I — / D(E™, 0)dV + / B(E™, p)dV — / £ w7 dA, (12)
Qr\Qi Q; 121939

where u"” is the equilibrium displacement field, and F¢ is the elastic part of the equilibrium deformation
gradient F".

Similarly, the equilibrium elastic potential energy of the untransformed system (n = 0) is

m = z/J(FO’e,O)dV—/ t9-u’dA, (13)
QR, BQR

where u' is the equilibrium displacement field, and F%¢ is the elastic part of the equilibrium deformation
gradient FO,

Finally, the change in the equilibrium elastic potential energies between the transformed and untransformed
states is obtained from Eq. (12) and Eq. (13) as (see Appendix A for a detailed derivation)

Fe
All(p) =17 — T1° = _77/ PO FOdV + n/ OHE,5) v +0(n?), (14)
Q; Q; 877 Fn.e=F0.e n=0
where .
P() _ 3¢(F’7’ 777) (FO,th)fT
8F77,e F"’C:FO’C,WZO

is the first Piola—Kirchhoff stress in the untransformed state and will be the stress measure used throughout
this study?. Equation (14) is the main result of our work. The first order energy difference has two contri-
butions: the first term is due to the transformation strain of the nucleus, and the second term is due to the
contrast in elastic properties between the nucleus and the parent material. Notably, the energy difference
depends only on the fields in the untransformed state in the region §2; C Qr and on the magnitude of the
transformation strain.

Remark §2.1 If the transformation strain inside the inclusion is anisotropic instead of isotropic, i.e. F*h =
a(X)(1 + nA), where the tensor A brings in the anisotropy in transformation strain, the result in equation

n,e
(14) generalizes as All(n) = —n fQi P%: (FOA)dV + T}fﬂf %ﬁm) av +0(p).
F""’:FO'C,T]:O

2Equivalently, using P : FO = JOtr o, the first integral may be expressed over the corresponding untransformed deformed
region as —n [ tr o dv.
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2.8. Stress-modified classical nucleation theory

We now have the ingredients necessary to include the effects of stress in the classical nucleation theory. The
change in free energy upon formation of a spherical phase-transformed nucleus of radius R is

4
AG(R) = 4nR%y — %R‘Q’A fott. (15)
where « is the surface energy of the nucleus-matrix interface and A feg is the bulk portion of the free energy

change. The sign convention is that Afeg > 0 favors growth of the transformed phase. The bulk driving
force comprises thermal and elastic driving forces

J— n!e
Afeff :LTmT T+77 <POIFO— aw(F 777)

m on

) +0() (16)

Fre=F%e n=0

Thermal Elastic
where L is the latent heat per unit reference volume. The last term in the elastic contribution appears only
when the transformed nucleus has elastic moduli different from those of the parent phase.
The critical radius and nucleation barrier retain the classical three-dimensional spherical-CNT form:

2y 1673
R* = AG* = .
Afeg’ 3Af2

(17)

These expressions apply only when A feg > 0. When A fog < 0, the transformed phase is not locally favored
by the bulk driving force.
Finally, the stress-shifted melting condition follows from A fog = 0

n,e
T5) = Ty + 22 PO p0 - SUEST)

T on + O(n?). (18)

Fne=F0.¢ n=0

In the following sections we will illustrate the results from the general theory by specializing it to a
neo-Hookean material model, and applying it to uniform loading cases.

Remark §2.2 The linear dependence of bulk thermal energy on undercooling in (16) is used only to make
the connection with CNT explicit; the elastic calculation is unchanged if Af is replaced by a more general
bulk thermodynamic driving force.

3. Specialization to a neo-Hookean material

We will specialize Eq. (14) to a compressible neo-Hookean solid that is subjected to uniform thermal
stretch (a(X) is taken to be constant) and remote hydrostatic traction.
The strain energy density, ¢, has the following decoupled volumetric-isochoric form

W(F,n) = —“(277) JoEF - 3]+ —K;”) (nJ.)*,  Jo = detFe. (19)

The moduli of the transformed material {u(n), K(n)} are assumed to differ perturbatively from those of
the untransformed material {uo, Ko},

n(n) = po +np1 = po +0p,  K(n) = Ko +nky = Ko + 0K, (20)

The thermal deformation gradient is taken to be constant, FO*" = 1. In the untransformed state, the
elastic deformation is then easily related to the total deformation gradient as F%¢ = %FO from Eq. (11).
Noting that J° = det F?, the first Piola-Kirchhoff stress is
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PO — NO(JO)—Q/S [FO _ E(FO)—T} + Koln (i_g) (FO)—T. (21)

For a locally uniform nucleus of reference volume V;, Eq. (14) gives the mixed stress—stretch form

5 JK J\?
ATl =V; |-nP*: F° + ?“ {(JO)*Q/?’FO:FO — 3} +5 {m(ag)} +O0(n?). (22)

This mixed stress—stretch form is convenient under prescribed stress, because PY : FO can be evaluated
directly from the applied stress and the resulting stretch?. It is worth noting that in the energy change, the
transformation strain couples to P?:F? whereas shear- and bulk-modulus contrasts couple with the stored
distortional and volumetric energies of the untransformed state.

