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Abstract

Ericksen’s problem asks for all universal deformations of homogeneous incompressible
isotropic hyperelastic solids [3]. Such deformations can be maintained in equilibrium,
without body forces, for every isotropic strain energy function, while the pressure and
surface tractions may depend on the constitutive law. Six classical families are known,
but their completeness has remained open for three distinct constant principal stretches
with unrestricted principal directions [30, 33]. We prove that every orientation preserving
C3 incompressible local universal deformation in three dimensions belongs locally to one
of these families, including their regular Cartesian continuations.

The main step is to prove that, for constant pairwise distinct principal stretches, the
plane field orthogonal to one principal direction is locally integrable. Using the principal
frame formulation [14, 15], we reduce the universal equilibrium and compatibility equa-
tions to a finite differential system. Removing the length scale yields a normalized state
map whose fibres of positive dimension induce common local Euclidean similarities of the
reference and current configurations, with the same dilation factor. On a hypothetical
region where all three principal abnormalities are nonzero, analysis of these similarities
and the frame equations excludes ranks zero, one and two. For rank three, we bound
the dimension of the Zariski closure of the state image by two, using estimates for the
generic fibres of the projection onto the two abnormality ratios.

Real analyticity follows from neo-Hookean equilibrium. It selects a fixed principal
label whose orthogonal plane field is integrable throughout a neighbourhood, and permits
continuation of the classical deformations through critical points of the principal invariant
map and removable coordinate singularities. Kafadar’s theorem [11] and the earlier
classifications [16–18] then establish the completeness of the six classical families and
resolve the local form of Ericksen’s problem.
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1 Introduction
Ericksen [3] asked which deformations of a homogeneous incompressible isotropic elastic solid
can be maintained in equilibrium, without body forces, for every isotropic strain energy
function. These are the universal deformations. The pressure and surface tractions may
depend on the constitutive law. Material homogeneity means that this law is independent of
position. The classical examples also provide settings for constitutive experiments [24, 25].

Rivlin’s work on finite bending and torsion [21–23] preceded Ericksen’s systematic clas-
sification. For unconstrained compressible isotropic solids, Ericksen [4] proved that every
universal deformation is homogeneous. For incompressible solids, his earlier paper [3] gave
four inhomogeneous families in addition to the homogeneous family. Singh and Pipkin [26]
subsequently found the logarithmic cylindrical family, and Klingbeil and Shield [12] obtained
a plane special case. Fosdick [5] observed that a known cylindrical deformation has constant
principal invariants despite its inhomogeneity. The six classical families therefore include
deformations with constant principal stretches and a spatially varying deformation gradient.

Ericksen’s classification left two cases to be considered: repeated principal values and
constant principal invariants. The results of Marris and Shiau [16, 17] and Martin and
Carlson [18], together with Ericksen’s analysis, settle the classification on regular patches
where at least one principal invariant varies. Kafadar [11] treated constant repeated principal
values. What remains is the case of three distinct constant principal stretches, with no
restriction on their principal directions.

Fixing the stretches leaves the principal frame free to vary in space. Kafadar [11] proved
that a deformation in this remaining case is homogeneous or logarithmic cylindrical if one
principal direction is normal to a local family of surfaces. The condition is equivalent to the
vanishing of one of the abnormalities of the principal frame. The missing step is therefore to
show that the universal equilibrium and compatibility equations force one of the principal
abnormalities to vanish.

Marris [14] studied these equations through the curvatures and abnormalities of the
principal frame. He excluded additional solutions when two abnormalities are constant. His
1982 paper [15, Main Theorems 1 and 2] established a homogeneous polynomial relation
among the principal value ratios and the frame curvatures and abnormalities, and ruled out
additional solutions when the abnormality ratios are constant. The concluding discussion
[15, pp. 171–172] isolates the difficulty of obtaining independent differential restrictions in
the presence of common polynomial factors.

Other reductions imposed a particular deformation geometry: plane deformations with
uniform transverse stretch in Fosdick and Schuler [7], radial symmetry in Fosdick [6], and
finite anti-plane shear in Knowles [13]. Hill and Arrigo [10] later reduced a constant invariant
problem to coupled nonlinear partial differential equations. An account of these questions
within the theory of universal solutions and relations is given by Saccomandi [25].

More recent work has considered anelasticity [9, 31], anisotropy [32], and material inho-
mogeneity [28, 33]. Goodbrake, Yavari and Goriely [9] formulated the problem geometrically
and identified the Lie subgroup symmetries of the six known families. The universal defor-
mations of isotropic Cauchy elasticity and hyperelasticity were shown to coincide by Yavari
[29]. Related studies concern implicit constitutive equations [34], the geometry of nonlinear
Cauchy elasticity [35], and residual stress [30, 36]. Motaghian and Yavari [20] extended the
equivalence of universality constraints to transversely isotropic, orthotropic and monoclinic
Cauchy elastic solids.

We prove that every C3 universal deformation with three distinct constant principal
stretches has, near each point, a fixed principal direction normal to a family of surfaces
(Theorem 2.1). Kafadar’s theorem [11] then gives the homogeneous and logarithmic cylin-
drical families. Combined with the earlier classifications [3, 16–18], this establishes the local
C3 classification into the six classical families (Theorem 2.2).
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The proof starts from the principal frame equations [14, 15]. We adjoin the derivatives
needed to close these equations and use their weighted homogeneity to remove the length
scale. This gives a normalized state map on a hypothetical region where all three abnormal-
ities are nonzero. Its fibres determine common local Euclidean similarities of the reference
and current configurations, with the same dilation factor (Proposition 3.4). Ranks zero
and one yield at least two independent infinitesimal similarities; rank two yields one. Their
classification and the frame equations exclude all three ranks.

At rank three, the normalized state distinguishes nearby points. We estimate the dimen-
sion of its Zariski closure by projection onto the two abnormality ratios. Their image cannot
be a point. Over the whole ratio plane the generic fibre is finite; over a ratio curve it has
dimension at most one. In either case the state image has dimension at most two (Theo-
rem 8.1), contradicting rank three. The fibre estimates use a weighted projective completion.
Normal compatibility equations exclude a boundary point when every incident arc is forced
to remain at infinity. On the remaining boundary family, the induced differential equations
have no algebraic solutions.

Equilibrium for a neo-Hookean material gives a properly elliptic system, so analytic in-
terior regularity [19, Theorem 6.8.1] applies to the C3 deformation. Analyticity selects a
fixed principal label with an integrable orthogonal plane field throughout a neighbourhood.
It also continues the classical models through critical points of the principal invariant map
and removable coordinate singularities (Proposition 9.6). This includes their regular Carte-
sian continuations. Direct equilibrium calculations for arbitrary strain energies prove the
converse.

Organization of the paper. Section 2 states the main results, records the six classical
models, and derives the geometric equations. Section 3 constructs the normalized state map
and identifies its fibres with common similarities. Section 4 excludes ranks zero and one;
Sections 5–7 exclude rank two. Section 8 proves the algebraic dimension bound, and Sec-
tion 9 completes the classification, continuation and converse arguments. Section 10 discusses
global realizations and the classification of material preferred directions. Appendices A–E
contain the supporting geometric and algebraic arguments. The polynomial coefficient ma-
trix for the linear equations is given in Supplement S8.

