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Origami-inspired tubular structures provide a versatile platform
for shape morphing, with multistability achieved predominantly
through crease-network geometry. Expanding the range of morphing
behaviors can therefore require increasingly intricate crease patterns
that become more difficult to model and fabricate, ultimately
constraining the realizable morphing landscape. Here, we expand
the design space of origami-inspired structures beyond geometry
by introducing localized instabilities within the crease network,
thereby creating compliant multistable structures whose local
fold architectures govern global deformation and stability through
both constitutive mechanics and geometric constraints. To relate
local fold architectures to global multistability, we develop and
experimentally validate a modeling framework in which compliant
folds are represented as continuous fields that capture spatially
varying bistable mechanics. Force- and displacement-controlled
design maps demonstrate that global deformation and stability can
be programmed through the fold architecture’s local parameters.
Redistributing bistability within a fixed crease-network topology
shifts the global response between compliant, spatially distributed
deformation in semi-bistable architectures and discrete transitions
within a hierarchically organized space of stable configurations in
fully bistable architectures. These results establish a local-to-global
design principle for programming both the stable configurations of a
structure and the transition pathways connecting them, expanding
the design space for multistable metamaterials, adaptive morphing
structures, and soft robotic systems.
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Multistable structures possess multiple stable states separated by energy
barriers, allowing them to retain distinct configurations without continuous
energy input. Under external actuation, transitions between such states proceed
through unstable regions via snap-through events (1-3). These features enable
robust and programmable shape morphing, a capability often leveraged in
adaptive systems (4-6), soft robotic actuators (7-11), and metamaterials (12—
14).

One prominent route to realizing such programmable multistability is
origami-inspired design, in which global deformation emerges from the coupled
mechanics and geometry of interconnected facets and creases. The stiffnesses
of these facets and creases determine the energetic cost of deformation, while
the geometry of the crease network imposes compatibility constraints on the
admissible deformation modes (15-17). A prominent tubular example is the
Kresling pattern, in which a triangulated cylindrical crease network couples
axial displacement and twist (18, 19).
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In conventional origami architectures, however, facets
and creases typically provide either rigid constraints or
locally monostable compliance, such that global multista-
bility emerges primarily from compatibility constraints
associated with crease-network geometry (20-23). Con-
sequently, expanding the range of morphing behaviors
often requires increasingly intricate crease patterns that
become more difficult to model and fabricate, ultimately
constraining the realizable morphing landscape.

To overcome this limitation, we expand the origami
design space by embedding local bistability within com-
pliant crease networks through shell inversion (24, 25),
thereby introducing fold architectures that govern global
deformation and stability through both local nonlinear
mechanics and geometric constraints. We refer to the
resulting class of tubular structures as Mixed Folded Tubes
(MFTs).

This structural concept motivates an examination of
how local nonlinear fold mechanics shape the global
structural response and how they can be modeled ef-
ficiently and robustly for systematic design. Doing so
requires a predictive formulation that treats spatially
varying fold geometry and nonlinear fold constitutive
behavior as design variables governing the global response.
Although the finite element method (FEM) and the
reduced-order bar-and-hinge (B&H) formulations have
been used to model the multistable mechanics of compliant
shell structures (26-28), their systematic application
to folding architectures with interacting deformation
modes and spatially varying nonlinear mechanics can be
computationally intensive and numerically challenging.
FEM analyses can become computationally expensive and
sensitive to convergence near instabilities, whereas B&H
models require detailed facet-and-hinge discretizations
and constitutive calibration of the compliant folds. These
limitations motivate BiPlan, a specialized formulation
that represents fold extension through continuous fields
that capture spatially varying bistable mechanics as
the dominant deformation mechanism, thereby relating
the local mechanics of the fold architecture to global
deformation and stability.

Using BiPlan together with experiments, we compare
semi-bistable and fully bistable fold architectures that
share a common crease-network topology but differ in
the distribution of local bistability. This controlled
comparison isolates the influence of local constitutive
behavior from that of the underlying geometric constraints
and reveals how the distribution of local bistability governs
global deformation, stability, and the transition pathways
connecting stable configurations.