For remote tensile hydrostatic loading of magnitude S, the stress and deformation gradient fields are of the
form

F° =21, P°=91, (23)

where the two fields are connected from equation (21)

5= Mo, <A> . (24)

The resulting potential energy change then becomes

0K AN\
— - In( £
3nSA+ B {3 n( )}

where the second equality follows from equation (24). Using this result together with equations (16) and
(18) gives the total bulk driving force and stress-shifted melting point as

2y2 K
at-v, L0 =i [-msx+ Tt ooty )
0

T —T S2N’K, ,
_ _SAK, 2
Afeg =1L T +n (35‘)\ K2 ) +O(n?) (26)
and S2\2K
Tm 1 2
T* =T, +n=m _2 A . 27
=T (393 S5t oo) (27)

Remark §3.1 Equation (14) does not require the thermal deformation a to be constant or the stress P or
the deformation F° to be locally uniform in the nucleus. It also does not require the transformed region to
be small. These assumptions are employed only to facilitate analytical estimates.

Remark §3.2 Hydrostatic loading is a special case where the shear-modulus contrast term vanishes. Thus,
for hydrostatic loading, the first order approximation can be applied to freezing-type phase changes where
the shear modulus contrast is large but bulk modulus contrast is not.

Remark §3.3 The asymptotic analysis is valid only if the expansion is well ordered i.e. the O(n) term is
much bigger than O(n?) term. To mathematically define this requirement, the second order term can be

3For the same neo-Hookean specialization, Eq. (22) may also be written entirely in terms of stretches: AIl =

i [Fanmon () + % {02000 - )+ 85 (%)}

6
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explicitly calculated for the special case of hydrostatic loading. This result is derived in Appendix C.

We also present briefly the energy expressions for two other loading types—uniaxial and equibiaxial—in
Table 1.

Table 1: First-order formation energy for a locally uniform transformed region of reference volume V; under prescribed first
Piola—Kirchhoff stress. The thermal stretch is uniform, FOt" = 1. The stretches A and A | are determined from the prescribed
traction boundary conditions in Appendix B. The matched-stiffness terms reduce to —nV; P9 : F9; stiffness contrast adds the
stored distortional and volumetric energy terms shown in the third column.

Loading Matched stiffness Small stiffness contrast

: 2
gglixdiag(& 0,0), F°=diag(\ A, Ar) 7V I 67“ {?;AE@% - 3} " %K {IH<A:—;>} ]
B s, weanany 2 [ PR o) ()]
B, o s w5 fan ()}

4. Results and Discussion

We now evaluate the stress-modified nucleation theory for representative soft-solid material parameters.
Unless otherwise stated, the calculations use

Ky = 10 MPa, 1o = 1 MPa, L=2x10%J/m3, T,, = 273.15K,

with an undercooling T,, — T = 1K. The transformation strain amplitudes are n = {0.01,0.02,0.03}.
The stress S is taken positive in tension. Hydrostatic results are plotted against S/Kj, while uniaxial and
equibiaxial results are plotted against S/pg. Dashed curves denote the stiffness-matched case, du = 6 K = 0,
for which the first-order mechanical contribution comes only from the P%: F? term. Solid curves include an
O(n) stiffness contrast, with du = nue and K = nKy, which gives rise to additional terms in the energy
change (see Table 1). For hydrostatic loading, the distortional change is identically zero, so the shear-
modulus contrast does not contribute at first order and only d K = nK affects the plotted solid curves. All
critical radii and barriers are normalized by their zero-stress, stiffness-matched reference values,

1673
3Af2°

Ry = %, AG =
where Af = L(T,,, — T)/T,,. Because only normalized critical quantities are shown, the interfacial energy
~ cancels from the plotted ratios.

Figure 2 shows the effect of hydrostatic stress on the effective bulk driving force and shifted transfor-
mation temperature for a = 1. Tensile stress increases the effective driving force for phase transformation,
whereas compressive stress reduces it (for 7 > 0). The response is not symmetric under S — —S, because
prescribed stress determines the hydrostatic stretch through

3K, (A
S‘Tln<5>’

and the stiffness-matched mechanical contribution scales as SA, not as S alone. The same energetic con-
tribution shifts the transformation temperature upward in tension and downward in compression. The
stiffness-contrast terms add positive stored-energy contributions to the formation energy and therefore par-
tially offset the stress-induced increase in driving force.

The corresponding changes in the CNT free-energy landscape are shown in Fig. 3. For tensile hydro-
static loading, the increased driving force reduces both the critical radius and the nucleation barrier. For
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compressive loading, the driving force is reduced, so the critical radius and barrier increase. For hydrostatic
loading, the stiffness-contrast contribution depends only on the bulk-modulus contrast, since the distortional
stored-energy term vanishes on the hydrostatic branch.

Figure 4 compares the finite-deformation neo-Hookean prediction with the matched-stiffness linear-elastic
Eshelby theory prediction for n = 0.02. The comparison isolates the effect of finite deformation on the
normalized barrier ratio AG./AG? under hydrostatic, uniaxial, and equibiaxial loading. Linear elasticity,
when applied beyond its validity at large stresses, overestimates the nucleation barrier as compared to the
finite-deformation theory; this difference becomes more pronounced with increasing magnitude of stress.

Additional results are presented in Appendix D that include uniaxial and equibiaxial loading as well as
results for a = 1.002. Uniaxial and equibiaxial stresses can also modify the driving force, critical radius, and
energy barrier considerably. When present, the shear-modulus contrast contributes to the energy barrier
for uniaxial and biaxial cases. The results for a = 1.002 show that the same mechanisms persist when the
untransformed body carries a finite thermal stretch.