2 Universal deformations and the geometric equations

2.1 Universal deformations and the main results

Let Ω ⊂ R3 be a Euclidean domain and let χ : Ω → R3 be an orientation preserving C3 local
diffeomorphism. Write

F = Dχ, detF = 1, B = FF⊤, c = B−1, I1 = trB, I2 = tr c. (2.1)

Let g denote the spatial Euclidean metric and volg its oriented volume form. Here B is the
left Cauchy–Green tensor and c is the spatial metric induced by the inverse deformation,
called the Cauchy deformation tensor in [11]. Spatial tensors are defined on each local
inverse chart. Their invariants are pulled back to Ω when a statement concerns a connected
reference domain. The principal values of B are its eigenvalues and are the squares of the
principal stretches. Marris and Shiau use the term “proper values” for eigenvalues [16]. The
principal values of c are their reciprocals. Positivity, constancy and pairwise distinctness are
equivalent for these two triples of values and for the principal stretches.

The deformation is universal if, for every sufficiently smooth strain energy W (I1, I2),
there is a local pressure pW such that

TW = −pW I + 2W1B − 2W2c, divTW = 0. (2.2)
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Body forces are absent. The pressure and the required surface traction may depend on W .
Here Wi = ∂W/∂Ii, and all derivatives in (2.2) are spatial.

Following the principal frame formulation in [14, 15], choose on a chart with distinct
principal values an oriented orthonormal principal frame (e1, e2, e3) with dual coframe
(α1, α2, α3). Write hi = ei · curl ei for the abnormality of ei [14, p. 112]. The identity
αi ∧ dαi = hi volg shows that hi = 0 precisely when the two dimensional plane field
orthogonal to ei is integrable. Equivalently, ei is normal to a local family of surfaces. All
references to integrability below concern this plane field.

Theorem 2.1 (A principal direction normal to surfaces). Let a C3 local universal defor-
mation have constant, positive, pairwise distinct principal values. Every spatial point has a
connected ball neighbourhood on which a fixed principal label i satisfies

hi ≡ 0.

Equivalently, that principal direction is normal to a local family of surfaces.

This theorem supplies Kafadar’s geometric hypothesis. Its proof occupies Sections 2–8
and is concluded in Section 9. Together with the classical classifications it gives the following
theorem. Here F0 denotes the homogeneous family and F5 the logarithmic cylindrical family.
All six models are defined in the next subsection.

Theorem 2.2 (Local classification). Every C3, orientation preserving, incompressible local
universal deformation in three dimensions is locally one of F0, . . . ,F5 with the parameter
restrictions in Section 2.2, including their regular Cartesian continuations. Conversely, each
listed model is locally universal wherever it is a regular deformation.

2.2 The classical deformations

The models F0, . . . ,F4 are those of Ericksen [3]. The logarithmic cylindrical model F5 is
due to Singh and Pipkin [26]; Klingbeil and Shield [12] obtained a plane special case. We
use the conventional mechanical descriptions in [33, §1]. Uppercase cylindrical coordinates
(R,Θ, Z) refer to the reference configuration, and lowercase coordinates (r, θ, z) to the current
configuration. Angles are local coordinates on a sector. Fixed Euclidean coordinate changes
and additive coordinate constants are understood. The parameter restrictions below impose
the signed Jacobian detDχ = 1.

F0. Homogeneous deformations:

χ(X) = LX + b0, L ∈ SL(3,R). (2.3)

F1. Bending, stretching and shearing of a rectangular block:

r2 = 2αX + d, θ = βY + θ0, z = (αβ)−1Z + γY + z0, αβ ̸= 0. (2.4)

The displayed cylindrical chart requires r > 0.

F2. Straightening, stretching and shearing of a sector of a cylindrical shell:

x = α
2R

2 + x0, y = βΘ + y0,

z = (αβ)−1Z + γΘ + z0, αβ ̸= 0, R > 0.
(2.5)

F3. Inflation, bending, torsion, extension and shearing of an annular wedge:

r2 = AR2 +B0, θ = kΘ + δZ + θ0,

z = κΘ + γZ + z0, A(kγ − δκ) = 1,
R, r > 0. (2.6)

All parameters in this model are constants; A is its radial coefficient.
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F4. Inflation and inversion of a spherical shell, including reversal of the radial direction with
the compensating angular orientation:

χ(P +Rn) = Q0 + r(R)Qn, r3 = εR3 +B0,

ε = detQ, Q ∈ O(3), |n| = 1.
(2.7)

Both radii are positive in this expression.

F5. Inflation, bending, extension and azimuthal shearing of an annular wedge, with constant
invariants (the logarithmic cylindrical family):

r = αR, θ = β logR+ kΘ + θ0,

z = γZ + z0, α > 0, α2kγ = 1, R > 0.
(2.8)

Its plane deformation gradient in orthonormal cylindrical bases has the constant block
α
(

1 0
β k

)
. Consequently the principal stretches are constant although the Cartesian

gradient usually is not. Either planar value may coincide with the axial value.

The families overlap at special parameters. At an interior axis or centre, a model means
its regular Cartesian continuation when one exists. The continuations are described in Sec-
tion 9.5.

The remainder of this section develops the geometric equations needed to prove Theo-
rem 2.1. The principal values are fixed, while the principal frame may vary.

2.3 Equilibrium for constant principal values

When the principal invariants are constant, W1,W2 are spatial constants. Taking W = I1/2
and W = I2/2 gives the necessary conditions

d(divB)♭ = d(div c)♭ = 0. (2.9)

Conversely, linear combinations of the local pressure potentials in (2.9) give equilibrium for
every strain energy W . Thus these conditions are also sufficient. The inverse deformation
f = χ−1 satisfies c = f∗gref . Conversely, a positive flat metric c of determinant one has
an orientation preserving local Euclidean development f , with detDf = 1. Thus the local
problem with constant invariants is

c > 0, det c = 1, specg c constant, Riem(c) = 0, (2.9). (2.10)

Flatness is a compatibility equation independent of the two pressure equations.

2.4 Interior analyticity

Universality includes equilibrium for the neo-Hookean energy. The following interior regu-
larity result therefore applies.

Lemma 2.3. Every C3 incompressible local diffeomorphism in equilibrium for the neo-
Hookean energy is real analytic. In particular, a C3 universal deformation and each of
its local inverses are real analytic.

Proof. Use reference Cartesian coordinates XA, put Aχ = cof F , and select the energy
W (F ) = |F |2/2. The spatial pressure pW has pullback pW ◦ χ to the reference domain.
The Piola identity gives

∆χi = (Aχ)iA∂A(pW ◦ χ), detF = 1, ∇(pW ◦ χ) = F⊤∆χ. (2.11)
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Since χ ∈ C3, the last expression is C1 and pW ◦ χ is C2. Applying the reference Laplacian
to detF = 1 and substituting the first equation gives

(A⊤
χ Aχ)AB∂AB(pW ◦χ)+(Aχ)iA(∂A(Aχ)iB)∂B(pW ◦χ)+

∑
C

D2 det(F )[∂CF, ∂CF ] = 0. (2.12)

The three equations for χ and (2.12) form a second-order nonlinear analytic system for
χ, pW ◦ χ, with coefficients polynomial in their first and second derivatives.

The principal symbol of its linearization has the triangular form

L(ξ) =
(

|ξ|2I3 0
K(ξ) ξ⊤A⊤

χ Aχξ

)
, detL(ξ) = |ξ|6|Aχξ|2 > 0 (ξ ̸= 0).

The row K consists of the second-order variations of χ in the pressure equation. For in-
dependent real ξ, η, each of the positive quadratic factors in detL(ξ + zη) has one root in
each half-plane. Counting multiplicity gives four roots in each half-plane, so the system
is properly elliptic. Take equation weights zero and unknown weights two. The solution
(χ, pW ◦ χ) is C2, and the equations are polynomial in its derivatives. Morrey’s interior reg-
ularity theorem [19, Theorem 6.8.1, pp. 277–278] first gives smoothness and, in its analytic
case, real analyticity of χ, pW ◦ χ. The analytic inverse function theorem makes each local
inverse analytic, and composition with it gives analyticity of the spatial pressure pW .