For the semi-bistable architecture, force- and
displacement-controlled design maps demonstrate how
global deformation and stability can be programmed
through local geometric and constitutive parameters.
In the fully bistable architecture, interacting bistable
folds produce discrete transition pathways within a
hierarchically organized space of stable configurations.
The two architectures therefore exhibit complementary
mechanical behaviors, ranging from compliant, spatially
distributed phase transformations in the semi-bistable
MFT to discrete transitions between stable configura-
tions in the fully bistable MFT. Together, these results
establish local fold architecture as a design strategy for
programming both the stable shapes of a structure and the

transition pathways connecting them, positioning MFTs
as a versatile platform for multistable metamaterials,
adaptive morphing structures, and soft robotic systems.

MFT Fold Architectures: Geometry and Local Mechanics

We consider two MFT variants with a common crease-
network topology comprising intersecting helical and
circular fold sets embedded in a tubular shell (Fig. 1.E).
Each variant’s fold architecture is defined by the geometry
of this crease network together with the constitutive
response assigned to each fold set. The crease-network
geometry constrains the admissible deformation modes
and modulates their geometric coupling. Increasing the
circular-fold pitch produces a wider helical pattern with
greater axial resistance, whereas decreasing the helical-
fold angle produces a narrower pattern with stronger
axial-transverse coupling (Fig. 1.A). The constitutive
response assigned to each fold set then shapes the energetic
landscape over this geometry-constrained deformation
space.

The first variant employs a semi-bistable fold archi-
tecture (Fig. 1.A-B) realized through plasticity-induced
shell inversion (29). The two fold sets are assigned
distinct constitutive responses: the circular folds are
bistable, whereas the helical folds remain monostable and
approximately linear. The resulting architecture therefore
combines local bistability with monotonic axial-transverse
coupling.

The second MFT variant employs a fully bistable fold
architecture (Fig. 1.C-D) realized through 3D-printed
folds composed of thickened members connected by thin,
eccentric flexural hinges (see S| Appendix, S1). This
construction localizes buckling along the prescribed fold
trajectories and produces bistability in both the circular
and helical fold sets.

Thus, the two MFT variants preserve a common helical—
circular fold topology while differing in the distribution of
local bistability. The semi-bistable architecture confines
bistability to the circular folds, whereas the fully bistable
architecture distributes it across both coupled fold sets.
This controlled variation isolates how the distribution of
local bistability governs the global response.

The BiPlan Modeling Framework

The BiPlan framework, summarized in Fig. 2.A and
illustrated for the helical-circular MFT in Figs. 2.B-F,
links spatially varying fold geometry and local nonlinear
mechanics to global deformation and stability. The MFTs’
geometric and mechanical modularity poses two modeling
challenges: parameterizing the crease network along
the tube and representing bistable constitutive behavior
along continuous compliant folds. BiPlan addresses these
challenges by mapping the MFT onto a planar domain,
decomposing the crease network into characteristic local
substructures, and representing compliant folds continu-
ously through bistable planar constitutive fields, termed
BiPlan fields.

Unlike lumped hinge or spring models, BiPlan retains
the spatial variation of deformation along each contin-
uous compliant fold without introducing independently
discretized fold degrees of freedom. The resulting reduced
formulation retains fold extension as the leading-order
mechanism through which globally dominant axial defor-
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Fig. 1. Two Mixed Folded Tube (MFT) variants sharing a helical—circular crease-network topology but differing in their local fold mechanics. (A) Wide (top) and narrow (bottom)
helical geometries shown in unfolded (left) and folded (right) states. Helical and circular fold trajectories are highlighted by green and brown dashed lines, respectively. (B)
Corresponding plasticity-induced, semi-bistable MFTs in unfolded and folded configurations. (C) Representative deformation states of a flexure-based, 3D-printed fully bistable
MFT, with unfolded and folded modules highlighted. (D) Front (top) and side (bottom) views of a fully bistable MFT unit, with enlarged views of the corresponding bistable fold

mechanisms on the right. (E) Schematic of the helical—circular crease network.

mation is accommodated. Accordingly, shell facets are
treated as inextensible, fold shear is suppressed through
kinematic constraints, and out-of-plane shell bending is
neglected. The local field energies are assembled subject to
compatibility, guide, and nonpenetration constraints and
combined with kinetic energy to determine the dynamic
response. Static equilibria are recovered as stationary
configurations of the constrained potential, and their local
stability is determined from its second variation.