Finally, in continuation of Remark §3.3, a rigorous ordering estimate in Appendix C quantifies the validity
of the first-order approximation for a spherical nucleus under remote hydrostatic loading. For the parameters
used here and 7 = 0.02, the ratio of O(n?) term and O(n) term in the energy change remains small over a
broad range of stress away from points where the first-order term vanishes or the incremental hydrostatic
accommodation coefficient becomes singular. Thus the first-order theory is broadly applicable and serves
as a useful analytical estimate; the appendix identifies regimes where second-order accommodation energy
must be retained.

(a)

2 L]
—n =0.01 ?
—n = 0.02
—n =003 — e =5 G
L S r
“ 1.5 . . // P
=
=}
“3
< 1t 1
0.5~ . 1 9 . ]
-0.5 0 0.5 -0.5 0 0.5
S/ Ky S/Ko
— = matched (0K =0) | =——mismatch: K(n) = K, + nkj

Figure 2: Hydrostatic stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1 and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness;
solid curves include § K = nKy. For hydrostatic loading, the shear-modulus contrast does not contribute at first order.
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Tension (S/Ko = +0.3) Compression (S/K, = —0.3)

—n = 0.01
2} ——n=10.02
) —n = 0.03

— W0

0.5 1 0 i
-0.5 0 -0.5 0
S/K() S/K()

0.5

= ===matched (6K =0) |

stiffness contrast: JK = nkK,

Figure 3: Hydrostatic stress changes the CNT critical radius and barrier. (a) Normalized free-energy landscapes at
S/Kop = +0.3; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier ratio versus S/Kp. Results
use a =1, T, — T = 1K, and n = {0.01,0.02,0.03}. All quantities are normalized by their non-mechanical reference values,
denoted by (-)°. The reference critical radius and energy barrier are R? = 2v/|Af| and AGY = 1673 /(3| Af|?), respectively.
Dashed curves denote matched stiffness; solid curves include K = nKj.

Uniaxial (©)

(a) Hydrostatic (b) Equibiaxial
3 1.2 1.4
——neo-Hookean
linear elasticity (Eshelby)
o2 oo 1 oo
&) &) )
< < <
&) ) V)
<1t Tost s <
S/ -
0b— 0.6 b——r :
-0.5 0 0.5 -2 -1 0 1 2 -2 -1 0 1 2

S/ Ky S/ po S/mo

Figure 4: Linear elasticity overestimates nucleation barrier. Nucleation energy barrier ratio, AG./AGY, for n = 0.02,
a =1, and T, —T = 1 K under (a) hydrostatic, (b) uniaxial, and (c) equibiaxial stress. Black curves show the finite-deformation
neo-Hookean prediction; gray curves show the matched-stiffness linear-elastic Eshelby prediction.

5. Direct numerical validation

Predictions of the first-order estimate are validated by directly solving the nonlinear elasticity problem,
beginning with the hydrostatic loading that is the focus of this work. These calculations use the same
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parameters as used in the previous section: Ky = 10MPa, pg = 1MPa, and a = 1. For hydrostatic
remote stress the transformed-inclusion problem is spherically symmetric, so equilibrium reduces to a one-
dimensional radial equation, which is numerically solved by an energy-minimizing radial discretization in
MATLAB using a radially graded one-dimensional mesh. The first-order energy of Table 1 matches this
direct solution to a few percent for both the matched and the stiffness-contrast cases, as shown in Fig. 5(a)-
(b) for n = 0.02 case. This confirms that the first-order formula is accurate to within a few percent except in
a narrow window about S = 0, where the leading term —3nS\ vanishes and the second-order accommodation
must be retained, consistent with the ordering requirement of Remark §3.3. Further, for a representative
case of S/Ky = 0.3, we show in Fig. 5(c) that the absolute error between the asymptotic estimate and
the numerically computed energy scales as O(n?), confirming the validity of the theory. Within the small-n
range, therefore, the elastic part of the nucleation barrier follows from post-processing the untransformed
state rather than from solving a new boundary-value problem for each nucleus.

Qualitatively similar conclusions hold for uniaxial and equibiaxial loading, computed with 3-D finite
element simulations using FEniCS [32-40] package on a cubic matrix containing the spherical nucleus (see
Appendix E, Figs. E.17-E.18 for details).

(a) (b) (Cl)”_2 S/Ky=0.3

@ FE (matched) g 102 5% level =
0.2 m FE (contrast) = E
£ el S

s 0 = Eo

= g I:% 107

< = .0

= 4 10 <
3-02F | I
s g =
= 3

-0.4 g < 10

-0.5 0 0.5 -0.5 0 0.5 107
S/Ky S/Ky n

— = = matched (6 = 6K =0) | =———contrast (ou = npuo, 6K = nkj)

Figure 5: Hydrostatic validation for matched and stiffness-contrast cases. (a) AII/V; versus S/Kp at n = 0.02:
first-order asymptotic (lines, Table 1) and direct radial solution (markers). (b) Relative error of the first-order prediction with
respect to the finite-element value; the dashed line marks the 5% level (the peak at S = 0 is where Allasymp. — 0, not a loss
of accuracy—the absolute error there is the small O(n?) accommodation). (c) Absolute error |Allpg — Allasymp.|/V; versus
n at fixed stress S/Ko = 0.3: the first-order asymptote converges to the direct solution as O(n?) (slope-2 reference triangle).
Dashed gray curves show matched-stiffness and solid black curves show stiffness-contrast cases.