On the reference domain the invariants are represented by |F |2 and |Aχ|2, so they are
analytic. On a connected domain, constancy on a nonempty open subset extends to the
whole domain by the analytic identity theorem.

2.5 The equations in a principal frame

We use the principal frame formulation of Marris [14, 15]. We now restrict to constant,
positive, pairwise distinct principal values. Normalize the eigenvalues of B by a common
constant factor to (1, a, b), where

a, b > 0, (a− 1)(b− 1)(a− b) ̸= 0. (2.13)

The physical eigenvalues of B, with product one, are (ab)−1/3(1, a, b). Constant rescaling
does not affect flatness or closedness of tensor divergence, so the metric weight vectors are
(1, 1, 1) and (1, 1/a, 1/b). Write λi for the principal values of the physical metric c = B−1;
thus

(λ1, λ2, λ3) = (ab)1/3(1, a−1, b−1), c =
∑

i

λiα
2
i .

All orderings of the principal values are allowed. The parameters a, b are fixed ratios of
principal values.

Choose the oriented principal frame and its dual coframe as in Section 2.1, and put
Pi = ei ⊗ ei. Define the frame coefficients and directional derivatives by

pij = ej · curl ei, hi = pii, Di = ei · ∇. (2.14)

The matrix whose rows are (1, 1, 1), (1, a, b) and (1, 1/a, 1/b) is invertible on (2.13). Since∑
Pi = I, the two pressure equations are equivalent to

divPi = ∇ϕi,
∑

i

ϕi = 0. (2.15)

Indeed, its determinant is a nonzero Vandermonde factor divided by ab. For a unit vector
field e,

div(e⊗ e) = (div e)e− e× curl e.

10



Its component perpendicular to ei therefore gives

curl ei = hiei + ei × ∇ϕi, ϑi = eϕiαi,

κi = e2ϕihi, dϑi = κiϑj ∧ ϑk

(2.16)

for cyclic (i, j, k), with αi ∧ dαi = hi volg.
To combine the pressure equations with flatness, we express both systems in the same

principal frame [15]. Let ϵijk be the alternating symbol. The structure coefficients and the
Levi–Civita connection of a constant diagonal frame metric of weights w are

Ck
ij = −

∑
ℓ

ϵijℓpkℓ, Γk
ij(w) =

wkC
k
ij − wiC

i
jk + wjC

j
ki

2wk
. (2.17)

With the first lower index indicating differentiation, the curvature is

Rℓ
kij(w) = DiΓℓ

jk −DjΓℓ
ik +

∑
m

(Γm
jkΓℓ

im − Γm
ikΓℓ

jm − Cm
ij Γℓ

mk). (2.18)

For w constant define

Ai(w) = (wi − wj)pjk − (wi − wk)pkj ((i, j, k) cyclic).

These are the frame components of div(
∑
wiPi), and its curl components are

DjAk(w) −DkAj(w) +
∑

ℓ

Aℓ(w)pℓi. (2.19)

2.6 Finite closure of the frame equations

The curvature expressions (2.18) and the pressure expressions (2.19) are linear in the first
derivatives of pij , with quadratic terms in the coefficients themselves. Their combined lin-
ear system therefore determines which derivatives must be retained as independent state
coordinates. Commutator identities then determine the additional derivatives needed for
closure.

The curvature and pressure equations determine the derivatives of the nine frame coeffi-
cients up to six functions. Two prolongations determine their further derivatives up to two
additional functions. The resulting system has seventeen coordinates. The construction and
residual equations are given in Appendix A.2.

The six first derivative coordinates are

(τ0, τ1, τ2, τ3, τ4, τ5) = (D2p23, D3p13, D3p22, D3p23, D3p31, D3p32). (2.20)

The two remaining coordinates are u0 = D3τ0 and u1 = D3τ2. The state is

S = (p11, p12, p13, p21, p22, p23, p31, p32, p33, τ0, . . . , τ5, u0, u1). (2.21)

We write p = (pij), τ = (τ0, . . . , τ5)⊤ and u = (u0, u1)⊤ for the three coordinate blocks,
with the matrix entries ordered by rows as in (2.21).

The corresponding coordinate components of its three fields are denoted by Qprs
i , Qτr

i

and Qur
i . They are the rational functions defined by the three successive linear systems in

the appendix. The denominators are powers of

Pmat = ab(a− 1)(b− 1)(a− b). (2.22)

They are nonzero throughout the principal value domain (2.13).
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Proposition 2.4 (Finite differential system). Every solution of (2.10) satisfies DiS = Qi(S).
With coordinate weights (d1, . . . , d17) = (19, 26, 32), the component Qℓ

i has weight dℓ +1. The
three cubic residuals, the twenty-one quartic residuals and the bracket defects, together with
all their iterated derivatives under the Qi, vanish on every solution.

Proof. The first linear system is obtained from the two curvature tensors and the two pressure
equations. The next two systems impose the commutator identities for the frame coefficients
and the six coordinates τr. Their determinants are nonzero on (2.13); see (A.4), (A.6) and
(A.7). Substitution into the unselected rows gives the stated residuals. Their weights follow
from the curvature equations and the fact that directional differentiation increases weight
by one.

Thus the state at one point, together with an initial principal frame, determines its
evolution along each principal curve by an ordinary differential equation. Agreement between
these evolutions in different directions is imposed by the residual equations and the bracket
identities.

For a nonzero signed length scale ℓ, write

S[ℓ] = (ℓp, ℓ2τ , ℓ3u). (2.23)

Its coordinates are denoted by p[ℓ]
ij , τ [ℓ]

r and u
[ℓ]
r . Coordinates without a superscript refer to

the unscaled state.
Let Iraw be the ideal in Q[a, b, P−1

mat][S] generated by the cubic and quartic residuals, the
components of

Bij = Qi(Qj) − Qj(Qi) −
∑

k

Ck
ijQk, (2.24)

and all their iterated derivatives under Qi. Thus QiIraw ⊂ Iraw. The coefficient ring is
Noetherian, so this ideal has a finite generating family.

2.7 Reconstruction and linearization

Proposition 2.5. Fix an admissible triple of principal values. Suppose a local real state
set is invariant under the local flows of the three fields Qi. On it, suppose the curvature
expressions (2.18) vanish for w = (1, 1, 1) and w = (1, 1/a, 1/b), the pressure expressions
(2.19) vanish for w = (1, 1/a, 1/b) and w = (1, a, b), and the bracket defects (2.24) vanish.
Then each point of that set has a local frame realization and a corresponding incompressible
universal deformation. It suffices that the state set be the real zero set of a finitely generated
ideal preserved by all three derivations and containing these relations.

Proof. Write Γi(S) = (Γk
ij(1, 1, 1))k,j , so Γi ∈ so(3), and set Γ(v, S) =

∑
i viΓi(S). Let

E ∈ SO(3) be the matrix whose columns are the principal vectors in Cartesian coordinates.
On the ambient space R17 × SO(3) define

Li = Qi + (E 7→ EΓi), La =
∑

i

EaiLi.

The bracket identities and Euclidean flatness give [Li, Lj ] =
∑
Ck

ijLk. The torsion-free and
metric compatibility identities

Γk
ij − Γk

ji = Ck
ij , Γk

ij = −Γj
ik

then give [La,Lb] = 0 along the invariant state set by direct expansion. Composing their am-
bient flows from a point of this set with parameters xa yields S(x),E(x) and ei =

∑
a Eai∂xa .

