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Abstract: We introduce a general theory of the microbuckling field for modelling microbuckling
and other material instabilities in cellular solids such as foams, lattices, and mechanical metama-
terials. The model’s main novelty lies in the assignment of a scalar-valued microbuckling field
indicating the degree to which a material point is locally microbuckled. Two independent strain
energies are prescribed: one for locally unbuckled and another for locally microbuckled material
points. The former energy corresponds to linear elasticity of the underlying cells, while the latter
to their microbuckling and eventual densification. These energies are constructed using standard
Gibson-Ashby formulae for effective cellular solid constitutive parameters in terms the microstruc-
tural topology and composition. The microbuckling field unifies the pair of strain energies into
a single overall energy via a first-order regularization of the microbuckling field, i.e., including a
penalty based on its normed gradient. Unlike existing continuum models for material instabilities,
none of the strain energies need violate polyconvexity. In this manner, localized material behavior
is described not by the absence of convexity but instead by the extended kinematic setting. The
length scales conferred by the first-order regularization are precisely those relevant to the localized
material behavior. We demonstrate that the model is amenable to both analytical and computa-
tional treatments and recovers phenomena distinctive of cellular solids such as localized compression
bands and global softening mechanisms.

Keywords: Cellular solid, foam, lattice, microbuckling, material instability, modelling

Mathematics Subject Classification (2020): 74A35, 74A60, 74B20, 74S05

Contents

1 Introduction 2

2 Stability and convexity 4

3 Classical mechanics of cellular solids 6
3.1 Relevant material properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Architecture types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.3 Linear elastic behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.4 Nonlinear behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.5 Buckingham pi theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1



4 Microbuckling-field theory 9
4.1 Constitutive theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.2 Variational theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Energy prescriptions 14
5.1 Unbuckled energy density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
5.2 Microbuckled energy density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5.2.1 Microbuckling criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
5.3 Tension-compression energy decomposition; total energy . . . . . . . . . . . . . . . . 16

6 Legendre-Hadamard Inequality 17

7 One-dimensional bar 20

8 Simulations 22
8.1 Uniaxial plane-strain compression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
8.2 Comparison with experimental data . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
8.3 Indentation by a flat punch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

9 Future work 26
9.1 Energy prescriptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
9.2 Anisotropic microstructures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
9.3 Decoupled microbuckled and interface energies . . . . . . . . . . . . . . . . . . . . . 28
9.4 Dynamic effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
9.5 Irreversibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

10 Conclusions 29

11 Declarations 30

1 Introduction

Cellular solids – foams, lattices, and mechanical metamaterials – are ubiquitous in natural and
artificial structures [1, 2]. In this paper, we define a cellular solid to be any material whose mi-
crostructure is characterized by an arrangement of small compartments separated by solid edges or
faces [3]. The macroscale response of these solids is governed at the microscale by both the material
comprising it – polymers, metals, ceramics, natural fibers, biominerals, etc. – as well as its cellular
topology – periodic, aperiodic, open-celled, closed-celled, anisotropic, etc. Cellular solids often give
rise to enhanced mechanical performance in the form of low weight combined with high stiffness
and strength.

When cellular solids are placed under significant compressive loads, they exhibit peculiar me-
chanical behavior not seen in conventional ’dense’ materials. At sufficient compression, the mi-
crostructural edges and faces undergo geometric buckling which leads to an immediate loss of local
stiffness and a resulting plateau in the stress-strain response. This concept is referred to as elastic
microbuckling by the structural engineering community [4]. Once a cellular solid is compressed far
beyond the initial plateau in the stress-strain curve, it encounters the densification regime wherein
the microstructural edges and struts come into contact and effectively reduce the amount of void
space to zero. The material then exhibits a standard nonlinearly-elastic behavior with moduli
belonging to the base material comprising the edges and faces [5]. While microbuckling can also
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occur due to inelastic micromechanisms such as plastic yielding or fracture of the cellular topology,
in this work we will be concerned primarily with elastic response.

There are several factors stimulating interest in the distinctive behavior of cellular solids. For
example, it can be exploited in contemporary engineering applications such as wave dampeners [6,7],
multistable materials [8], waveguides [9], energy absorption and energy dissipation [10–12], and
energy trappers [13], among many others [14,15]. The general consensus is that the non-monotonic
macroscopic stress-strain response resulting from microbuckling can be employed as a tool for
design purposes in the spirit of the metamaterial paradigm [16]. Furthermore, microbuckling occurs
naturally in many biological systems pertinent to the modern engineer, such as actin networks [17]
and human tissue scaffolds [18]. The resulting compression bands are physical evidence of a material
instability [4], the existence of which is prohibited by conventional strongly elliptic models for solid
materials [19]. When dealing with material instabilities, the status quo of material modelling must
be reconsidered [20,21].

Most methods of capturing this peculiar behavior can be categorized according to discrete
numerical modelling, homogenization, and non-monotonic continuum constitutive prescriptions.
While discrete simulations of multiscale cellular solids offer the greatest fidelity, their implementa-
tion can be prohibitively expensive and may suffer from loss of convergence associated with stan-
dard nonlinear solvers incapable of negotiating global bifurcation, to say nothing of the formidable
challenge of resolve multitudinous instances of microscale self-contact. Computational homoge-
nization methods or other asymptotic micro-macro methods, which have received significant atten-
tion [22–32], aim to formulate a macroscopic energy that is equipped to handle such local microscale
compression. However, they often also require appreciable computational resources due to the two-
scale FE2 nature of the simulations [33, 34], and multiscale approaches can still struggle with
localization and transition regions [15]. Homogenization procedures are also inherently restricted
to a select few user-chosen microstructures. Because cellular solids exhibit a myriad of distinct mi-
crostructures, this user-specific approach is unsuitable for analyzing arbitrary and general classes
of these materials.

Given the shortcomings of the aforementioned approaches, non-monotonic continuum energy
prescriptions have appeared as an attractive alternative for use in modelling cellular solids. The
fundamental idea of this class of models rests on continuum strain energies which are by construction
non-polyconvex, thereby permitting the existence of non-monotonic responses, energy wells, and
bistable or metastable states. The concept was introduced in one dimensions by Ericksen [35] and
has since been adapted to higher dimensional models, e.g., [20,21,36–38]. Indeed, the use of these
non-polyconvex models for modelling material instabilities in metamaterials is not new. Existing
non-polyconvex models have been appended with gradient regularization in local volume change
to produce well-defined compression bands [15], while non-monotonic continuum models have also
been developed heuristically to describe instabilities as a solid-solid phase transformation [9,39,40].
However, such models are notably sparse in the literature in comparison to the wide variety of
polyconvex models available. Furthermore, constitutive parameters appearing in such models are
typically not amenable to direct physical interpretation. For example, many of these models are
endowed with constitutive parameters tuning the non-convexity of the energy landscape, such as
the location and size of energy wells. The question of how these parameters affect quantifiable
observable response, e.g., the stiffnesses of microbuckling material, or how they relate to known
parameters of a cellular solid, e.g., cell wall constitution and microscale length scales, remains
unanswered in general.

The primary contribution of this paper is the introduction of a general and modular theory for
microbuckling and other material instabilities in cellular solids that aims to fill the existing gap
in the literature. The model draws inspiration from the multi-phase nature of the compressive

3



response. Rather than model microbuckling explicitly, we use a scalar phase field variable, called a
microbuckling field, which represents the local level of microbuckling suffered by each material point.
We assign this microbuckling field as an additional kinematic variable throughout the domain.
Two standard constitutive models are prescribed: one for the initial elastic regime and a separate
one for the combined microbuckled and densification regimes. Since these two regimes exhibit
monotonic stress-strain curves independently, their constituent energies can satisfy any convexity
or coercivity properties required by well-known existence theorems in nonlinear elasticity [19]. The
microbuckling field is then used to combine the two strain energies together into a unified energy
using appropriate convex functions and first-order regularization. This procedure renders the total
strain energy non-convex in both unknown variables which leads to the nucleation and propagation
of localized microbuckled bands. In summary, the salient goals of the proposed model are to:

1. recover the holistic compressive response for cellular solids;

2. remain constitutively faithful to the cellular microstructure;

3. remain analytically tractable;

4. facilitate straightforward computational implementation; and

5. permit the use of general strain energies.

On a historical note, the model is inspired by tension-field theory arising in the analysis of wrin-
kling in thin membranes under tension [41,42]. Both models concern genuine geometric instabilities
– wrinkles in the case of tension-field theory and buckled cells in the case of microbuckling-field
theory – manifesting due to the thin nature of the underlying microstructure and which, at the
macroscale, would be otherwise prohibited by ellipticity requirements in standard continuum strain
energies. Both models circumvent these ellipticity requirements by instead prescribing a modifica-
tion, or relaxation, of the strain energy that furnishes the instabilities’ macroscale effect without
needing to explicitly model their geometry.