6. Conclusions

The central result is the first-order equilibrium elastic potential-energy change associated with forming
a transformed region in a prestressed hyperelastic body:

AH:—n/ PO:FOdV—I—n/ %(E",m)
Q; Q;

2
1 =5 AV + O(n?). (28)

Fe=F0.¢ n=0

Here €; is the reference-domain region occupied by the candidate transformed nucleus, which experiences
an isotropic transformation strain n < 1. The first integral is the work-conjugate contribution of the
transformation strain in the pre-existing equilibrium state, while the second integral accounts for explicit
phase-property dependence, including stiffness contrast between the parent and transformed phases. To
first order in the transformation-strain amplitude, this energy change can be evaluated directly from the
untransformed equilibrium stress and deformation fields. Thus, the leading-order mechanical contribution
does not require solving a new nonlinear elasticity boundary-value problem for each candidate nucleus.
This is the main practical consequence of the theory: it converts the elastic part of the nucleation barrier
into a post-processing calculation on a known prestressed state, within the range of validity of the small-
transformation-strain expansion.
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When incorporated into classical nucleation theory, this elastic energy change modifies the effective bulk
driving force, transformation temperature, critical radius, and nucleation barrier. For the representative
compressible neo-Hookean solid considered here with n > 0, tensile prestress increases the driving force
for the transformed phase and lowers the critical radius and barrier, whereas compressive prestress has
the opposite effect. The response is not symmetric in tension and compression because the stress, stretch,
and elastic volume change are related nonlinearly at finite deformation. Stiffness contrast contributes ad-
ditional stored-energy terms at the same asymptotic order when the changes in modului scale with the
transformation-strain amplitude.

Comparison with the corresponding linear-elastic Eshelby-theory prediction shows that finite-deformation
effects can substantially change the predicted energy barrier for phase transformation at moderate stretches.
The difference arises because the finite-deformation theory retains the nonlinear relation between stress,
deformation, and mechanical energy change, rather than replacing the prestressed state by its infinitesimal-
strain approximation.

It is worth delineating the regime of applicability of this result. Since the energy difference is calculated
asymptotically, the first order estimate increases in accuracy as n — 0. In practice, the theory is applicable
to small transformation strains. The leading order energy difference vanishes when the prestress S = 0; the
dominant term is then O(n?), and the first-order estimate is correspondingly least accurate near S = 0. For
hydrostatic loading, the incremental elasticity problem loses strong ellipticity when 3Kg+4p9—3AS = 0. As
this threshold is approached from the strongly elliptic regime, the second-order coefficient becomes singular
and the asymptotic expansion ceases to be uniformly valid. For 3Ky + 4up — 3AS < 0, the homogeneous
prestressed state is no longer strongly elliptic, and the present nucleation analysis about that state is not
physically meaningful (see Appendix C).

Within this range of validity, the energy-difference calculation is broadly applicable: while the current
study focuses on a non-conserved order parameter system, the calculation can be extended to conserved order
parameter systems as well; the result provides a convenient and computationally efficient finite-deformation
basis for incorporating stress-dependent nucleation barriers into simulations of phase-transforming soft solids.

The kinetic consequence is immediate; once AG, is replaced by Eq. (17), any Arrhenius nucleation
rate has the usual form Jyu,. x exp[—AG./(kgT)]. A full Avrami treatment that builds in the nucleation
framework and tracks the long-time spatiotemporal evolution of a phase-transforming solid is beyond the
scope of the current work and is deferred to a future study. The work can similarly be expanded to treat
non-spherical nuclei as well as anisotropic interfacial energies to broaden its applicability to other material
systems.
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Appendix A. Detailed derivation of the first order elastic energy change

To calculate the differences in the elastic potential energy between the transformed and untransformed
states, we first obtain the changes in the elastic deformation gradient. We perturb the general Kroner-Lee
decomposition, F7 = F7°F7*h about the prestressed state using the following expansions:

F"=F° +6F + O(n?), F7°=F" L §F°+0O(n?), FPP=FO L sFh L 0O®>?). (A1)
where
§F = O(n), §F¢ = 0(n), SF™ = O(n). (A.2)
Substituting these expansions in F7 = FT¢F?%h we get
OF = §F¢ FOth | goe gpth (A.3)
which can be rearranged to obtain
§F® = (6F — FOC0F™")(FO*") 1. (A.4)

Together with equation (7) and noting that the transformation strain exists only inside the transformed
nucleus, the elastic perturbation has the following piecewise form:

SF—nF°
a()z) R X e Q;

e __
OF" =\ 0F/a(X), X €. (A-5)
The elastic potential energies for the transformed and untransformed systems are
" :/ P(F,0)dV +/ Y(ETC n)dV — / t - u" dA, [transformed| (A.6)
Qr\ Q; 1219338
%= [ ¢(F%°,0)dV — / t?-u’dA, [untransformed] (A.7)
Qr 121935

respectively. Here, u” and u® are the equilibrium displacement fields, and F¢ and F%¢ are elastic defor-
mation gradients for transformed and untransformed systems, respectively.