Since
∑

a EaiLa = Li, one has DiS = Qi and DiE = EΓi. Its coframe satisfies ∗dαi =∑
j pijαj , as required.
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The second metric is positive and flat, and hence develops locally into Euclidean space.
Restoring the constant determinant normalization gives the required inverse deformation;
(2.9) supplies the pressure for every energy.

For the ideal formulation, let q be a finite vector of generators. Differential preservation
gives Qiq = Ai(S)q. Along each flow, q solves a homogeneous linear ordinary differential
equation, so its zero set is invariant. The lifted flows preserve this zero set, where the
Cartesian fields La commute by the same bracket identity.

Lemma 2.6 (Linearized reconstruction). At a state of a solution, tangent vectors annihi-
lating the differentials of Iraw correspond to germs satisfying the linearized frame equations
and the equations for the two metrics, with initial frames and development origins fixed. At
order m, states satisfying Iraw modulo ϵm+1 correspond to formal frame realizations over
R[ϵ]/(ϵm+1).

Proof. For first order work over R[ϵ]/(ϵ2). A state S + ϵv annihilates every generator of Iraw
precisely when the relations vanish at S and their differentials annihilate v. The lift and
Cartesian combinations in the proof of Proposition 2.5 are algebraic operations on the state,
frame, and their derivatives. The torsion, curvature, and bracket identities consequently
make those Cartesian fields commute also modulo ϵ2. Their flows are constructed by solving
the ordinary real flow and its inhomogeneous linear variational equations. Commutation
supplies compatibility in all physical directions and therefore a germ of a linearized frame
realization. Developing the second flat metric gives the linearized deformation. Conversely,
differentiating a germ of the original equations annihilates every relation in Iraw. Initial
translations and rotations are the development gauges. Replacing ϵ2 by ϵm+1 and solving
successive linear variational equations proves the order-m statement.

3 Normalized states and common similarities
On a solution with h1h2h3 ̸= 0, weighted homogeneity removes one scale and the residual
equations determine five further coordinates of S. The resulting eleven coordinates define
the normalized state map X.

3.1 The normalized state

Put
∆a = a(b− 1), ∆b = b(a− 1), ∆ab = a− b.

The cubic residuals in Appendix B.1 are linear in the coordinates τr.
Define

µ1 = ∆ab

(
h3
∆b

− h2
∆a

)
, µ2 = h1 − ∆abh3

∆b
, µ3 = −h1 − ∆abh2

∆a
. (3.1)

In the cubic coefficient matrix, the columns belonging to (τ4, τ5, τ0) are respectively
(µ1, 0, 0)⊤, (0, µ2, 0)⊤, (0, 0, µ3)⊤. Consequently these three coordinates have a unique
rational reconstruction wherever µ1µ2µ3 ̸= 0.

The remaining two coordinates are recovered by the combined left inverse (B.4). Its
product with the coefficient matrix is 7∆bh1h2 Id2, where Id2 is the two by two identity
matrix. The construction is given in Appendix B.1.

Normalize the state coordinates by their weights. Write p̂ij = pij/h1, τ̂j = τj/h
2
1, and

ûj = uj/h
3
1, and put ĥi = hi/h1. Thus p̂ii = ĥi and p̂11 = ĥ1 = 1. The normalized coefficient

matrix is p̂ = (p̂ij). The retained coordinate map is

X = (p̂12, p̂13, p̂21, p̂22, p̂23, p̂31, p̂32, p̂33, τ̂1, τ̂2, τ̂3) . (3.2)

13



These are eight normalized frame coefficients and the three retained derivative coordinates
τ̂1, τ̂2, τ̂3. The map itself is smooth wherever h1 ̸= 0. On the domain

h1h2h3µ1µ2µ3 ̸= 0 (3.3)

the preceding triangular reconstruction defines all normalized coordinates Ŝℓ = Sℓ/h
dℓ
1 as

rational functions of X. The spatial scale is h1.
Let Ei = Di/h1 and define

si(X) = Qp11
i (Ŝ(X)).

For each retained coordinate Ŝℓ in (3.2), the corresponding component of Vi is

Qℓ
i(Ŝ(X)) − dℓŜℓ(X)si(X). (3.4)

Weighted homogeneity gives, on every solution,

EiX = Vi(X), Ei log |h1| = si(X), [Ei, Ej ] =
∑

k

C̃k
ij(X)Ek, (3.5)

where C̃k
ij = Ck

ij/h1 − siδjk + sjδik.
Figure 1 shows these coordinate maps. The isometry states in Section 6 augment S with

prescribed motion data. The rank three reduction in Section 8 uses an invertible rational
change of the retained coordinates.

Unnormalized state S
(pij , τj , uj)

9 + 6 + 2 = 17 coordinates

Full state Ŝ
p̂11 = 1

16 normalized coordinates

Retained state X
Frame and derivative data

8 + 3 = 11 coordinates

h1 ̸= 0 Eliminate

p̂ij = pij/h1, τ̂j = τj/h2
1, ûj = uj/h3

1

Reconstructed from X
τ̂4, τ̂5, τ̂0
û0, û1

Rank three coordinates
(η, ζ, p̂ij , Ri)

Invertible rational change

h1h2h3µ1µ2µ3 ̸= 0

Augmented state U
Unnormalized state plus
Killing and angular data

Figure 1: The state coordinates under weighted normalization, reconstruction and the ratio-
nal change in Section 8. The augmented state U incorporates Killing and angular data.

3.2 Nonconstancy of the ratios

The frame equations imply that the two ratios of abnormalities cannot both be constant.

Lemma 3.1. For principal values satisfying (2.13), a solution on an open set with
h1h2h3 ̸= 0 cannot have both ĥ2 and ĥ3 constant.
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Proof. Use the normalized abnormalities ĥ2, ĥ3. Put αij = 1 − λj/λi. The first derivative
equations give

Dihi = −2hi div ei, div ei = pjk − pkj .

Constant ratios then imply Dihj = −2hj div ei for every pair i, j. Substitution into the
transverse diagonal-derivative equations yields

p13 = R1p31, p21 = R2p12, p32 = R3p23,

where

R1 = − α21

α23ĥ3
, R2 = −α32ĥ2

α31
, R3 = −α13ĥ3

α12ĥ2
, R1R2R3 = 1.

For example, if u denotes the free transverse derivative, the equations D2h3 = u−2p31h3 and
D2h1 = 2p13h1 +(α23/α21)u give the first relation. The other two follow by cyclic relabeling.

Differentiate the three undivided opposite-pair relations in directions D2, D3, D1, respec-
tively, and insert (A.3). After division by h2

1 the coefficients of (p̂2
31, p̂

2
12, p̂

2
23) form

R1(R1 + 1) −α31
α21

R2 −α13
α23

R1R3

−α21
α31

R1R2 R2(R2 + 1) −α12
α32

R3

−α23
α13

R1 −α32
α12

R2R3 R3(R3 + 1)

 .

The remaining term depends only on the fixed principal values and ĥ2, ĥ3. The two identities
R1R2R3 = 1 and

α12α23α31
α21α32α13

= −1

reduce its determinant to

(1 +R1)(1 +R2)(1 +R3) + 2 −R3(1 +R1) −R1(1 +R2) −R2(1 +R3) = 4.

All three squares are therefore constant. Real continuity makes p̂31, p̂12, p̂23 constant. Hence
p = h1M for a constant real matrix M .

Put vi = −2(Mjk −Mkj), σ =
∑

i v
2
i , and u = 1/h1. Then

|∇u|2 = σ, ∆u = σ

2u. (3.6)

If K = Hessu and V = ∇u, differentiating the first identity gives KV = 0 and ∇V K = −K2.
Taking traces and differentiating again yields

trK2 = σ2

2u2 , trK3 = σ3

2u3 .