The paper is structured as follows. In Section 2, we discuss several notions of stability and
convexity relevant to materials that exhibit microstructural instabilities and the elasticity models
proposed to capture their behavior. In Section 3, we cursorily review established Gibson-Ashby con-
stitutive laws pertinent to elastomeric cellular solids. In Section 4 we outline the microbuckling-field
theory. Section 5 presents specific aspects of the associated constitutive theory, including details
on its construction using the Gibson-Ashby parameters. Section 6 presents the novel Legendre-
Hadamard ellipticity condition for the proposed system. In Section 7, we analytically investigate
the behavior of a simple one-dimensional bar using the proposed theory. We implement the general
theory in a finite-element setting in Section 8 and discuss the mechanics of a square specimen of
a generic cellular solid under uniaxial unconfined plane-strain compression. The case of fixed sup-
ports, which induce localized microbuckling bands, and roller supports, which induce homogeneous
microbuckling, are both considered. The influence of the primary constitutive parameters on the
material response is quantified. Then, we test the performance of the model by comparing its
predictions to experimental data on polyurethane open-cell foams. Finally, in Section 9 we discuss
avenues for further refinement of the proposed theory and close in Section 10.

2 Stability and convexity

Microbuckling is commonly regarded as an example of a material instability and as such is precluded
by the convexity conditions on the strain-energy function commonly assumed in conventional elas-
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ticity. In the present section we recount some relevant notions of stability and convexity [19,43,44].
Consider a hyperelastic material with material points X occupying space in a fixed reference

configuration κ. The material undergoes a deformation χ, which denotes the placement of points
x = χ(X) in the deformed configuration κt. We suppress time in the following. We assume
the material to be simple in the sense of Noll [45] and thus regard the local material response
as depending only on the deformation gradient F = ∇χ, where ∇(·) is the referential gradient
operator. This local response is encoded in the strain energy density ψ(F). The energy functional
for this material is

E(χ) =

∫︂
κ
ψ(F)dV − Eext(χ), (1)

where Eext is the energy associated with conservative external actions. The energy criterion of
elastic stability states that a deformation χ is stable if and only if

E(χ) < E(χ+ δχ), (2)

where δχ is a kinematically admissible deformation. It follows that χ is an equilibrium deformation,
i.e., the first variation of (1) vanishes for any admissible δχ. A necessary condition for a state to
be stable is that its second variation is positive, i.e.,

δ2E =

∫︂
κ
M[δF] · δFdV > 0, (3)

where M = ψFF is the tensor of elastic moduli and δF = ∇(δχ). Material stability refers to
whether (3) is locally satisfied with respect to rank-one perturbations in the deformation gradient:

a⊗ n ·M[a⊗ n] > 0, (4)

where a,n are arbitrary three-vectors. The condition (4) is called the strong ellipticity condition
or the strict Legendre-Hadamard inequality and imposes a restriction on both the constitutive
parameters and the underlying deformation. Physically, the condition ensures that small plane-wave
perturbations of an underlying equilibrium deformation have real-valued wavespeeds and remain
bounded in space and time, i.e., that the equations of elastostatics are elliptic. It reflects the nature
of the material itself and not the prescription of any initial or boundary data. Accordingly, when
(4) is violated, we speak of a material instability. Such instabilities are qualitatively known to occur
within the material itself and often exhibit a high degree of localization, i.e., typically occurring
within a small neighborhood of a material point, or when discontinuities in the deformation gradient
are present.

Microbuckling can be regarded either as a geometric (e.g., buckling) or material instability de-
pending on the perspective adopted when observing the phenomenon. Of course, microbuckling is
inherently related to genuine local buckling of the microstructure and therefore can be considered a
geometric instability when the microstructure is discretely resolved. However, from the perspective
of a macroscale continuum theory the geometric nature of the instability is lost in the upscaling
process and in these cases the phenomenon is interpreted as a material instability, i.e., it is en-
coded in the constitutive theory of the overall phenomenological continuum [22]. The present work
proceeds from this latter perspective.

Existence theorems in nonlinear elasticity require the strain energy density to satisfy certain
conditions of convexity. Ordinary convexity of ψ with respect to the deformation gradient F,
defined here as

ψ(F+∇ζ)− ψ(F) ≥ ψF · ∇ζ, (5)
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Figure 1: Compressive response of a typical elastic cellular solid.

where ζ is any smooth vector field, can be ruled out on physical grounds. On the other hand, poly-
convexity, in which the function ψ(F) can be expressed as a function convex in the set {F,F∗, J},
where F∗ is the cofactor and J is the determinant of F, i.e.,

ψ(F) = Φ(F,F∗, J), (6)

where Φ is convex in each argument, is a well established restriction on ψ and plays a major role
in Ball’s existence theory [46]. It is important to remark that (6) is a sufficient condition for (4)
and therefore systems satisfying the former do not admit localized material behavior. Similarly,
conventional models that admit such behavior necessarily violate (4) and (6). For this reason,
conventional constitutive models for material instabilities have been proposed in the literature that
violate polyconvexity conditions and stress-strain monotonicity, e.g., [20,21,35–38], among others.

3 Classical mechanics of cellular solids

In this section, we summarize some aspects of the classical theory of cellular solids with emphasis on
elastic open-celled bending-dominated architectures. The reader may consult the works of Gibson
and Ashby for further information and details of the derivations mentioned here [1, 3, 5]. Aspects
of more general architectures and inelastic effects will be pursued in upcoming reports.

3.1 Relevant material properties

It is natural to posit that the macroscale behavior of cellular solids depends on the microscale
material parameters. For an isotropic open-celled architecture, the relevant parameters are the
Young’s modulus of the cell material Es, the cell size l, and the cell edge thickness t. The ratio of
the latter two parameters is proportional to the relative density of the solid ρrel,

ρrel =
ρ

ρs
∝ t2

l2
∈ (0, 1), (7)

where ρ is the density of the cellular solid and ρs is the density of the cell material. The saturation
values ρrel = 1 and ρrel = 0 denote materials with no and only void space, respectively. As we will
show below, a cellular solid’s mechanical response is effectively characterized by Es and ρrel.
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Figure 2: From left to right, an unloaded, loaded, and microbuckled idealized bending-dominated
unit cell in an open-celled solid. The length scale L in the figure is called l in this report. Reproduced
from [47] with permission.

3.2 Architecture types

Cellular solids can be either open-celled or closed-celled. In open-celled materials, the solid material
is distributed in small struts which together comprise an arrangement of cells. In closed-cell solids,
the solid material is distributed as small plates which together form cells that are closed off from
one another. Within the class of open-celled solids it is also important to distinguish between
bending-dominated and stretch-dominated architectures. In bending-dominated architectures, such
as foams, cellular loads are primarily carried by bending of microscale struts as illustrated in Figure
2. In stretch-dominated architectures, such as lattices and architected metamaterials, cellular loads
are primarily carried by axial compression of microscale struts. In this work, we will assume an
open-celled bending-dominated cellular architecture to keep the content manageable. Extension
to stretch-dominated and closed-cell architectures is straightforward in the given framework and
will be investigated in an upcoming report; it entails replacing the following scaling laws by those
relevant to the desired architecture; see, e.g., [3, 47].

3.3 Linear elastic behavior

We begin by considering the nondimensionalized stress σ versus strain ϵ curve of a typical elastic
cellular solid in Figure 1. For small compressive strain ϵ, the material behaves within a linear elastic
regime in which the cells edges bend under loads applied around their midpoints as illustrated in
Figure 2. This regime is governed by the macroscale Young’s modulus EU and shear modulus µU ,
where the subscripts (·)U here and henceforth indicate ’unbuckled’ for reasons that will soon be
obvious. Using unit cell arguments, the effective macroscale Young’s modulus E is calculated as

EU = C1Esρ
2
rel, (8)

where C1 ≈ 1 is a dimensionless fitting parameter [1]. Because shear deformation is also the
macroscale realization of cell edge bending, the effective shear modulus µU scales like (8), viz.,

µU = C2Esρ
2
rel, (9)

where C2 is another fitting constant.

7



C1 C2 C3 C4 C5 C6

1 3/8 0.05 1.4 0.4∗ 3/20∗

Table 1: Broad estimates for the empirical fitting parameters in (8)-(13) when compared with
experimental data for bending-dominated open-celled architectures. ∗No literature estimates exist
for C5 and C6 as they have not been studied elsewhere to the author’s knowledge, so the provided
values are guesses pro tempore.