To evaluate the difference in the potential energies, we consider first the difference in the strain energies,
which we denote by A and define as follows,

o= [ wEreoay+ [ wEe v - [ umee o (A8)
Qr\ Q; QR

Using equation (A.5), we get

Fre F Fe F — nF°
Ay = 9( e,0) OF v / OY( e,n) :<5 U )dV
QR,\Qi aFT,, Fn"’:FO'c,n:O a(X) Q 8FT]‘ F"’QZFO’C,’q:O CL(X)
OY(Fme,
+n/ OP(E™, ) AV + O(?). (A.9)
Q o Fne=F0 n=0
Noting further that
n,e
poe = WE0) , PY=P%/q(X), (A.10)
8Fn,e FT/'°=FO’°,'I’]=O

the difference in strain energy simplifies to

n,e
PO:FOdV+77/ FP(E, 1)
) N

- AV + O(n?). (A.11)

F"‘c:FO’C,’n:O

Ay = PO:(SFdV—n/
Qr Q;
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By application of divergence theorem on the first integral and invoking equilibrium, we find that

/ PY: 5FdV :/ t9 - (u” —u) dA, (A.12)
Qr 151955

which nullifies the dead-load traction terms in the potential energy.

Thus, the potential energy difference reduces to

Op(E™, n)

2
on dV + O(n?)

" —1° = —n/ PO:FOdV+n/
Q. (9] FnVCZFO*Q,'I]:O

i i

Note on anisotropic transformation strain. If the transformation strain is anisotropic

X)(1+nA), Xey
Fth<X>: a( )( +n )7 € 34, (A.lg)
a(X)1, X e Qr\Q,
where A encapsulates the anisotropy, we get JF*" = na(X)A, which leads to
SF—nF°A X Q.
sFe ={ %) (A.14)

§F/a(X), X € Q.

Then along the same line of derivation following equation (A.8), we obtain the potential energy difference
as

OY(F™¢,n)

2
an av +0O(n?)

" —1° = —n/ PO:(FOA)dV—H?/
(9] (9] F”"’:FO’O,T]IO

i i

for anisotropic transformation strain.

Appendix B. Stress-stretch equations

We derive the equations used to calculate the stretches for prescribed uniaxial, equibiaxial, and hydro-
static first Piola—Kirchhoff stress states. These equations support the loading-state results summarized in
Table 1. All three loading states are described by a diagonal total deformation gradient

FO = diag()‘laA27)‘3)7 (B]‘)

where the principal stretches include the uniform thermal stretch a. Substitution into Eq. (21) gives the
principal stresses directly in terms of the stretches:

Ho — Ky A1 A2 A3

PR = 5 Gadada) 2 (208 = 23 - ) + {0 (22220, (B2)
L _ K, DYDY

Pl = £ o) (20 = X =) + {2 n (25520 ). )
L _ K, Ao

PR = 1 Oudaha) ™ (203 - X - ) + L0m (2222, (B.4)

The off-diagonal stress components vanish.
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Hydrostatic. For hydrostatic stress control,
=51, F’=\L

The three stress conditions PP, = P9, = Py = S reduce to

3Ky . [\
5= oy, ()

Equivalently, X is determined for a prescribed hydrostatic stress S by
In é = —SA
a B 3K0 '

PY = diag(S,0,0),  F° = diag(\, A1, A1)

Uniazial. For uniaxial stress control,

The stress conditions P} = S and Py, = Py = 0 give

2
S_ZMO()\/\z) 2/3 ()2 /\2)+_1 (/\/\ )7

3A A ad
K AN
2\—2/3 ()2 2 20 L
0= 3>\l()\>\) (A1 - A + ALn<aa).

Equivalently, the following two equations determine A and A for a prescribed uniaxial stress S:

—-2/3 3
_ 0|3 ep (22 2O (22
S = 3 [a exp (3Ko>} [)\ \ exp (3Ko

ad SA\1Y2
e ()]
Equibiaxial. For equibiaxial stress control,
PO = diag(S, S,0),  FO = diag(\,\,\L).

The stress conditions P} = Py = S and P% = 0 give

_ Ho,y2 2/3 (12 2 Ko AL
§ =5y (WA0)” 3 (A —)\J_)—l—Tln( =5 )

2/10 9 2/3 2 2 Ko )\2)\J_
_ — —1 .
0= 3)”_()\)\ )7 (M )\)—I—)\Ln 3

Equivalently, the following two equations determine A and A, for a prescribed equibiaxial stress S:

—-2/3 6
_ 0 |3 exp (2592 2@ o (252
5= [a N (3}(0)} {A 2 (3K0 :
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Appendix C. Hydrostatic spherical-nucleus accommodation at second order

This appendix estimates the second-order term in the formation energy for the hydrostatic case. The
purpose is to quantify when the use of first-order result used in the main text is valid i.e. when is the
asymptotic expansion of the energy difference well ordered. We consider a spherical transformed region of
reference radius A embedded in a much larger spherical body, subjected to remote hydrostatic loading of
magnitude S at the remote boundary. The sign convention is tension-positive.

Untransformed State. In the untransformed state, the stress and deformation gradient in the body is
homogeneous.

F° =1, P°=g51. (C.1)
For reference, the first Piola—Kirchhoff stress is
FO.F0 0
PO = y(J0)~2/3 [FO - T(FO)T} + Koln <J—3) (FH~-T, (C.2)
a

where JY = det FO. Therefore, the stretch and applied loading are connected as

3
S = %m (%) (C.3)

Equivalently,
)\3
KoH = \S, H:=1n (—3> . (C.4)
a
Here H is the logarithmic elastic volume change in the hydrostatic pre-state.
Transformed State. The transformed nucleus is assigned

Fi" =a(1+n)1,

whereas the matrix has
F'' = q1.

The nucleus moduli are expanded as
K; = Ko +nKj, i = o + M1 (C.5)

Thus the actual modulus jumps are O(n): 6K = nK; and dpu = nu;.