Bistable Planar Constitutive Fields (BiPlan Fields). Within the
reduced deformation space defined above, each BiPlan
field S is compliant along its local opening direction and
rigid in the transverse direction. Accordingly, a BiPlan
field is characterized by its local elongation w = w(X;q)
determined by the relative rigid-body motion of the
adjacent rigid elements, and the piecewise differential
stiffness Kpi(W) associated with a trilinear constitutive
law:

S = [w(x;q), kpi(w)], x 0, L], (1]

where X is the local coordinate along a fold axis of
length L, and q collects the generalized coordinates of the
associated substructure (Figs. 2.C-E). The corresponding
bistable constitutive relations (Fig. 2.F) exhibit two stable
branches separated by an intermediate unstable branch

(30):
= 3

kbi(z) dE, \II(W) =
0 0

Fw) = FE)dE, [2]

which, when integrated along the fold axis, yields the
strain energy stored in a single BiPlan field:

IIs = \I/(W
0

(x;q)) dx. (3]

The spatial variation of w(X;q) allows different portions
of a single fold to occupy different constitutive branches
without introducing independently discretized degrees of
freedom along the fold, thus enabling continuous phase
transformation.

The field’s transverse rigidity is imposed by kinematic
guides that constrain normal motion along a single
boundary (nodes C,F in Fig. 2.C), while higher-order
rotation-induced normal displacements are neglected. The
resulting constraints are enforced through guide-axis dis-
placements g with Lagrange multipliers A. Additionally,
penetration between the connected rigid elements is pre-
vented by constraining the field’s boundary elongations to
remain nonnegative through unilateral contact conditions
(see SI Appendix, S2):

0<wy A} =0, (4]
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Fig. 2. Modeling mixed folded tubes (MFTs). (A) Schematic of the MFT modeling procedure. Indices refer to the corresponding implementation subpanels. (B-E) Implementation
of the model procedure to a representative MFT structure. (B) Planar development of the MFT shell. (C) Basic MFT module, modeled as two rigid elements connected by a helical
compliant crease. Kinematic guides constrain normal motion and enforce compatibility. (D-E) Local kinematic schemes for SPC and TPC circular-fold connectors between
adjacent MFT modules m and n. (F) Axial crease compliance represented by continuous bistable stiffness fields, approximated by a trilinear differential force law (left) and the

corresponding two-well energy density (right).

where Wy and Ay denote the associated boundary elon-
gations and contact Lagrange multipliers, respectively.
Thus, the field energy and its kinematic and unilateral
constraints are combined in the augmented potential
contribution

Equilibrium Stability. The nonlinear fold-energy landscape
may admit multiple global equilibria. At an equilibrium
g*, local stability is determined by the second variation of
the global constrained potential II; over perturbations that
preserve the active constraints ¢(q) = 0. Let A = 04C|,
denote the active-constraint Jacobian, and let N span its
null space. The reduced Hessian is therefore
T 52
H r = N aquC I%||$I . [6]
An equilibrium is locally stable when H is positive
definite and loses stability when its smallest eigenvalue

reaches zero. The MFT response is classified as monos-
table, bistable, or multistable according to the number of
admissible stable equilibria under the prescribed condi-
tions.

Dynamic Response and Branch Selection. Multistable fold ar-
chitectures may induce global stability loss, driving the
MFT away from its current equilibrium branch. Although
stationary energy conditions identify the admissible equi-
libria, they do not determine the transient trajectory or
the branch dynamically reached under a prescribed loading
history (31, 32). To resolve this transient evolution and
determine the dynamically accessible response branch,
BiPlan incorporates the substructure’s inertia through
the augmented Lagrangian Layg = T — Iayg.

The corresponding constrained equations of motion are
integrated under the prescribed loading history. Following
loss of stability, the resulting transient evolution selects the
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