3.4 Nonlinear behavior

After the specimen reaches a sufficient compressive strain ϵM or stress σM , edges of the microscale
cells geometrically buckle as depicted in Figure 2. This leads to an immediate loss of macroscale
stiffness in which the curve becomes nearly flat for an extended range of strain as illustrated in
Figure 1. This is called microbuckling or collapse. For this reason, ϵM and σM are called the
microbuckling strain and stress, respectively, and appended subscripts (·)M denote them as such.
The scaling law for σM can be estimated by assuming that the individual struts comprising the
cell undergo standard Euler buckling during the process, hence for another dimensionless fitting
constant C3,

σM = C3Esρ
2
rel. (10)

After further compression, densification occurs. This is a purely geometric effect in which cell
edges bend into one another, culminating in a ’dense’ material with little or no void space. Any
compression is transferred directly into the material comprising the cells, resulting in a dramatic
increase in stiffness that diverges as the strain approaches a limiting value called the densification
strain ϵD. Using geometric arguments, ϵD is calculated as

ϵD = 1− C4ρrel. (11)

To the author’s knowledge, no scaling laws exist for the effective Young’s EM and shear µM moduli
relevant to this microbuckled and densification regime. However, we can adopt the reasonable
assumption that they represent the stiffness associated with postbuckled deformation modes of the
underlying microstructure. Since such modes primarily recruit bending deformation, we expect
them to arise similar to those for EU and µU , i.e.,

EM = C5Esρ
2
rel, (12)

and
µM = C6Esρ

2
rel. (13)

In summary, the mechanics of an elastic open-celled bending-dominated cellular solid can be quan-
tified using the fundamental material parameters Es and ρrel and empirical dimensionless fitting
parameters {C1, ..., C6} for the given solid, all of which are then used to prescribe the scaling laws
(8)-(13). Broad experimental estimates for the empirical parameters Ci are listed in Table 1.

Remark: Many materials like wood, metal, ceramics, and certain plastics undergo plastic
yielding or brittle fracture instead of elastic microbuckling at the onset of the collapse regime.
Such effects could be imported in place of elastic microbuckling by replacing the microbuckling
stress σM in (10) by the scaling law for plastic yield stress or brittle fracture stress. These latter
laws depend differently on ρrel and recruit yield strength or fracture toughness of the cell wall
material instead of Es [47].
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Remark: Much of the literature concerning finite deformation of cellular solids is restricted
in the sense that the scaling laws (8)-(13) by themselves can be difficult to apply to arbitrary
materials in general loading scenarios. In other words, a continuum energy functional recruiting
the experimentally-tested estimates (8)-(13) and accounting for every regime of material response
is absent. Such a model must delicately balance the opposing qualities of high micromechanical
fidelity with simple implementation and analysis. This lacuna furnishes the impetus for the current
work.

3.5 Buckingham pi theorem

A fundamental way to derive the scaling laws (8)-(13) without resorting to heuristic arguments is
via the Buckingham pi theorem. For the bending-dominated open-celled architectures envisioned
here, the flexure of cell edges drives effective moduli. If we idealize the edges as Euler-Bernoulli
elastica, their flexure is codified in the flexural stiffness EsI, where I ∝ t4 is the second moment
of area. Thus (8)-(10), (12), and (13) must depend on Est

4 and l, e.g., EU = EU (Est
4, l). Simple

application of the theorem furnishes,

EU ∝ Est
4

l4
∝ Esρ

2
rel, (14)

where the dimensionless constant C1 can replace the latter proportionality with an equality. And so
forth for the other parameters. In contrast, the densification strain ϵD, being a geometric quantity,
is driven purely by the strut volume t2l compared to the unit cell volume l3, hence we must have
ϵD = ϵD(t

2l, l3). The theorem yields the scaling law (11) after requiring limρrel→0 ϵD = 1.

4 Microbuckling-field theory

In this section, we introduce the concept of the microbuckling field and illustrate how it can be
used to construct a model of microbuckling in cellular solids.

4.1 Constitutive theory

The primary difficulty with replicating the non-monotonic behavior illustrated in Figure 1 is that the
vast majority of well-studied constitutive models, by virtue of their polyconvexity, are invariably
materially stable and therefore cannot exhibit such a response. However, notice that the curve
from Figure 1 can be cut into two sections: one corresponding to the linear elastic regime and one
corresponding to the microbuckling and densification regime. Each of these sections are effectively
monotonic in nature. An appropriate unification of these two regimes will recover the original non-
monotonic response across the entire range of strain. To accommodate this behavior, we propose
two strain-energy densities: the unbuckled strain energy ψU corresponding to the linear elastic
regime and the microbuckled strain energy ψM corresponding to the microbuckled and densification
regime.

A smooth scalar field φ ∈ [0, 1], called the microbuckling field, is introduced throughout the
domain as an additional unknown quantity to be solved together with the deformation map χ.
The microbuckling field is restricted to have values between zero and one, with a value of zero
corresponding to a material point being locally unbuckled and a value of one to a material point
being completely microbuckled. Figure 3 illustrates this concept. We propose a unified strain
energy density with respect to the reference configuration,

ψ(F, φ) = fU (φ)ψU (F) + fM (φ)ψM (F), (15)

9



κ

∂κ
∂κD

∂κt

Microbuckled material

Continuum: φ = 1 Discrete

Virgin material

Discrete Continuum: φ = 0

Partially microbuckled material

Discrete Continuum
φ = 0

φ

φ = 1

κ

∂κ
∂κD

∂κt

Microbuckled material

Continuum: φ = 1 Discrete

Virgin material

Discrete Continuum: φ = 0

Partially microbuckled material

Discrete Continuum
φ = 0

φ

φ = 1

κ

∂κ
∂κD

∂κt

Microbuckled material

Continuum: φ = 1 Discrete

Virgin material

Discrete Continuum: φ = 0

Partially microbuckled material

Discrete Continuum
φ = 0

φ

φ = 1

κ

∂κ
∂κD

∂κt

Microbuckled material

Continuum: φ = 1 Discrete

Virgin material

Discrete Continuum: φ = 0

Partially microbuckled material

Discrete Continuum
φ = 0

φ

φ = 1

l

Figure 3: A partially microbuckled cellular solid with depictions of localized discrete microbuckling
and its continuum interpretation via the microbuckling field φ ∈ [0, 1].

which notably admits as functional arguments both the deformation map and the microbuckling
field. The dimensionless functions fU and fM effectively quantify the spatial distribution for the
unbuckled and microbuckled regimes, respectively, and thus their interplay determines the degree
to which a material point responds according to the unbuckled energy ψU or the microbuckled
energy ψM . When the microbuckling field is locally zero, the total strain energy density collapses
onto the unbuckled strain energy density, i.e.,

ψ(F, 0) = ψU (F), (16)

and, similarly, when the microbuckling field is locally unity, the total strain energy density collapses
onto the microbuckled energy density:

ψ(F, 1) = ψM (F). (17)

The equations (16) and (17) imply that

fU (0) = 1, fU (1) = 0, f ′U (1) = 0, fM (1) = 1, fM (0) = 0, f ′M (0) = 0, (18)

where the third and sixth equations ensure that fU (resp. fM ) is saturated when the microbuckling
(resp. unbuckled) regime is attained. We also require that fU be monotonically decreasing, i.e.,
f ′U ≤ 0, so that ψU decreases as a material point becomes more microbuckled. A suitable candidate
for fU is the simple convex function

fU = (1− φ)2, (19)

and we adopt the following form for fM ,

fM = φ2 +
l2

4
|∇φ|2, (20)

where l is a length scale parameter characterizing the size of the underlying microstructure, e.g., the
cell size. To motivate the choices (19) and (20) geometrically, consider a canonical microbuckling
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band generated in a crushed honeycomb specimen in Figure 4, in which we plot below each speci-
men’s deformed shape a one-dimensional line plot made from a horizontal cut along the direction
of compression. Initially, when the sample is undeformed, the material is unbuckled and φ vanishes
across the cut. Eventually, a local band of cells collapses at x = 0, with φ(0) = 1 and a sufficiently
smooth decay down to φ = 0 over a length scale l characterizing the microstructure. As further
compression occurs, the microbuckled region expands while the transition region retains the same
decay distance l. If we denote the unbuckled and microbuckled regions as κU and κM , respectively,
then the total energy is written as

E =

∫︂
κU

ψUdx+

∫︂
κM

ψMdx+ ET , (21)

where ET accounts for energy of the transition region wherein dφ/dx ̸= 0. Since κU is only where
φ = 0, we can utilize the compact support function fU = (1−φ)2 to recast the domain of integration
of the former integral over the entire material body κ; similarly, we can use the compact support
function φ2 to recast integration over κM instead over κ, viz.:

E =

∫︂
κ

(︁
fUψU + φ2ψM

)︁
dx+ ET . (22)

Now, if we regard the transition region as a diffuse extension of κM , then we can account for its
energetic contributions by appending φ2 in (21) with a term nonzero over the former. This would
be precisely dφ/dx, but we additionally square it in order to penalize only its magnitude, scale it
by the concomitant length scale l to make it dimensionally consistent, and scale it by ∆ < 1 to
expedite its small contributions compared to φ2. Thus, ET =

∫︁
κ∆l

2(dφ/dx)2ψMdx, and therefore
the total energy (22) can be rewritten as

E =

∫︂
κ
(fUψU + fMψM ) dx, (23)

where fM = φ2 + l2(dφ/dx)2/4 with ∆ = 1/4. Generalizing to three dimensions induces the
strain energy density (15) with compact support, or spatial distribution, functions (19) and (20),
as desired. The reasons for the import of the first-order regularization l2|∇φ|2/4 into the system are
twofold: first, to account for the energy of the transition region, and second, to generate a smooth
spatial transition between unbuckled and microbuckled states. Alternative formulations of ψ are
discussed in Section 9. Note that the functional form for fM has geometric origins, while that for fU
is more empirical in nature. Indeed, (19) is a simple modelling choice; any fU is technically suitable
as long as it satisfies (18) and other empirical forms are investigated in the adjacent phase-field
fracture literature where they are denoted g and called degradation functions [48]. Furthermore,
the choice of ∆ = 1/4 is a largely arbitrary model decision that could be worthy of additional study
down the road.