After the transformation, the radial deformation in the nucleus and matrix have different forms. Spherical
symmetry of the system ensures that the stress in the nucleus remains hydrostatic, which leads to a constant
stretch. Thus, we can take the radial deformation as

ri(R) = NR 0<R<A (C.6)
Radial deformation in the matrix can be written as a perturbation of the hydrostatic pre-state,
Tm(R) = AR(1 + num(R)) + O(n?). (C.7)
By continuity of displacements at R = A, we get

NA = MA(L + nuy, (A) + O, (C.8)
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which for convenience of representation can be restated as
Ai = A1 +nc) + O(n?), (C.9)
where ¢ := u(A). Then the transformed interface is at
ri(A) = rm(A) = MA(1L + ne) + O(n?), (C.10)

where c is the first-order accommodation coefficient.
The nucleus elastic stretch is therefore
AMLI4+nc) A

)\;e = m = E []— + 77(0 - 1)] + 0(772) (C]'l)

Since this deformation is spherical, I 1, = 3. Hence the nucleus shear-modulus contrast does not enter the
hydrostatic result through this order.

The perturbation function u,, is determined by satisfaction of equilibrium equation. From equation (21)
and using the stretches in the matrix derived from equation (C.7), we obtain the stresses P, and Py = P,
and solve the equilibrium equation

dP. 2
+ _
dR R

(Pr—Py) =0 (C.12)

about the hydrostatic pre-state.
The equilibrium equation at O(n) gives

4
(Ko + % - AS) [Ru". + 4u,] = 0. (C.13)

When the coefficient Ko+4p0/3—AS vanishes, the system loses strong ellipticity. Away from the incremental
singularity and in the strong-ellipticity regime (Ko + 4p0/3 — AS > 0), the decaying solution in the infinite-
matrix limit is

A3
Um(R) = T R> A. (C.14)
Thus 43
rm(R) = AR (1 + nc§> + O(n?). (C.15)
The corresponding matrix stretches are
A3 9 A3 2
Arom = A |1 — 2nc§ + O(n?), Xom = A |1+ NC s +O(n%). (C.16)

Traction continuity at R = A determines ¢. Expanding the nucleus and matrix radial first Piola stresses
to O(n) gives

Pri(A) =S+ } (K H + 3Ko(c — 1) — eAS] + O(?), (C.17)

and
Prm(A) =S + % (—dp10 + 2)S) + O(n?). (C.18)

Setting P, ;(A) = P, (A) yields
3K —KiH
"~ 3Ko+4po — 3\S°

We now know all the relevant fields up to the first order.

(C.19)
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Energy Difference. We can now compute the change in potential energy. Let,

B 47 A3
3

be the reference volume of the transformed nucleus. The full potential energy consists of the nucleus energy,
the matrix energy, and the dead-load potential. The second-order displacement field is not needed for
the O(n?) coefficient because it enters only through the first variation of the base potential energy, which
vanishes by equilibrium of the hydrostatic pre-state.

The nucleus contribution follows from

Vi

(log J¢)?,

K;
gi=

with 3
log J§ = H + 3(c — 1)n — 5(02 — D +0(n). (C.20)
Using K; = Ko +nK; + O(n?) and KoH = \S, we obtain

ATI,

1 2

9 3
+ [iKo(c —1)2 - §AS(C2 — 1)+ 3K H(c—1)|n? +0(n?). (C.21)
The matrix contribution is spatially nonuniform. From Eq. (C.16),

AG
Ym = o = (610 = 3AS)e*n* 25 + O(n°). (C.22)
Therefore

00 A6
AIL, = 47 / R¥ (60 — BAS)7 s AR + (i)
A

= Vi(6up — 3AS)?n? + O(n?). (C.23)
Finally, the first-order change in the dead-load potential is
All oa
% = —3\Scn + O(n?), (C.24)

with the O(n?) terms involving the second-order displacement canceling by stationarity of the base state.
Combining Egs. (C.21)—(C.24) gives

All

v = A+ As(e)n?® + O, (C.25)
where L
Ap = —3\S + 5K1H?, (C.26)
and
9 s 3 2
As(c) :ﬁKO(C —-1)° - 5/\5(0 - 1)+ 3K H(c—1)
+ (610 — 3AS)c?. (C.27)

Substituting Eq. (C.19) gives the final second-order coefficient

9 3 3 (3Ky — K1 H)?2
As = DKo+ 9AS — 3K H — > . 2
2= Kot oA = = S = 38 (C.28)
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Thus

All

%

B 1, 9 3 3 (3Ko— K H)? | , 5

where

)\3
H=1In (—3) . KoH = \S.
a

Well-orderedness of the Energy Asymptotic Expansion. Equation (C.29) also makes the ordering
requirement explicit. The first-order approximation used in the main text is well ordered when

|Aan| < |Aa.