For σ > 0, one eigenvalue is zero. If the remaining two are l,m, then

l +m = σ

2u, lm = − σ2

8u2 , l3 +m3 = 5σ3

16u3 ,

contradicting the preceding cube trace. Thus σ = 0 and h1 is constant.
The constant matrix p = N is symmetric since each div ei = 0. Its Euclidean Ricci

tensor, obtained directly from (2.17), is

2N2 − (trN)N +
(

(trN)2

2 − trN2
)
I.
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Diagonalizing the real symmetric N shows that flatness permits only N = 0 or N = k(I −
n⊗ n), with n having constant unit components in the principal frame. Indeed, if ℓi are the
eigenvalues of N , their equations are ℓ2i = (ℓj − ℓk)2, whose real solutions are (0, k, k) and
their permutations. In the latter case

Ui := divPi = kni(ei × n), curlUi = NUi = kUi.

The first equality uses div ei = 0; the second uses constant frame components and Ui ⊥ n.
Projector universality implies ni(ei ×n) = 0 for every i. Some ni is nonzero, making n = ±ei

and hi = 0, a contradiction. The case N = 0 is immediate.

3.3 Density of the normalization domain

Lemma 3.2. On any solution chart with h1h2h3 ̸= 0, each set {µi = 0} has empty interior.
Consequently the domain (3.3) is open and dense.

Proof. For µ1 = 0, differentiate h3 − (∆b/∆a)h2 = 0 in the original frame equations. On a
nonempty subdomain the resulting algebraic relations reduce to two cubics in R = (p12/h2)2.
The reduction and its cases are given in Appendix B.3. The short combination (B.11) and
its three Laurent roots at infinity show that their resultant is a nonzero polynomial in
z = h1/h2 = ĥ−1

2 ; see (B.14). Thus z is locally constant, contrary to Lemma 3.1. In the
parametrization d = 1 − ∆b/∆a = (b− a)/[a(b− 1)], the exceptional principal value relation
is ad − a − 1 = 0. At that value the same combination is strictly positive and yields the
contradiction directly. Cyclic relabeling proves the assertion for µ2 and µ3. The three zero
sets are closed with empty interior, so their complement is open and dense.

3.4 Propagation of the state rank

The rank of the normalized state map is

ρ = rank dX ∈ {0, 1, 2, 3} (3.7)

Lemma 3.2 gives connected charts satisfying (3.3) in every open region with h1h2h3 ̸= 0. On
each such chart the normalized equations propagate the rank.

Theorem 3.3. The rank ρ = rank dX is constant on every connected solution chart satisfying
(3.3), and belongs to {0, 1, 2, 3}.

Proof. Let A = [V1(X),V2(X),V3(X)]. Since Ei is a physical frame, this matrix has rank
rank dX. Applying the bracket identity in (3.5) to X gives

EjA = (DVj)(X)A + A Cj , (Cj)ki = C̃k
ji(X).

Along an Ej curve this is a left–right linear matrix equation. Its solution is A (t) =
L(t)A (0)R(t), where

L′ = (DVj)(X(t))L, R′ = RCj(X(t)), L(0) = I, R(0) = I.

Both fundamental matrices are invertible, so the rank is unchanged. Compositions of the
three short frame flows reach a neighborhood of each point; the inverse function theorem
applies because their three initial velocities form a basis. Hence the rank is locally constant,
and connectedness proves the assertion.
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3.5 The similarities determined by the fibres

The constant rank theorem gives fibres of dimension 3 − ρ. The equations (3.5) give these
fibres a further geometric meaning: points with the same state have the same normalized
frame equations, so their frames can be identified by local transformations. Since both flat
metrics are recovered from that frame with the same scale factor, these transformations act
as common Euclidean similarities.

Proposition 3.4. If a solution chart satisfying (3.3) has constant state rank ρ, its normalized
frame has a local symmetry algebra of dimension 3 − ρ. Every such symmetry is a common
Euclidean similarity of the two flat metrics, with the same constant dilation factor.

Proof. On the local fiber product {(x, y) : X(x) = X(y)}, the fields (Ei(x), Ei(y)) are tangent,
by (3.5). Their brackets close because both sides have the same C̃k

ij(X). Frobenius leaves
project diffeomorphically to each factor: their projections are the frame Ei. Their graphs
therefore give local diffeomorphisms preserving X and all Ei, with initial value freely chosen
in the (3 − ρ)-dimensional fibre of X. Composition and inversion preserve these conditions,
yielding a local transformation group.

Its infinitesimal fields satisfy ZX = 0, [Z,Ei] = 0. Such a field is determined by its value
at one point, by uniqueness along frame flows, so the group has exactly dimension 3 − ρ and
its orbits are the fibres of X. The coframe dual to Ei is α̂i = h1αi. Hence

g = h−2
1
∑

i

α̂2
i , c = h−2

1
∑

i

λiα̂
2
i . (3.8)

The symmetry preserves α̂i, and

Ei(Z log |h1|) = Zsi(X) = 0.

Thus kZ = Z log |h1| is constant and LZg = −2kZg, LZc = −2kZc. In either Euclidean
development the homothety equation, differentiated once and combined with its cyclic per-
mutations, gives ∂i∂jZk = 0. Consequently Z(x) = σx+Ωx+t, with Ω⊤ = −Ω and σ = −kZ ,
the same in both configurations.

The rank now determines the available geometric information. Ranks zero and one
give at least two independent common similarity generators; rank two gives one. We use
these generators in Sections 4–7. Rank three gives discrete fibres and leads to the algebraic
dimension argument in Section 8. Figure 2 shows how these exclusions establish the geometric
hypothesis used in Section 9.

4 States of rank zero and one
The fibres of a state of rank one are surfaces. By Proposition 3.4, they are the orbits of
a two dimensional algebra of similarities common to the two flat metrics. We first classify
these algebras and then show that their orbit equations force an integrable principal plane
field. This will exclude ranks zero and one on the domain (3.3). In Euclidean developments,
write Ff = Df and Cf = F⊤

f Ff for the matrix of c.

4.1 Two dimensional algebras of common similarities

At a point of a rank one chart, evaluation identifies the common similarity algebra with the
tangent plane to the state fibre. Its two generators are therefore independent after the chart
is restricted. The two Euclidean developments realize the same Lie algebra, with the same
dilation character, and the developing map intertwines their actions.
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Hypothetical open set: h1h2h3 ̸= 0
Dense normalization chart: µ1µ2µ3 ̸= 0

ρ = rank dX is constant
Fibre dimension = induced similarity algebra dimension = 3 − ρ

ρ = 0: constant abnormality ratios
Contradiction from the frame equations

ρ = 1: two common generators
Four source types force some hi = 0

ρ = 2: one common generator
Isometry or dilation; rotation is allowed

Each possibility is excluded

ρ = 3: discrete fibres
Algebraic closure of the state image

has dimension at most two

h1h2h3 ≡ 0 =⇒ a fixed hi ≡ 0 by analyticity
A principal direction is normal to surfaces; Kafadar applies.

Figure 2: The four ranks of the normalized state map on a region with three nonzero ab-
normalities. Proposition 3.4 identifies the fibre dimension with the dimension of the induced
similarity algebra. Analyticity then selects one integrable principal plane field.
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Write D = x·∂x, Rz = −y∂x+x∂y, and Tz = ∂z. Up to a Euclidean change of coordinates
and a change of generators, the list is

⟨Tx, Ty⟩, ⟨Rz, Tz⟩, ⟨D + ωRz, Tz⟩, ⟨D,Rz⟩. (4.1)

The rotation projection of a two dimensional algebra has dimension at most one: two inde-
pendent rotation vectors have a cross product outside their plane. If its dilation character
vanishes, a nonabelian two dimensional isometry algebra would make a skew rotation act on
a translation line by a nonzero real eigenvalue, which is impossible. The algebra is abelian;
its rotational part is either zero, giving two translations, or one dimensional, giving a rota-
tion and an axial translation after removing the perpendicular center and subtracting the
axial translation.