Remark: The functions fU and fM in (19) and (20), respectively, do not satisfy the partition
of unity with respect to φ. In other words, for spatially homogeneous φ, we have

fU + fM = φ2 + (1− φ)2 ̸= 1. (24)

Partitions of unity are characteristic of mixture theories in which the microbuckling field would
represent volume fractions and fU would be of the form

fU = 1− φ2. (25)
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Figure 4: Microbuckling field evolution during in-plane crushing of honeycomb. Specimen images
taken from [49].

However, this fails to satisfy the saturation condition f ′U (1) = 0. Further, we found in simulations
using the form (25) that the microbuckling field failed to move off of the trivial solution φ = 0.
This is possibly associated with the observation that (25) satisfies f ′U (0) = 0, which can hinder
the nucleation of nontrivial values of φ, while (19) satisfies f ′U (0) = −2 and therefore promotes
the nucleation of nontrivial values of φ. We adopt henceforth the version (19) primarily due to
its geometric underpinnings; an alternative theory to that presented here can be proposed using
support functions satisfying partition of unity, e.g., (25), though effort must be spent in rectifying
the poor performance mentioned above.

Remark: The present model can be considered a variant of the general theory of pseudo-
elasticity developed for the analysis of materials whose strain energy function changes during de-
formation [50].

4.2 Variational theory

The total energy of the system can be written using (1) with (15),

E(χ, φ) =

∫︂
κ
[g(φ)ψU (F) + fM (φ)ψM (F)] dV − Eext(χ), (26)

and henceforth we suppress the arguments for convenience. We assume equilibria are those states
that render the functional (26) stationary with respect to admissible variations. The spaces of
admissible deformations and microbuckling fields are defined respectively as

V =
{︂
χ ∈

[︁
H1(κ)

]︁d | χ = χ on ∂κD

}︂
, (27)

and
P =

{︁
φ ∈ H1(κ) | φ = φ on ∂κP

}︁
, (28)

whereH1(κ) is the Sobolev space of scalar-valued square-integrable functions with square-integrable
first-order derivatives and d denotes the dimension of the physical space. Here, χ is the Dirichlet
boundary condition prescribed for the deformation on a subsection of the boundary ∂κD ⊂ ∂κ;
similarly for the microbuckling field. The test spaces of admissible variations, in which the relevant
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functions vanish on the Dirichlet portion of the boundary, are denoted by V0 and P0. Consider
a one-parameter family of admissible fields {χ(ϵ), φ(ϵ)} ∈ V × P and let δ(·) = d

dϵ(·)|ϵ=0 denote
a variational derivative. Since equilibria render (26) stationary, we must have that ∀{δχ, δφ} ∈
V0 × P0,

δE = 0, (29)

where

δE =

∫︂
κ
[δfUψU + fUδψU + δfMψM + fMδψM ] dV − δEext. (30)

For a conservative external loading consisting of body forces b and applied surface tractions p, the
external virtual work is expressible in the form

δEext =

∫︂
κ
b · δχdV +

∫︂
∂κp

p · δχdA, (31)

where ∂κp is the section of the reference boundary where tractions are specified. Using (19) and
(20) yields the total weak form in terms of the pairwise unknown field, {χ, φ}

δE =

∫︂
κ
[P · ∇(δχ) +

(︁
f ′UψU + φψM

)︁
δφ+ l2∇φ · ∇(δφ)ψM

]︁
dV − δEext, (32)

where we have defined P = ψF = fUPU + fMPM with PU = (ψU )F and PM = (ψM )F. After
integrating by parts the expression for δE reduces to

δE =

∫︂
κ

{︁
DivP · δχ+

[︁
f ′UψU + φψM − l2Div(∇φψM )

]︁
δφ

}︁
dV

+

∫︂
∂κ

ï
PN · δχ+ ψM

∂φ

∂N
δφ

ò
dA− δEext,

(33)

where Div(·) is the referential divergence operator, N is the exterior unit normal to the boundary,
and ∂(·)/∂N is the normal derivative. Since the variations δχ and δφ are independent, we can split
(33) into two equations. Thus, we seek χ ∈ V and φ ∈ P such that for every δχ ∈ V0 and δφ ∈ P0,∫︂

κ
(DivP+ b) · δχdV =

∫︂
∂κp

(PN− p) · δχdA,∫︂
κ

(︁
f ′UψU + φψM − l2Div(∇φψM )

)︁
δφdV =

∫︂
∂κ
ψM

∂φ

∂N
δφdA.

(34)

The fundamental lemma of the calculus of variations then furnishes the Euler-Lagrange equations
holding in κ,

DivP+ b = 0 and f ′UψU + φψM − l2Div(∇φψM ) = 0, (35)

and the associated natural boundary conditions,

PN = p on ∂κp and ∂φ/∂N = 0 on ∂κ \ ∂κP . (36)

The first equation in (35) is standard elastostatics while the second corresponds to the diffusive
spatial evolution of the microbuckling field. It is also important to note that the system is fully
coupled in the sense that both χ and φ appear in each equation of (35).
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Remark: The split weak form follows from integrating by parts the equations in (34) to reduce
the differentiability required of the trial function spaces. This yields the two independent residual
equations ∫︂

κ
P · ∇δχdV −

∫︂
κ
b · δχdV −

∫︂
∂κp

p · δχdA = 0∫︂
κ

[︁(︁
f ′UψU + φψM

)︁
δφ+ l2∇φ · ∇(δφ)ψM

]︁
dV = 0,

(37)

which are later implemented in the staggered finite element scheme in Section 8.

5 Energy prescriptions

The prescription of constitutive models should be done in a manner faithful to the microstructure
at hand. In this section, we describe the means by which microbuckling-field theory can recruit the
customary Gibson-Ashby scaling laws (8)-(13) to fully prescribe ψU and ψM .

5.1 Unbuckled energy density

We begin with the unbuckled strain energy ψU . Since this regime only exhibits standard linearly-
elastic responses, we can simply prescribe any elastic constitutive law. In the case of isotropy, a
compressible neo-Hookean model suffices for our purposes [51]:

ψU =
µU
2

d∑︂
i=1

UNH(Λi) +
λU
4
UNH(J), (38)

where Λi =
√
detFTF are the principal strains, J = detF, the scalar function UNH is defined as

UNH(s) = s2 − 1− 2 lns, (39)

and λU is the first Lamé parameter given by

λU =
µU (EU − 2µU )

3µU − EU
. (40)

We have already established scaling laws for the effective moduli in this regime, EU in (8) and µU
in (9), so these formulae can simply be inserted into (38).

5.2 Microbuckled energy density

Construction of ψM is more subtle. Notice that the collapse regime remains around a target stress
value in Figure 1. We idealize this as the microbuckling stress σM previously derived in (10). We
postulate that the microbuckling stress σM , being envisioned as the stress required to microbuckle a
material point within a uniaxial setting [3], can be generalized to three dimensions using a constant
strain energy density GM that, alternatively, represents the local strain energy density required to
microbuckle a unit volume of material; mathematically, GM entails an energy barrier that must be
locally overcome in order for microbuckling to occur. Therefore, the microbuckled strain energy
ψM must be, at minimum, this energy density value GM . Conveniently, GM has the same units as
Es, so by using the Buckingham pi theorem discussed in Section 3, it can be determined from the
scaling law

.GM = C7Esρ
2
rel, (41)
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for some constant C7. The densification regime, following collapse in Figure 1, exhibits a very slow
onset of stiffness that diverges as the densification strain ϵD is approached. Using (11), we propose
that this is effectively equivalent to locally attaining the densification stretch

ΛD = 1− ϵD = C4ρrel. (42)

Therefore, it is appropriate to append the base microbuckling energy density GM with a strain
energy density function that vanishes at unity but diverges in the vicinity of ΛD. We will utilize
an logarithmic densification function to this end,

Udens(s; τ) = −2(1− τ)2ln

Ç
1−
ï
1− s

1− τ

ò2å
, (43)

which satisfies Udens(1; τ) = 0 and lims→τ Udens = ∞. The selection (43) is not authoritative but
rather a simple model choice; the effect of using alternative densification functions instead of (43)
is studied in the supplementary material. We construct an energy density using the densification
function (43) which diverges (a material point densifies) if any principal stretch Λi approaches its
crushing limit ΛD or the volumetric compression J approaches geometric densification ΛdD:

ψdensM =
µM
2

d∑︂
i=1

Udens(Λi; ΛD) +
λM
4
Udens(J ; Λ

d
D). (44)

Thus, densification occurs on both the deviatoric and volumetric energy contributions. The moduli
in (44) refer to µM , whose scaling law is given by (13), and the first Lamé parameter λM

λM =
µM (EM − 2µM )

3µM − EM
, (45)

where EM is obtained from the scaling law (12). The resulting microbuckled energy density is
simply the additive combination of GM and (44):

ψM = GM +
µM
2

d∑︂
i=1

Udens(Λi; ΛD) +
λM
4
Udens(J ; ΛD), (46)

which can be fully prescribed after inserting (11), (41), (42), and (45).
Remark: The prescription (44) is rather speculative and relies primarily on physical intuition.