If A; is small, the second-order accommodation energy becomes the leading mechanical contribution. Some
observations:
1. For zero remote loading,

Then A; =0,
3Ky

C= —5——,
3K0 + 4,u0

and Eq. (C.29) reduces to
ATl 18Kouo

'V, 3Ky + 4o

Clearly, the first order energy change is not the dominant term in this scenario.

n” +0(n%). (C.30)

2. In the nearly incompressible limit Ky > o with the applied load S being finite,

A—a, H—O0. (C.31)
Assuming that K;/Kj is finite,
A1 — —3)\5, A2 — G/LO —3\S. (032)
Thus, the energy change becomes
Al
T = A0 + (610 — 3AS)n* + O(n?) (C.33)

Thus, the asymptotic energy expansion is well ordered when,

(C.34)

AS
In| < :

2#0 —AS
3. For a matched-stiffness case, the results from equation (C.29) can be summarized in Table C.2 and figure

C.6. We find that for a wide range of stresses, the approximation is well ordered; the singularity that is seen
at § = 0 is already noted in the first observation.
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Table C.2: Ordering of the hydrostatic expansion for the logarithmic volumetric law with n = 0.02, Ko = 10 MPa, puo = 1 MPa,
K1 =0, pg1 =0, and a = 1. The expansion is well ordered when n|A2/A;1| < 1. The singular point S = 0 is omitted because
AL =0.

S/ Ko A |A1/As|  n[A2/A4]
—0.50 0.8656 1.328 0.01506
—0.30 0.9128 0.9216 0.02170
—0.20 0.9393 0.6939 0.02882
—0.10 0.9682 0.4169 0.04797
0.10 1.0351 1.087 0.01839
0.30 1.1183 1.580 0.01266
0.50 1.2269  0.5688 0.03516

0.5 T
04} .
g 03r marginal 1
S
<
=0.2F .
10%
0.1 s N ]
well ordered /
-0.5 0.5

S/K,

Figure C.6: Asymptotic Ordering of the Potential Energy Change for Hydrostatic Loading with Matched Stiff-
ness. Ratio of the second and the first order term, n|Az/A1], is shown for a = 1, Ko = 10 MPa, po = 1 MPa, K; = 0, and
1 = 0. The expansion is well ordered when 7|A2/A1| < 1. The singularity at S = 0 is because the first order term disappears.
The first order approximation works well for a large range of pre-existing stress.

Appendix D. Additional Results

The material parameters are L = 2 x 103 J/m?’7 Ky = 10MPa, py = 1MPa and 7, = 273.15K. For
normalization, non-mechanical reference values, denoted by (+)°, are used throughout. The reference critical
radius and energy barrier are R? = 2v/|Af| and AGY = 1673 /(3| Af|?), respectively.

I. Uniaxial and Biazial for a=1.
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Uniaxial

(a) Tension (S/py = +1.5) Compression (S/py = —1.5)
—1 = 0.01
1 e—p =0.02 .

——n = 0.03

R/R} R/R;

0.8 - - - 0.6 - - -
-2 -1 0 1 2 -2 -1 0 1 2

S/ po S/ o

= = ==matched (6u =0K =0) |

stiffness contrast: du = nuy, 6K = nkK

Figure D.7: Uniaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/pg = +1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/po. Results use a =1, T,,, — T = 1K, and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness; solid
curves include dp = nuo and K = nKp.
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1.2

—n =0.01
—1n = 0.02

—
~

Afeff/Af

*
m

(

S/ o S/wo

= = matched (6u = 6K =0) | stiffness contrast: du = nuo, IK = nkKj

Figure D.8: Uniaxial stress changes the effective driving force for phase transformation. (a) Effective driving force
normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature shift
versus normalized stress. Results are shown for a = 1 and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness; solid
curves include 6K = nKo and du = nug.-
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Equibiaxial

(a) Tension (S/py = +1.5) Compression (S/py = —1.5)
] S ] 15f
L —n=002 | A &
2 — 7 =0.03
<05 {1 o5t
G
<
0 . 0

0.6 . L . 0.5 . L .
-2 -1 0 1 2 -2 -1 0 1 2

S/ o S/ o

= = ==matched (dp = 6K =0) | stiffness contrast: du = nug, 0K = nkKy

Figure D.9: Equibiaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/pg = %1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/po. Results use a =1, T,,, — T = 1K, and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness; solid
curves include dp = nuo and K = nKp.
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—n =0.01 S
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—n = 0.03 T
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-2 -1 0 1 2 -2 -1 0 1 2

S/ o S/ ko

= = matched (6u = 6K =0) | stiffness contrast: du = nuo, IK = nkKj

Figure D.10: Equibiaxial stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1 and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness;
solid curves include 6 K = nKo and dp = nug-
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II. Hydrostatic, Uniaxial, and Biazial for a=1.002.
Hydrostatic

Tension (S/Ky = +0.3) Compression (S/K, = —0.3)

—n =0.01 S
9 b ——n=0.02 1 ]
2y | =——n =003
<} e IS4
G} s“/
q 0 * ]

0.5 i 0 i
-0.5 0 0.5 -0.5 0 0.5
S/Ko S/KO

= = ==matched (6K =0) | stiffness contrast: §K = nkK

Figure D.11: Hydrostatic stress changes the CNT critical radius and barrier. (a) Normalized free-energy landscapes
at S/Ko = %0.3; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier ratio versus S/Kj.
Results use a = 1.002, T,, — T = 1K, and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness; solid curves include
0K = nKop.
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—n = 0.02
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-0.5 0 0.5 -0.5 0 0.5
S/K, S/K,

— — matched (6K =0) | ==———=stiffness contrast: K = nk,

Figure D.12: Hydrostatic stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for a = 1.002 and n = {0.01,0.02,0.03}. Dashed curves denote matched
stiffness; solid curves include 0 K = nKj. For hydrostatic loading, the shear-modulus contrast does not contribute at first order.
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Uniaxial

(a) Tension (S/py = +1.5) Compression (S/py = —1.5)
—1 = 0.01
1 e——n =0.02 ]