If the dilation character is nonzero, its kernel is one dimensional. A kernel generator
with rotational part forces commutation in the rotational projection. Center the generator
with nonzero scale; its linear part is I + Ω, which is invertible over the reals. A commuting
kernel translation would solve (I+Ω)t = 0, so vanishes. This gives ⟨D,Rz⟩ after subtracting
a rotation. A translational kernel must be a real eigenline of I + Ω, hence lies on the
rotation axis, giving ⟨D+ ωRz, Tz⟩. The same classification applies in the second Euclidean
development with the common dilation character.

For the Killing types, the target algebra is abelian and consists of two translations or a
rotation and an axial translation. When the dilation character is nonzero, the Lie bracket
distinguishes the translation ideal from the commuting rotation ideal. The target algebra
has the corresponding type, with an independent angular rate.

4.2 Two common Killing fields

Lemma 4.1. If a two dimensional algebra of common similarities has zero dilation character,
at least one principal abnormality vanishes on a nonempty open subset.

Proof. There are two source orbit types in (4.1). For two translations, choose their orbit
planes to be z = constant. The distinct principal values imply that each labelled principal
projector is translation invariant, so Pi = Pi(z). Set qi = (Pi)zz and vi = ((Pi)xz, (Pi)yz).
The projector pressure equations and the orthogonality of the projectors give

v′′
i = 0, |vi|2 = qi(1 − qi), −vi · vj = qiqj =: Cij ,

∑
i

qi = 1. (4.2)

If all qi are positive, then q2
i = CijCik/Cjk and qi = q2

i + Cij + Cik show that qi is rational
in z. The monic equation q2

i − qi + |vi|2 = 0 makes it a polynomial of degree at most one.
Its quadratic coefficient gives (q′

i)2 + |v′
i|2 = 0. Consequently every Pi is constant. Here

Pi = (vi, qi)(vi, qi)⊤/qi.
If some qi vanishes on an interval, its principal direction lies in an orbit plane. If two

vanish, the remaining direction is axial. Otherwise the orbit metric has one fixed relative
eigenvalue λi and another eigenvalue m. Its flat Gauss equation gives (λi − m)2(θ′)2 = 0,
where θ is the angle of the horizontal principal direction. A nonconstant θ would force
m = λi and a constant mixing angle for the other two directions. Their affine off-diagonal
components would then have constant norm, and hence be constant, contrary to rotation.
Thus the horizontal principal direction is constant as well. These alternatives exhaust an
interval after restriction; in each case some hi vanishes.

For a rotation and an axial translation, use cylindrical coordinates (r, ϕ, z) with r > 0.
Write qi = (Pi)rr and (Ui, Vi) = ((Pi)rϕ, (Pi)rz) in the physical frame. The projector pressure
equations integrate to

Ui = βi,0 + βi,−2/r
2, Vi = βi,1r + βi,−1/r. (4.3)
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The coefficients are real constants. If all qi are positive, the same rational reconstruction and
monic equation make them Laurent polynomials. In q2

i −qi+U2
i +V 2

i = 0, an extreme nonzero
power in the squared terms has a positive sum of squares as coefficient. Thus all components
are constant and (4.3) gives Vi = 0, which would place all three principal directions in the
radial–azimuthal plane.

If the three qi are not simultaneously positive on any subinterval, one vanishes on a
subinterval. Restrict so that each remaining qj is either positive or identically zero, and
develop the cylindrical orbit metric into the target Euclidean space. The target orbits are
planar or cylindrical. The planar case gives an axial principal direction. In the cylindrical
case, constant volume makes the squared target radius affine in r2. The fixed orbit eigenvalue
then gives either an axial or azimuthal principal direction, or the relation Vj = κrUj for the
other two projectors. In the last alternative, their two-plane projection identity and (4.3)
force Uj = Vj = 0, contrary to qjqk > 0. The orbit metric calculation, including the case
in which its two relative eigenvalues coincide, is given in Appendix B.5. Every remaining
principal direction found above has hi = 0.

4.3 Two common similarities with nonzero scale

Lemma 4.2. If a two dimensional algebra of common similarities has nonzero dilation
character, at least one principal abnormality vanishes on a nonempty open subset.

Proof. Consider first the nonabelian algebra ⟨D+ωRz, ∂z⟩. Its translation ideal is preserved
by the developing map, and its target generators can be written as D+ ω̃RZ and κ∂Z , with
κ ̸= 0. Equivariance therefore gives

f(x, y, z) = (f⊥(x, y), κz + φ(x, y)). (4.4)

The planar Jacobian J⊥ = detDf⊥ is a nonzero constant. Both φ and φ̃ = φ ◦ f−1
⊥ are

harmonic. Indeed, divCf = F⊤
f ∆f because the trace is constant. Its axial component is

κ∆φ, independent of z, and closedness makes it constant. Equivariance gives (D+ωRz)φ =
φ, so [∆, D + ωRz] = 2∆ forces this constant to vanish. The inverse divergence identity
(B.21) gives the same conclusion for φ̃ in the target plane.

If φ is locally constant, the axial direction is principal. Otherwise take its harmonic
conjugate and use the resulting complex potential as a local coordinate. Equivariance makes
this potential a power of x + iy with exponent (1 + iω)−1. The two trace constraints and
constant planar Jacobian then give (B.22)–(B.23). For ω ̸= 0, equality of mixed derivatives
would give a finite relation between distinct complex exponentials with a nonzero extreme
coefficient. Their linear independence excludes this case. The identities and coefficient
comparison are derived in Appendix B.6. If ω = 0, the source height is affine and the target
height has constant gradient norm. Harmonicity and the Bochner identity make the latter
affine. Their constant gradients fix one row of Df⊥; its constant determinant and norm fix
the other row. Thus f is affine. The nonabelian type always has some hi = 0.

For the abelian algebra ⟨D,Rz⟩, centering the target homothety removes its translation
part. A commuting target Killing field is a nonzero rotation about the same axis. In spherical
source coordinates, the general equivariant map is

f = r
(
U(θ) cos Ψ, U(θ) sin Ψ, V (θ)

)
, Ψ = kϕ+ ω log r + ψ(θ), U > 0, (4.5)

where k ̸= 0. Constant volume gives

detFf = J = kU(U ′V − UV ′)
sin θ ̸= 0. (4.6)
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Set x = cos θ, N = U2 + V 2, y = V/
√

N and Ñ (y) = 1/N (x). The pressure equations for
Cf and C−1

f , together with (4.6), yield

(1 − x2)N ′′ − 2xN ′ + 6N = A0,

y′ = (J/k)N −3/2, Jk ̸= 0,
(1 − y2)Ñ ′′ − 2yÑ ′ + 6Ñ = B0, Ñ (y(x)) = N (x)−1,

(4.7)

with real constants A0, B0; the derivation is in Appendix B.8. Lemma B.1 gives either a
constant N or the quadratic alternative (B.35). In both cases, the remaining angular pressure
equation and the constant trace reduce (4.5) to the logarithmic cylindrical map (B.38); see
Appendix B.10. Its axial direction is principal, and the other two principal directions make
constant angles with the radial direction. Their abnormalities all vanish.

Theorem 4.3. A solution chart satisfying (3.3) has neither state rank zero nor state rank
one.