Little exists in the literature in the way of offering empirical or heuristic estimates for this energetic
contribution.

5.2.1 Microbuckling criterion

Since GM is the energy density required to microbuckle a material point, we can therefore regard
microbuckling as occurring when the energy state prior to microbuckling, ψU , attains this value:

ψU |FM
= GM . (47)

This is the microbuckling criterion indicating when it is energetically preferable for a material point
to transition into the microbuckled state. In writing (48) we have evaluated both energies at the
underlying local deformation state at the onset of microbuckling, FM . If we suppose the energy is
continuous across microbuckling, i.e.,

ψU |FM
= ψM |FM

, (48)
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which is reasonable within the present hyperelastic setting, and insert this into (47), we obtain

ψdensM |FM
= 0, (49)

which is a restriction on the microbuckled densification energy, signifying that all local energy when
critically microbuckled is due to Euler buckling of the struts. We envision two possible ways to
enforce (49). The first is to pose FM as a zero-energy symmetry transformation:

ψdensM (F) = ψdensM (FF−1
M ), (50)

and since GM is constant, the microbuckled strain energy (46) is replaced by

ψM (F) = ψM (FF−1
M ). (51)

A consequence of (50) is that the state FM is locally stress free. A second way is to simply offset
the energy by ψM |FM

, i.e., ψM ↦→ ψM −ψM |FM
. We proceed with (51) in this report but anticipate

this could be be worthy of further study in due course.
One way to determine the critical microbuckled deformation state FM for use in (51) is to utilize

the criterion (47). However, this is one scalar equation whose solution FM lives in the manifold
Lin+ of dimension d2; the problem as stated is not well-posed for d > 1. A simpler alternative is
to assume that FM is isotropic with a critical microbuckling compressive stretch ΛM :

FM = ΛMI. (52)

Since (52) is fully prescribed by a single scalar ΛM , the problem of determining FM with (47)
becomes well-posed. We proceed under the modelling assumption (52) for the reasons that it
allows us to explicitly solve for FM and because there are no indications of directionality within
the energies to begin with. However, it is an exception, not a norm, and a more mechanistically-
motivated choice is a natural path for future work. In the case of (52), we can determine ΛM
uniquely using (47). Indeed, let ψU (Λ) = ψU |F=ΛI. Since 0 = ψU (1) < GM , limΛ→0 ψU = ∞,
and ψU is monotonically increasing as Λ decreases from unity, the intermediate value theorem
guarantees that (47) admits a unique solution ΛM ∈ (0, 1). In this case, (51) is replaced by

ψM = GM +
µM
2

d∑︂
i=1

Udens(Λ̃i; Λ̃D) +
λM
4
Udens(J̃ ; J̃M ), (53)

where Λ̃ = Λ/ΛM , J̃ = J/ΛdM , etc., and JM = detFM = ΛdM .
Remark: Microbuckling occurs at small strains. Since ψdensM is intended to only capture

response near ϵD, energetic contributions of ψdensM |FM
may be negligible in which case (49) can be

disregarded.

5.3 Tension-compression energy decomposition; total energy

Microbuckling primarily occurs in compression. To prevent the emergence of microbuckling bands
as a result of tensile loads, we utilize a tensile-compressive split of the energy. This principle and
its prescription have been well-studied in the context of phase-field fracture [52–55] and we will
follow the approach outlined in [52] to this end. Compressive Λ−

i < 1 and tensile Λ+
i > 1 parts of

a principal stretch Λi are defined as

Λ±
i =

Λi + 1± |Λi − 1|
2

=

®
Λi Λi ≷ 1

1 else
(54)
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The compressive J− and tensile J+ volume changes are defined in a similar manner. Since only
the compressive strains contribute to microbuckling, we only account for the energies resulting
from them in ψM and require that the energy resulting from tensile strains is insensitive to the
microbuckling field and behaves as a standard energy. If we use the notation

ψ± = ψ(Λ±, J±), (55)

then the consequent total energy decomposition is

ψ = fUψ
−
U + fMψ

−
M + ψ+

U . (56)

The equation (56) is the complete energy characterizing the cellular solid and can be fully prescribed
using (38) and (53) with constitutive parameters incorporating the established scaling laws (8)-(13)
and (41). Also note that the energy (56) can be nondimensionalized by Es because all parameters
with dimensions of stress are linearly dependent on Es.

Remark: An advantage of the current model is that any constitutive models can be used
to describe the unbuckled and microbuckled regimes; this contrasts with alternative formulations
which must necessarily be non-polyconvex. Indeed, the class of constitutive models proposed for
each regime is not restricted to be of a first-gradient or simple type [45]. Generalized continuum
theories have the ability to exhibit nonstandard mechanical behavior distinctive of microstructured
materials. For example, higher gradient models, such as second gradient and strain gradient models
[16, 56–59], as well higher order models, such as the Cosserat and micromorphic models [60–68],
are equally valid to use in the energy functional (26).

6 Legendre-Hadamard Inequality

In this section, we discuss the Legendre-Hadamard condition. This pointwise condition places a
restriction on both the field variables {χ, φ} and the constitutive model and must be satisfied by
minimizing equilibria everywhere in the domain. If any set of fields for a given model fail to satisfy
this condition at any given material point, then such an equilibrium state does not minimize the
energy and is therefore unstable according to the energy criterion (2). In the following derivation
we make extended use of techniques presented in [44,69]. Recall the total energy functional (26),

E =

∫︂
κ
[fUψU + fMψM ] dV − Eext(χ). (57)

Without loss of generality, the integrand in (57) can be modified in a manner consistent with
(56). Consider a one-parameter family {χ(ϵ), φ(ϵ)} of kinematically admissible states and suppose
{χ(0), φ(0)} are energy minimizers. The first variation is given by (30) which we rewrite here using
(20) and (19) as

δE =

∫︂
κ

[︁
2 {(φ− 1)ψU + φψM} δφ+ (l2/2)ψM∇φ · ∇(δφ) +P · δF

]︁
dV − δEext = 0, (58)

where the second equality follows as the underlying configuration is assumed to be an equilibrium
state. We take another variation on (58), which, after some rearrangement, yields

δ2E =

∫︂
κ

[︁
2 {(φ− 1)ψU + φψM} δ2φ+ (l2/2)ψM∇φ · ∇(δ2φ) +P · δ2F

]︁
dV − δEext

+

∫︂
κ

[︁
2(ψU + ψM )(δφ)2 + (l2/2)ψM∇(δφ) · ∇(δφ) + δF ·M [δF]

]︁
dV

+

∫︂
κ

[︁
4 {(φ− 1)PU + φPM} · δFδφ+ l2 {∇φ · ∇(δφ)}PM · δF

]︁
dV ≥ 0,

(59)
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where the inequality necessarily follows from the premise of energy minimization, cf. (3), and

M = ψFF = g(ψU )FF + fM (ψM )FF. (60)

Since the underlying state is equilibrated, the first line in (59) vanishes, and thus (59) reduces to

δ2E =

∫︂
κ

[︁
2(ψU + ψM )(δφ)2 + (l2/2)ψM∇(δφ) · ∇(δφ) + δF ·M [δF]

]︁
dV

+

∫︂
κ

[︁
4 {(φ− 1)PU + φPM} · δFδφ+ l2 {∇φ · ∇(δφ)}PM · δF

]︁
dV ≥ 0.