—n =0.03

R/R} R/R;

0.8 . i . 0.6 . i .
-2 -1 0 1 2 -2 -1 0 1 2
S/ 1o S/ho

= = ==matched (6u =0K =0) |

stiffness contrast: du = nuy, 6K = nkK

Figure D.13: Uniaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/pg = +1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/po. Results use a = 1.002, T, — T = 1K, and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness;
solid curves include dp = nuo and K = nKj.
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—n =0.01
—1n = 0.02
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= = matched (6u = 6K =0) | stiffness contrast: du = nuo, IK = nkKj

Figure D.14: Uniaxial stress changes the effective driving force for phase transformation. (a) Effective driving force
normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature shift
versus normalized stress. Results are shown for a = 1.002 and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness;
solid curves include 6 K = nKo and dp = nug-
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Equibiaxial

(a) Tension (S/py = +1.5) Compression (S/py = —1.5)
(] S ] 1.5F
| —n=002 | A =&
— = 0.03
. 0.5F
. 0
E -0.5E ) 1 )
. 0 0.5 1 1.5
R/R? R/R?

0.6 . i . 0.5 . i .
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S/ 1o S/ho

= = ==matched (dp = 6K =0) | stiffness contrast: du = nug, 0K = nkKy

Figure D.15: Equibiaxial stress modifies the CNT barrier through the finite-deformation prestress. (a) Normalized
free-energy landscapes at S/pg = %1.5; markers indicate critical points. (b) Critical-radius ratio and (c) nucleation-barrier
ratio versus S/po. Results use a = 1.002, T, — T = 1K, and n = {0.01,0.02,0.03}. Dashed curves denote matched stiffness;
solid curves include dp = nuo and K = nKj.
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Figure D.16: Equibiaxial stress changes the effective driving force for phase transformation. (a) Effective driving
force normalized by the zero-stress thermal driving force, (shown for undercooling of 1K) and (b) relative critical-temperature
shift versus normalized stress. Results are shown for ¢ = 1.002 and n = {0.01,0.02,0.03}. Dashed curves denote matched
stiffness; solid curves include 6 K = nKo and dpu = nuo.
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Appendix E. Direct numerical validation of the first-order energy

The first-order estimate (22) was validated by directly solving the nonlinear elasticity boundary-value
problem for the compressible neo-Hookean solid (19), with Ky = 10 MPa, po = 1 MPa, 6 K = nKy, dpu = nuo
and a = 1.

Uniazial and equibiaxial loading: 3-D Finite Element Simulation in FEniCS

For non-hydrostatic loading the fields are not radially symmetric and the problem is solved in three
dimensions. The spherical nucleus of radius A is embedded in a cubic matrix of half-edge B = 50A4; one
octant is modeled, with symmetry boundary conditions. The remote stress is applied as a dead-load traction
to = PN on the outer faces. The nucleus differs from the matrix only through 7 (eigenstrain a(1+7)1 and
moduli po+npoe, Ko+nKp inside), so at n = 0 the body is homogeneous. The mesh is graded tetrahedra and
the displacement uses quadratic (P2) Lagrange interpolation. Equilibrium is solved by Newton’s method
(PETSc SNES) with a direct (MUMPS) linear solver, with the load applied incrementally. The potential
energy difference AII = II(n) — II(0) is evaluated on the same mesh.

Two exact checks underpin these results. First, at 7 = 0 the potential energy of the homogeneous
body calculated analytically and through finite-element analysis differ by < 3 x 10714 (relative) at every
stress and loading, verifying the energy functional and the dead-load term; similarly the base stretches
also match the analytic homogeneous stretches of Appendix B. Second, the result is independent of the
outer domain: repeating the computation on a spherical matrix of radius B changes AIl/V; by at most
5 x 1075 (relative) over all stress levels and both loadings—three orders of magnitude below the O(n?)
accommodation—confirming that the truncation B/A = 50 and the outer-boundary shape are immaterial.

Figures E.17(a) and E.18(a) compare the asymptotic first-order prediction of AII/V; as noted in Table 1
(original contribution of this work) with finite element predictions (considered as “truth”); panel (b) in both
figures shows the relative error in the first order estimate when compared to the finite element simulations.
Similar to the case of hydrostatic loading, the deviation is the O(n?) accommodation, growing near S =
0 where the first-order term vanishes (we have omitted connecting lines across S = 0 in panel (b) for
this reason to avoid confusion). To further verify the veracity of the result, we carry out a sweep over
n € {0.005,0.01,0.02,0.03} for S/up = 1 for matched stiffness as well as contrasting stiffness cases. These
results, presented in panel (c) of each figure, confirm that the error indeed scales as O(n?). Thus, the
asymptotic approximation keeps getting better as n — 0.
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Figure E.17: Uniaxial validation (cubic matrix domain). (a) AII/V; versus S/uo: first-order asymptotic (lines, Table 1)
and three-dimensional finite-element solution (markers), for matched and stiffness-contrast cases. (b) Relative deviation of the
first-order formula; the dashed line marks the 5% level. (c) Absolute error |Allpg — Allasymp.|/Vi versus 7 at fixed stress
S/uo = 1: the first-order estimate converges to the direct solution as O(n?) (slope-2 reference triangle). Dashed gray curves
show matched-stiffness and solid black curves show stiffness-contrast cases.
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Figure E.18: Equibiaxial validation (cubic matrix domain). Plotted as in Fig. E.17.
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