Proof. Theorem 3.3 makes the state rank constant. Rank zero makes ĥ2, ĥ3 constant, con-
trary to Lemma 3.1. At rank one, Proposition 3.4 gives a two dimensional common simi-
larity algebra. The list (4.1) is exhausted by Lemmas 4.1 and 4.2, both of which contradict
h1h2h3 ̸= 0.

Thus a positive dimensional state fibre on (3.3) has dimension one, and its symmetry
algebra is generated by a single common similarity. The next three sections exclude this
rank two case.

5 Similarity reduction
At rank two, the state fibres are the orbits of one common similarity. Its Euclidean repre-
sentations determine the deformation along each orbit, leaving data on a transverse surface.
We derive the equations for these data and the normal forms used in Sections 6 and 7.

5.1 The common generator

Proposition 5.1 (One common similarity). If rank dX = 2, there is locally a one dimen-
sional Lie algebra of vector fields Z satisfying

[Z,Ei] = 0, ZX = 0. (5.1)

Evaluation identifies this algebra with ker dX. A nonzero generator is nowhere zero on a
sufficiently small chart and is a homothety of both metrics with the same constant factor.

Proof. Apply Proposition 3.4 with ρ = 2. The evaluation isomorphism makes a nonzero
generator nowhere zero after restriction. If k = Z log |h1|, the common homothety equations
are

LZg = −2kg, LZc = −2kc. (5.2)
Thus the two homothety factors agree.

In the two Euclidean developments, the representations Zs, Zt are intertwined by f :

Df(x)Zs(x) = Zt(f(x)). (5.3)

Differentiating the Euclidean homothety equation ∂iZj + ∂jZi = 2σδij and taking cyclic
permutations gives ∂i∂jZk = 0. Hence

Zs(x) = σsx+ Ωsx+ ts, Zt(y) = σty + Ωty + tt,

Ω⊤
s = −Ωs, Ω⊤

t = −Ωt.
(5.4)
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The fixed trace gives
0 = Z tr(g−1Cf ) = 2(σt − σs) tr(g−1Cf ), (5.5)

so σs = σt. The common orbit parameter therefore fixes the relative speeds of the two affine
fields.

For the transverse equations, write the fixed invariants as

I1 = trCf , I2 = tr adjCf , J = detDf.

In physical incompressible coordinates (I1, I2, J) = (I2, I1, 1). A constant metric normaliza-
tion may give a different nonzero signed Jacobian J in a developing chart.

5.2 Equilibrium under inversion

Exchanging the Euclidean developments replaces f by its inverse and the principal values
by their reciprocals. The following lemma shows that the same interchange preserves the
hypotheses of the classification.

Lemma 5.2 (Local inverse equivalence). Let f be a local diffeomorphism whose matrix Cf

has constant, positive, pairwise distinct principal values. The closedness conditions

d(divCf )♭ = 0, d(divC−1
f )♭ = 0 (5.6)

hold if and only if they hold for f−1. Each labelled projector pressure is transported as the
same scalar function, and each labelled principal abnormality has the same zero set in the
two configurations.

Proof. Put Ff−1 = D(f−1) and Cf = F⊤
f−1Ff−1 . Since the traces and Jacobian are constant,

differentiation gives
divxCf = F⊤

f ∆xf,

divxC
−1
f = (∆yf

−1) ◦ f,

divy Cf = F⊤
f−1∆yf

−1,

divy Cf
−1 = (∆xf) ◦ f−1.

(5.7)

The first identity follows by differentiating (Cf )ij =
∑

a(Ff )ai(Ff )aj and commuting mixed
derivatives. For the second, write (C−1

f )ij =
∑

a(Ff−1)ia(Ff−1)ja at f(x) and use the chain
rule. Differentiation of the two factors gives ∆y(f−1)i and −(C−1

f ∇x log |J |)i, respectively;
the latter vanishes. The last two identities follow by interchanging f and f−1.

On a simply connected chart, choose pressure potentials divCf = ∇pCf
and divC−1

f =
∇pC−1

f
. Equation (5.7) yields

divy Cf = ∇y(pC−1
f

◦ f−1), divy Cf
−1 = ∇y(pCf

◦ f−1). (5.8)

The same argument applied to the inverse proves equivalence.
Write Cf =

∑
i λiPi and divPi = ∇ϕi, with

∑
i ϕi = 0. The inverse projectors P i

have principal values λ−1
i . The coefficient matrix with rows (1, 1, 1), (λ1, λ2, λ3) and

(λ−1
1 , λ−1

2 , λ−1
3 ) is invertible. Thus (5.8) and div

∑
i P i = 0 imply

divy P i = ∇y(ϕi ◦ f−1). (5.9)

For unit principal vectors, put ei = Ffei/
√
λi. Then f∗αi =

√
λiαi, and hence

f∗(αi ∧ dαi) = λiαi ∧ dαi, hi ◦ f = λi

J
hi. (5.10)

This preserves the zero sets for either sign of J .
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5.3 Normal forms of the generator pair

When the common scale is zero, each generator is a Euclidean Killing field. In cylindrical
coordinates, its three normal forms are

T translation : p ∂z, p ̸= 0,
R rotation : ω ∂θ, ω ̸= 0,
S screw motion : ω ∂θ + p ∂z, ωp ̸= 0.

(5.11)

A pair lists the source generator first and the target generator second. Lemma 5.2 permits
their interchange.

Proposition 5.3 (Normal forms of one generator). Up to separate fixed Euclidean coordinate
changes and a common nonzero rescaling of Z, a rank two chart has either one of the six
Killing pairs

(T,T), (T,R), (T, S), (R,R), (R, S), (S, S), (5.12)

or a pair with nonzero common scale

(D + ωsR, D
′ + ωtR

′), ωs, ωt ∈ R. (5.13)

Here D = x · ∂x, D′ = y · ∂y, R = ∂θ and R′ = ∂Θ. The two angular rates may vanish
independently. The speeds and screw pitches are subject to the intertwining identity (5.3).

Proof. For a Killing field with nonzero rotational part, decompose the translation into axial
and perpendicular components. The skew map is invertible on the perpendicular plane,
so shifting the axis removes the perpendicular component. The remaining axial component
gives a rotation or a screw motion; a zero rotational part gives a translation. Both generators
are nonzero because Df is invertible. Inversion reduces their ordered pairs to (5.12).

If σ ̸= 0, the matrix σI + Ω is invertible over the reals. A unique change of origin
removes the translation. Rescaling the common generator by σ−1 and aligning the axes
gives (5.13).

Table 1: The six Killing pairs on the branch h1h2h3 ̸= 0. For the two cylindrical alternatives,
all principal abnormalities vanish.
Pair Argument Consequence Proof location

(T,T) Finite Hessian choices on transverse
slices

ρ ≤ 1 Lemmas 6.6 and 6.8

(T,R) Algebraic reconstruction and finite
transverse fibres

ρ ≤ 1 Lemmas 6.6 and 6.10

(T, S) Algebraic reconstruction and finite
transverse fibres

ρ ≤ 1 Lemmas 6.6 and 6.10

(R,R) Compact continuation and local
dimension bounds

Cylindrical;
hi = 0

Sections 6.3 and 6.4

(R,S) Continuation and the Killing field
norm estimate

No solution germ Equation (6.6) and
Lemma 6.5

(S, S) Radial limits and the pitch relation Cylindrical;
hi = 0

Section 6.5

The common parameter fixes the relative speeds, but does not equate the angular rates.
For the logarithmic cylindrical map (B.38), f∗(D + ωsR) = D′ + (ω + kωs)R′. All angular
coordinates below are local lifts.
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5.4 Equations on a transverse surface

Let Φt
s,Φt

t be the affine flows, and choose a source surface x0(u, v) transverse to Zs. Equiv-
ariance is equivalent to

f(Φt
sx0(u, v)) = Φt

ty0(u, v). (5.14)

Indeed, both sides solve the target orbit equation with the same initial value. Conversely,
any surface y0 for which the resulting map is a local diffeomorphism defines an equivariant
map. At t = 0, its derivative is determined by

Ff,0[Zs(x0), ∂ux0, ∂vx0] = [Zt(y0), ∂uy0, ∂vy0]. (5.15)

The equal scale factors cancel along the flows, so

Df(Φt
sx0) = etΩtFf,0e

−tΩs . (5.16)

Consequently constant principal values are equivalent to the three constraints on the trans-
verse surface

tr(F⊤
f,0Ff,0) = I1, tr adj(F⊤

f,0Ff,0) = I2, detFf,0 = J. (5.17)

Flatness follows from the representation (5.14).
For equilibrium, let M be the covariant tensor associated with g−1c or its inverse; in Eu-

clidean coordinates its matrix is Cf or C−1
f . A constant homothety preserves the connection.