(61)

Consider the class of variations

δχ = εξ(Z), δφ = εη(Z), Z = (X−X0)/ε, (62)

where X0 ∈ κ is a fixed interior reference point, ε > 0 is a small positive constant, and ξ(Z)
and η(Z) are compactly supported in the image D of a strictly interior region κ′ ⊂ κ under the
mapping Z(·). Consequently the variations δχ and δφ vanish on the boundary ∂κ and are therefore
admissible. The variations (62) allows us to restrict attention to a small domain surrounding a given
material point and consequently only consider the terms which appear at leading order. To this
end, combining (62) with (61) and exchanging the region of integration yields

ε3
∫︂
D

[︁
2(ψU + ψM )ε2η2 + (l2/2)ψM∇Zη · ∇Zη +∇Zξ ·M [∇Zξ]

]︁
dVZ

+ ε3
∫︂
D

[︁
4ε {(φ− 1)PU + φPM} · η∇Zξ + l2(∇φ · ∇Zη)PM · ∇Xξ

]︁
dVZ ≥ 0,

(63)

where ∇Z(·) = ∂(·)/∂Z = ε−1∇(·) and we have used dV = ε3dVZ . It is understood in (63) that
all functions of X are evaluated on X(Z) = εZ+X0. Dividing (63) by ε3 and passing to the limit
ε→ 0 furnishes∫︂

D

[︁
(l2/2)|∇Zη|2ψM +∇Zξ ·M[∇Zξ] + l2(∇φ · ∇Zη)PM · ∇Xξ

]︁
dVZ ≥ 0, (64)

where M, ψM , ∇φ, and PM are now evaluated at X0. We extend to complex-valued variations as
follows. Define the complex-valued vector fields

ξ = ξ1 + iξ2, η = η1 + iη2, (65)

where i is the imaginary number and ξα and ηα are real-valued. Let overlines denote the complex
conjugate. We derive the identity

∇Zη · ∇Zη = ∇Z(η1 + iη2) · ∇Z(η1 − iη2) = ∇Zη1 · ∇Zη1 +∇Zη2 · ∇Zη2, (66)

i.e., the imaginary part vanishes. Similarly, one can show that

∇Zξ ·M
[︁
∇Zξ

]︁
= ∇Zξ1 ·M [∇Zξ1] +∇Zξ2 ·M [∇Zξ2] , (67)

and

(l2/2)(∇φ · ∇Zη)PM · ∇Xξ + (l2/2)(∇φ · ∇Zη)PM · ∇Xξ

= l2(∇φ · ∇Zη1)PM · ∇Xξ1 + l2(∇φ · ∇Zη2)PM · ∇Xξ2.
(68)
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Equation (67) follows from the major symmetry of M, that is, A ·M[B] = B ·M[A] for arbitrary
tensors A,B. Therefore, if (64) holds for real-valued {η, ξ}, it must also hold for {η1, ξ1} and
{η2, ξ2}, which by (66), (67), and (68) implies we must have∫︂

D

[︁
(l2/2) (∇Zη · ∇Zη)ψM +∇Zξ ·M[∇Zξ]

]︁
dVZ

+

∫︂
D

[︁
(l2/2)(∇φ · ∇Zη)PM · ∇Xξ + (l2/2)(∇φ · ∇Zη)PM · ∇Xξ

]︁
dVZ ≥ 0,

(69)

where ξ and η are complex-valued variations generally expressible as (65). Next, suppose

ξ = a exp (ikn · Z) f(Z), η = b exp (ikn · Z) f(Z), (70)

where a and n are real fixed vectors, b is a real scalar, and f(Z) is a real-valued, compactly
supported differentiable function in D. Equations (70) represent localized oscillatory perturbations
in Z-space to the underlying equilibrium configuration with n denoting their direction, a (resp. b)
denoting the polarization of the deformation (resp. microbuckling-field) perturbation, k denoting
their wavenumber, and f(Z) denoting their localization envelope. Substituting (70) into (69),
dividing by k2, and passing to the short-wavelength limit k → ∞ yields[︁

a⊗ n ·M[a⊗ n] + (l2/2)ψMb
2|n|2 + l2(∇φ · bn) {PM · (a⊗ n)}

]︁ ∫︂
D
f2dVZ ≥ 0, (71)

and since f(Z) is compactly supported in D, it follows that

a⊗ n ·M[a⊗ n] + (l2/2)ψMb
2|n|2 + l2(∇φ · bn) {PM · (a⊗ n)} ≥ 0, (72)

where we can now drop evaluation of the terms at the material point X0 owing to its arbitrariness.
Equation (72) is the Legendre-Hadamard condition that any energy minimizing-configuration for
(26) must necessarily satisfy in κ for any a, b, and n. If, at any point in the body, the condition
(72) is violated, the configuration in question does not minimize the energy (26). It is convenient
to rewrite (72) in matrix form as

a · Aa ≥ 0, (73)

where a = [a b]T is an arbitrary four-vector, A is the four-tensor

A =

ñ
A(n) (l2/2)(∇φ · n) (PMn)

(l2/2)(∇φ · n) (PMn)T (l2/2)ψM |n2|

ô
, (74)

and A(n) is the acoustic tensor defined by the equation

a ·A(n)a = a⊗ n ·M[a⊗ n]. (75)

Equation (73) stipulates that the Legendre-Hadamard condition (72) can be verified, for a given
constitutive model and equilibrium configuration, by calculating whether the eigenvalues of A, cf.
(74), are nonnegative for any n when evaluated at this state. This calculation is detailed in the
supplementary material included with the article for the specific case of energies (38) and (46).

Remark: It is clear from Equation (72) that the gradient regularization of the microbuckling
field, which furnishes the latter terms in (72), plays a key role in the stability of the system. Indeed,
if l → 0, then the terms in question vanish.

Remark: If we consider (72) with b = 0, we arrive at the simplified inequality

a⊗ n ·M[a⊗ n] ≥ 0. (76)
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Stretch Λ ∈ (0, 1]

Figure 5: A one-dimensional bar in hard loading conditions.

Equation (76) would recover the standard result in finite elasticity if not for the presence of the
microbuckling field φ in the modulus and acoustic tensors. To elaborate, with some work one can
derive

M = fUMU + fMMM , (77)

where MU = (ψU )FF and MM = (ψM )FF. We interpret the modulus tensor (77) as a linear
combination of the moduli relevant to the unbuckled and microbuckled regimes with the functions
which quantify their spatial distribution serving as the weighting functions. This result reinforces
the notion that the proposed model describes a material whose internal constitution can fluctuate
via the microbuckling field to achieve energetically-optimal configurations; this is further evidence
of its similarity with pseudo-elasticity [50].

Remark: Recall from Section 2 that polyconvexity is a sufficient condition for the strict form
of (76), that is, (4). It should not be surprising given the above observations that the unified
energy (15) is polyconvex if derived from polyconvex constituent energies. The proof follows from
the closure of the set of convex functions under non-negative linear combinations. Suppose both
ψU and ψM are polyconvex in which case they are expressible in the general form

Φ = Φ(F,F∗, J), (78)

where Φ(·, ·, ·) is convex in each argument. By definition, this means that for any F1 and F2,

Φ(sF1 + (1− s)F2,F
∗, J) ≤ sΦ(F1,F

∗, J) + (1− s)Φ(F2,F
∗, J), (79)

and similarly for the other two arguments. Therefore, the unified energy (15) is expressible as

ψ = Φtot(F,F
∗, J) = fUΦU (F,F

∗, J) + fMΦM (F,F∗, J), (80)

where we also require fU ≥ 0 and fM ≥ 0, this being already satisfied by (20) and (19), respectively.
Using the above results, we find

Φtot(sF1 + (1− s)F2,F
∗, J) = fUΦU (sF1 + (1− s)F2,F

∗, J) + fMΦM (sF1 + (1− s)F2,F
∗, J)

≤ sfUΦU (F1,F
∗, J) + (1− s)fUΦU (F2,F

∗, J)

+ sfMΦM (F1,F
∗, J) + (1− s)fMΦM (F2,F

∗, J)

= sΦtot(F1,F
∗, J) + (1− s)Φtot(F2,F

∗, J),
(81)

i.e., the unified functional Φtot is also convex in its first argument. Repeating this for the other
two arguments concludes the proof.

7 One-dimensional bar

Consider a one-dimensional bar x ∈ [0, 1] illustrated in Figure 5 in hard loading conditions, i.e., un-
der controlled stretch Λ > 0, that behaves according to basic quadratic unbuckled and microbuckled
energies:

ψU =
kU
2

(Λ− 1)2 , ψM = GM +
kM
2

(Λ− ΛM )2 . (82)
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Here, kU > kM > 0 are stiffness parameters, GM is the requisite microbuckling energy, and ΛM > 0
is the microbuckled stretch determined via the microbuckling criterion (47) as

ψU (ΛM ) = GM =⇒ ΛM = 1 +

 
2GM
kU

. (83)

In this setting, stability within each regime is tantamount to strict ordinary convexity whereby the
energies satisfy

∂2ψU
∂Λ2

= kU > 0,
∂2ψM
∂Λ2

= kM > 0. (84)

Next, we assume for simplicity that the underlying state is homogeneous and use fU = (1 − φ)2

and fM = φ2 to unify the two regimes into a strain energy per unit length:

ψ = fUψU + fM (GM + ψM ) . (85)

Using (20) and (19), we can show that this is convex with respect to Λ and φ independently,

ψ′′ = 2(ψU + GM + ψM ) ≥ 0 and
∂2ψ

∂Λ2
= gkU + fMkM ≥ 0, (86)

where the latter inequality follows from the fact that fU and fM are nonnegative functions. How-
ever, it remains to determine the condition of stability (3), which is satisfied in this one-dimensional
case if the Hessian matrix,

H =

ñ
∂2ψ
∂Λ2

∂ψ′

∂Λ
sym. ψ′′

ô
. (87)

is positive definite. It transpires that this is not the case across all permissible values of the fields
(Λ, φ). To see this, we plot in Figure 6 the the stability landscape over the range Λ×φ ∈ (0, 1)×(0, 1)
for two sets of material parameters. In the left plot, there is a single pocket of stability indicating
that an unbuckled material point will be stable for stretches near unity and that a microbuckled
material point will be stable for appreciable compressive stretches if not fully microbuckled. In other
words, at significant compressive stretches, a fully microbuckled point will actually be unstable while
partially microbuckled points will be stable. This indicates that a system governed by the strain
energy (85) placed under significant compression could be expected to have a microbuckling field
closer to, but not equal to, unity. The right plot depicts the trivial case when the two regimes are
indistinguishable and the bar behaves according to the energy

ψ(Λ, φ) = (Λ− 1)2η(φ)/2, (88)

where η(φ) = φ2 + (1− φ)2. The determinant of the associated Hessian is

detH = (Λ− 1)2[ηη′′ − 2(η′)2]/2. (89)

Since 4(Λ−1)2 > 0, we expect the material stability of the bar to be fully determined by φ through
the equation ηη′′ − (η′)2. The roots of this equation are φ = 0.5 ± 0.29, with ηη′′ − (η′)2 > 0
within the roots and ηη′′ − (η′)2 < 0 outside of them. Therefore, the bar will be materially stable
for φ ∈ [0.21, 0.79] and unstable elsewhere. This conclusion is verified by the numerical results
shown in Figure 6. Despite the fact that the two regimes ψU and ψM are indistinguishable, we
have just proven that the bar governed by the energy (85) can still experience instabilities. One
explanation for this phenomenon is that, for a fixed compression Λ ∈ (0, 1), the total energy of the
bar still depends on the microbuckling field through η. This function is positive, convex, and has
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Figure 6: Stability landscape for {kU = 1, kM = 0.4, GM = 0.01} (left) and {kU = 1, kM =
1, GM = 0} (right). Gray coloring denotes stable regions according to detH¿0.

a single global minimum at φ = 0.5. Therefore, the state φ = 0.5 minimizes the rod’s energy. A
neighborhood around this minimum, whose size is affected by the choice of fU and fM , is adjudged
to be stable by the condition detH > 0. This peculiar phenomenon is a consequence of adopting
fU and fM which do not satisfy the partition of unity, cf. our discussion in Section 4.1.

Remark: The results of this section indicate that a one-dimensional homogeneous bar under
hard loading conditions will remain in the unbuckled state until it enters an unstable φ-window,
these being illustrated in Figure 6, at which point a localization band would be expected to nucleate.
Unlike conventional approaches to one-dimensional material instabilities which rely on intrinsically
non-convex energy potentials, e.g., [35], we have demonstrated that instabilities can arise solely
from the coupling of strictly convex regimes. The sole existence of the microbuckling field renders
material instabilities in the system, regardless of the constitutive models used to describe the
behavior of the independent regimes.

8 Simulations

We numerically implement the weak form (37) into nonlinear finite elements using the open-source
finite element package package FEniCS [70]. Specifically, we identify a suitable finite-dimensional
subspace of the trial space Vh×Ph ⊂ V ×P and seek acceptable solutions of the displacement field
and microbuckling field {uh, φh} ∈ Vh×Ph to the weak form (37). The field variables are updated
using a total additive scheme. The nonlinear system is solved using FEniCS’s Newton solver with
the direct linear MUMPS solver at each iteration of a given loading increment [71].

We adopt a staggered scheme to solve the coupled system (37) as follows [48,72]. Consider two
solutions {u(i), φ(i)} to the previous loading increment. First, the displacement problem is solved
for fixed φ(i), yielding u(i+1). Then, the displacement field in the microbuckling-field problem is
updated using this new u(i+1) and the boundary-value problem is then solved for the new φ(i+1).
This process is iterated until the following error tolerance is satisfied,

max
Ä
||u(i+1) − u(i)||L2(κ), ||φ(i+1) − φ(i)||L2(κ)

ä
< εstag, (90)

indicating that the solution converges within the prescribed tolerance εstag = 10−5.
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l ρrel C1 C2 C7 C4 C5 C6

L/20 0.2 1 3/8 0.05 1.4 0.4 3/20

Table 2: Simulation parameters for the uniaxial compression specimen. The results are nondimen-
sionalized by the solid modulus Es and the specimen length/width L.

L

L

L

Figure 7: Unconfined uniaxial compression of a canonical cellular solid with fixed (left) and roller
(right) supports. The displayed aperiodic microstructure only serves as an illustrative purpose and
does not reflect the mesh.

8.1 Uniaxial plane-strain compression

Consider unconfined crushing of a L × L canonical cellular solid in plane strain conditions. We
also suppose the through-thickness is L and we keep L arbitrary because the results will be nondi-
mensionalized accordingly. Referring to Figure 7, we consider two types of boundary conditions:
fixed supports on the top and bottom and roller supports on the top and bottom in addition to a
fixed central support precluding rigid-body motions. In both cases, we impose a downward vertical
displacement on the top boundary over a span of 100 quasistatic increments until a maximum
compressive strain of ϵD given by (11) is obtained, at which point, by construction via (44), the
specimen completes densification. We exploit vertical half-symmetry and discretize the right mesh
half into a 40× 10 crossed mesh of 3-node triangles for a total of 400 elements. A mesh refinement
study, described in the supplementary material included with the article, concludes that the results
are sufficiently converged for this mesh resolution. The strain energy (56) is used with ψU from
(38) and ψM from (53). We use the canonical empirical fitting constants listed in Table 1 except
with C7 = 0.05. The cellular length scale is chosen as l = L/20. Note that the system is linearly
proportional to Es pursuant to the remark at the end of Section 5. We scale the reaction force
R by the cross-sectional area L2 to obtain the vertical stress σ = R/L2 then scale again by the
solid modulus Es to obtain the nondimensionalized stress σ = σ/Es. The canonical parameters are
listed in Table 2.

The nondimensionalized stress-strain curves for both cases are shown in Figure 8 and the de-
formed configurations, colored by value of the microbuckling field and arranged by the strain
amount, are shown in Figure 9. Note the similarity with the canonical response curve in Figure
1. Consider first the fixed support case, which exhibits three distinct regimes: a linearly-elastic
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Figure 8: Nondimensionalized stress-strain curves for uniaxial crushing with parameters in Table
2. Curve markers correspond to the values of strain illustrated in Figure 9.

regime, a collapse regime, and a densification regime. This sharp transition occurs because the con-
strained corner elements experience a stress concentration which makes it energetically favorable
for the area to locally microbuckle and cross the energy plateau dividing the two regimes. But since
horizontally-adjacent areas would then be subject to a similar stress concentration, they too buckle
which culminates in the nucleation of a complete horizontal microbuckling band. This beginning of
this band can be seen colored red in Figure 9. This is followed by a prolonged period of dormancy
where the stress-strain curve is effectively flat for ϵ ∈ [0.1, 0.3]. This is consistent with further
growth of the microbuckling band whereby the localized bands cascade in the loading direction.
Eventually, all of the interior points have locally transitioned to the microbuckled regime. This is
consistent with the onset of the densification regime which exhibits a monotonic, nonlinearly-elastic
response that diverges as the densification stretch ϵD is attained.

For the roller support case, the response curve looks quite similar to the the fixed support
case but fails to reproduce the sharp transitions seen in the latter. This is a consequence of not
restricting the boundaries horizontally. Since the boundaries are free to expand in the transverse
direction, no stress concentrations form which means there is no preferable region for the specimen
to microbuckle. As a result, the whole specimen homogeneously transitions between the regimes as
illustrated in Figure 9. The roller case differs most from the clamped case during the collapse regime
in that microbuckling globally occurs and the curve exhibits folding and clear non-convexity. The
response between the two cases then appear to coincide after each specimen is globally microbuckled
and densification begins.

Figure 10 illustrates how the specimen’s response changes with relative density. In the clamped
case, each relative density contour exhibits a distinct linear elastic, collapse, and densification
regime. The stress contours increase and diverge at smaller strains with increasing relative density.
This is consistent with physical intuition as well as literature studies [3]. The unclamped case
similarly diverges with increasing relative density in addition to displaying more and more extreme
non-convexity in the response, particularly between the linear elastic and collapse regimes. Further
simulations showing how the response changes according to the parameters l, Udens, and Ci are
included in the supplementary material. Since the results are normalized by Es, its effect could be
seen simply by scaling σ by its value.
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Figure 9: Deformed configurations for fixed (upper) and roller (lower) supports for various com-
pressive strain ϵ.
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Figure 10: A sweep of relative density with other material parameters in Table 2.
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Brand Name Nickname L (mm) Es (MPa) ρrel l (mm) C1 C2 C7 C4 C5 C6

EF4005 PU05 25.4 50 0.07 0.2 1.9 0.84 0.07 0.84 0.24 0.20
TF6070-8.5 PU08 25.4 50 0.11 0.2 1.3 0.57 0.06 0.82 0.23 0.23
TF6070-10 PU10 25.4 50 0.13 0.2 1.4 0.59 0.06 0.84 0.24 0.24
TF6070-15 PU15 25.4 50 0.2 0.2 0.85 0.86 0.07 0.80 0.28 0.28

Table 3: Material and empirical parameters for polyurethane foams manufactured by General
Plastics.

8.2 Comparison with experimental data

We test the performance of the model by comparing with experimental data for quasistatic un-
confined uniaxial compression of four types of elastomeric polyurethane open-celled foams manu-
factured by General Plastics [73]. Such foams consist of periodically arranged tetrakaidecahedron
(Kelvin) cells and are a stereotypical example of a material which exhibits microbuckling [60].
All relevant parameters are listed in Table 3. Each foam was subjected to a compression force
deflection (CFD) test in which a 1” cube sample is placed between a rigid substrate and a flat
platen which lowers onto the sample and records the force response up to ϵ = 0.8. This is one of
many standard test methods for flexible cellular materials standardized by ASTM D3574 and ISO
3386. We simulate the compressive response generated using the known foam material parameters
and a good-fit set of empirical fitting parameters Ci from Table 3. We suppose the platens are
frictionless for simplicity, and because out-of-plane effects are largely uneventful with elastomeric
foams, the plane-strain setup utilized in preceding section is suitable for simulations. Figure 11
shows the experimental data for the four foams in markers and the fitted simulation data in solid
lines. The best-fit parameters were generated by hand and are not intended to be true best-fits
but rather rough estimates that illustrate a sufficiently good fit for our purposes. Each simulated
curve is noticeably faithful to the holistic range of experimental data. We remark that data was
not available for ϵ > 0.8, so the tails of the PU05, PU08, and PU10 curves are only estimated.

8.3 Indentation by a flat punch

As a practical problem we show the response of a generic elastomeric foam rectangle being indented
by a rigid flat punch in Figure 12. Specifics of the numerical implementation will be presented in an
upcoming report. The model requires a relatively coarse mesh and displays clearly rich behavior.

9 Future work

We discuss several avenues for potential further refinement and development of the proposed theory.
Owing to the work required to sufficiently analyze the following modifications, we reserve them for
future endeavors.

9.1 Energy prescriptions

The kinematic and constitutive developments leading to the general energy prescription (15) in-
cluded several exploratory modelling choices and assumptions. This includes:

• choosing fU in (15) in accordance with prevailing phase-field literature;
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Figure 11: Experimental and simulated reaction curves for polyurethane foams with data in Table
3.
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Figure 12: Simulation of square punch indentation colored by value of φ, cf. Figure 9.
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• casting the transition region as an extension of the microbuckled region and using ∆ = 1/4
in (20) in the subsequent extension of fM to scale it accordingly;

• constructing ψM as an an additive combination of a constant microbuckled energy density
GM and an ad-hoc densification energy ψdensM in (46);

• postulating GM as a novel parameter (41) in the spirit of conventional Gibson-Ashby scaling
laws;

• introducing the microbuckling criterion (47) to derive FM ;

• casting FM as a zero-energy state of ψM in (50) in order to satisfy (49); and

• utilizing an isotropic FM (52) in order to make the microbuckling criterion (47) well-posed.

Each of these suppositions undoubtedly had an indelible effect on the results presented in this
manuscript and are worthy of further study in their own right. In the future, further work on this
formulation could focus on validation or invalidation of these premises in accordance with prevailing
physical intuition about these kinds of materials.

9.2 Anisotropic microstructures

Many cellular solids exhibit distinct anisotropy, such as axisymmetry in cork, orthotropy in wood,
and hexagonal symmetry in honeycombs. To be a faithful theory, the present model should be
modified to account for this directional preference whereby the microbuckling bands nucleate and
grow in certain direction as a consequence of the geometry of the underlying microstructure. Since
the microbuckling field φ is introduced as an additional kinematic unknown, it should be possible
to also introduce into the system an appropriate sense of symmetry with respect to φ. In other
words, the cellular symmetry class would induce a material symmetry with respect to φ in the same
way that they induce a material symmetry with respect to F. To introduce this concept into the
proposed theory, we could leverage tools from conventional material symmetry [44] and anisotropic
theories for phase-field fracture [74]. Such efforts could also be useful in modelling microbuckling
in transversely-isotropic fiber-reinforced composites, which could be considered a variant of cellular
microbuckling and is a significant area of research in its own right [75–77].

9.3 Decoupled microbuckled and interface energies

We expand upon the second item in Section 9.1. As presently written, (15) implies that the width
of the transition regime, being regulated by the regularization term in fM , is associated with the
local state of deformation through ψM (F). This appeals to no physical intuition – such a transition
width more likely represents the geometry of the underlying microstructure and thereby should be
agnostic to the material loading. Multiplying φ2 and l2|∇φ|2 by the same energy is reminiscent
of the Ambrosio-Tortorelli family of Mumford-Shah functionals appearing in the Γ-convergence
literature [78]. Alternatively, one could propose strain energies which offer a decoupling of φ2 and
l2|∇φ|2, e.g.,

ψ = fUψU + fMψM + fTψT , (91)

where fM = φ2, fT = l2|∇φ|2, and ψT corresponds to the energy of the transition or interface
region. The prescribed length scale of the transition region l would be effectively subsumed into
ψT and consequently the transition region may exhibit length scales different than the prescribed l.
However, this alternative prescription (91) would permit a user to distinguish between microbuckled
and interface energies.
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9.4 Dynamic effects

We have said nothing of the dynamical behavior of the proposed system. The transient mechanics
of cellular solids constitute an appreciable amount of contemporary engineering research given its
relevance to impact mechanics and energy absorption [10,16,79]. Notably, the time scales of loading
will inherently dictate whether or not microbuckling occurs. A model which purports to replicate
the behavior of such systems should respect this sensitivity. Including viscous effects within this
dynamical context can also serve as a convenient means of incorporating rate-dependent microscale
dissipation into the system [15].

9.5 Irreversibility

Elastic microbuckling is known to be generally reversible up to hysteresis effects. However, irre-
versible effects also emerge as a mechanism for microbuckling, e.g., plastic yielding, brittle crushing,
and fracture [1]. While the modularity of the unified energy (15) ensures that the particular man-
ifestation of this behavior can be included at the constitutive level using any inelastic models at
hand, the irreversibility of the microbuckling field must be ensured in another manner. So-called
history variables used for enforcing irreversibility in phase-field fracture theory could potentially
be useful to this end [80].

10 Conclusions

In this paper we have presented and analyzed a novel model for microbuckling and other material in-
stabilities in general classes of cellular solids such as foams, lattices, and mechanical metamaterials.
The model is of a phase-field type and hinges upon the introduction of a novel scalar microbuckling
field variable governing whether a material point is locally unbuckled or microbuckled. To this end,
two distinct energy regimes are proposed: one corresponding to unbuckled material points and an-
other corresponding to microbuckled and densified material points. Their construction recruits the
well-known Gibson-Ashby formulae which calculate the effective macroscale constitutive parame-
ters from the microscale composition and geometry. In this way, the present model is an extension
of these algebraic formulae to a variational continuum setting. In contrast to conventional theories
for material instabilities, these energies are completely general and need not violate polyconvexity.
Indeed, the unification of the two constituent energies into a single energy using the microbuckling
field furnishes the potential joint non-convexity which then permits the generation and propagation
of localized material behavior. This model was analyzed using both analytical and numerical meth-
ods and a rich gamut of possible material behavior was identified for a relatively simple constitutive
model. The theory recovers well both localized material instabilities, such as compactly supported
microbuckling bands, and global softening mechanisms. Validation of the relatively simple consti-
tutive model with experimental data shows good agreement. In summary, the proposed model aims
to fill the exigent lacuna in the literature by proposing a framework that achieves all of the listed
goals in Section 1. We have also presented several future means of improving and generalizing the
present model including refinement of the energy prescriptions, incorporating cellular anisotropy,
alternative unification methods5, dynamic effects, and irreversible microbuckling mechanisms such
as plasticity and fracture.
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[25] Van Bree S, Rokoš O, Peerlings R, Doškář M, Geers M. 2020 A Newton Solver for Micro-
morphic Computational Homogenization Enabling Multiscale Buckling Analysis of Pattern-
Transforming Metamaterials. Computer Methods in Applied Mechanics and Engineering 372,
113333. (10.1016/j.cma.2020.113333)
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