The homothety weights of M and of the inverse metric in its divergence cancel, giving

LZ

(
(divg M)♭) = 0. (5.18)

In flow coordinates, write this invariant one-form as

(divg M)♭ = at(u, v) dt+ au(u, v) du+ av(u, v) dv.

Closedness is equivalent to

∂uat = 0, ∂vat = 0, ∂uav − ∂vau = 0. (5.19)

On a small connected transverse disk, the pressure therefore has the form

pM (t, u, v) = KM t+ ψM (u, v) + constant, (5.20)

where KM is a real constant. There is one such system for each of the two tensors. For
individual projectors, the same argument gives

Zϕi = Ki,
∑

i

Ki = 0. (5.21)

Equation (5.9) transports these constants to the inverse configuration.
Thus (5.17) and (5.19) give the kinematic and equilibrium equations on the transverse

surface. The next section treats the Killing pairs; Section 7 treats (5.13).

6 Common Euclidean isometries
We now consider the pairs of common Euclidean isometries in Section 5. Throughout, rank
means the rank of X in (3.2), and Cf , I1, I2, J have the meaning fixed there. We also write
j = detCf = J2 > 0. The constant principal values λi are positive and pairwise distinct.
The universal deformation equations are

curl divCf = 0, curl divC−1
f = 0. (6.1)
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The pressures are local potentials. When an angular coordinate is used, we lift it to a real
coordinate on the universal cover of the complement of the axis. The matrices Ωs,Ωt retain
the meaning in (5.4). Their axial vectors are defined by Ωsx = Ωaxial

s ×x and Ωty = Ωaxial
t ×y;

in principal components they are expressed in the corresponding principal frames.
A common Killing field makes the state constant along its orbits. The two transverse

variables can still carry a state of rank two; the problem is therefore to constrain this trans-
verse dependence. For pairs containing a translation, the orbit equations leave one scalar
parameter with finite reconstruction fibres. For rotating sources, the natural length is the
distance from the axis. Bounding the state at this scale permits continuation and radial
limits. The two-rotation problem then becomes a dimension comparison on a compact state
set, while the normalized pitches of two screw motions tend to zero at large radius.
Theorem 6.1 (Exclusion of a common isometry at rank two). For every triple of positive,
pairwise distinct, constant principal values of the strain tensor, no rank two state arising
from a solution on an open set where h1h2h3 ̸= 0 admits a nonzero common Euclidean
Killing field.

6.1 Reconstruction and continuation

Continuation and radial limits require a state set closed under limits of the frame coefficients.
We therefore include the common Killing field, its angular data and the longitudinal pressure
data in the state of Section 2. Differentiating their algebraic constraints gives an invariant
closed set on which the same reconstruction applies.

We use S and the fields Qi from (2.21) and (2.23). Write wZ
i = αi(Zs) for the principal

components of the common Killing field. The augmented derivations Bi are defined on these
coordinates by the first two relations below. The third relation is the algebraic constraint
that the state is constant along the common orbit:

BiS = Qi(S), Biw
Z
l =

∑
k

wZ
k C

l
ki(S),

∑
i

wZ
i Qi(S) = 0. (6.2)

Their coefficients have only the fixed spectral denominators.
Definition 6.2 (State with fixed isometry data). Let U consist of S, the principal compo-
nents of the common Killing field, and the source and target angular vectors. Transporting
the latter by the two metric connections extends (6.2) to polynomial derivations Bi of R[U].
The principal values and isometry data are fixed, so every spectral denominator is a nonzero
constant.

Let J0 be the ideal of the original compatibility and bracket equations, the orbit rela-
tion in (6.2), and the equations identifying the angular vectors, their prescribed norms and
pitches, and the derivatives of the pressure potentials along the common orbit. The angular
and pressure equations are written explicitly in (D.16) and (E.6), with the physical target
angular vector obtained by the metric conversion specified there. Define

J = ⟨Bi1 · · ·Bimq : q ∈ J0, m ≥ 0, iℓ ∈ {1, 2, 3}⟩ ⊂ R[U]. (6.3)

Write N for its real zero set, with a subscript specifying the isometry pair. Fix source and
target frames and base values to remove the development constants, including the constant
target phase and axial translation when the target is axial.

Noetherianity of R[U] gives finitely many generators of J . Thus N is a closed real
algebraic set and is invariant under the ambient polynomial state flows wherever they are
defined. The augmented bracket identity is(

[Bi, Bj ] −
∑

k

Ck
ijBk

)
wZ

l =
∑

k

wZ
k Qk(C l

ij) = 0, (6.4)

where the last equality is the weight one part of (6.2).
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Lemma 6.3 (Reconstruction with fixed isometry data). The state set in Definition 6.2 has
local realizations satisfying the prescribed common isometry and pressure equations. After the
development constants are fixed, the kernel of the differential of its defining ideal identifies
with the space of formal linearized germs with the same fixed data.

Proof. Lift the augmented fields to the source orthonormal frame bundle. The displayed
bracket identity, torsion and Euclidean flatness make their Cartesian combinations com-
mute. Their flows reconstruct the first metric, and development of the second flat metric
reconstructs f , as in Proposition 2.5. The appended equations reconstruct a common Killing
field; its value and covariant derivative determine its Euclidean translation and angular parts.
The fixed data therefore impose the prescribed isometry pair. The closed pressure forms re-
construct the local potentials.

The same calculation over R[ϵ]/(ϵ2) includes the appended equations and all their deriva-
tives. The commuting Cartesian flows and their variational equations reconstruct a formal
linearized germ of the full equivariance system. The converse follows by differentiating that
system. This is Lemma 2.6 applied to the augmented system.

The connection and its two retained jets have weights one, two and three. Multiplication
by the corresponding powers of µ = |Zs| removes their physical length scale. The angular
equations constrain these dimensionless quantities when the common field is transverse to
the rotation axis.

Lemma 6.4 (Transverse compactness). Fix positive, pairwise distinct principal values,
bounded angular data, and bounded longitudinal pressure data. Put µ = |Zs|, ν = Zs/µ.
If the source angular vector Ωaxial

s satisfies |Ωaxial
s × ν| ≥ d > 0, then

(µp, µ2τ , µ3u, ν)

is bounded on the augmented real state set.

Proof. Suppose an unbounded sequence satisfies the bounds on the data and the stated
transversality. The common-field and compatibility equations give

|µ2τ | ≤ C(1 + |µp|)2, |µ3u| ≤ C(1 + |µp|)3. (6.5)

Hence, after passing to a subsequence, |µp| → ∞. The unit directions and bounded data
have limits. Normalize by the inverse size ε of these frame coefficients. Away from principal
directions the angular data leave at most one homogeneous connection direction; a nonzero
quadratic compatibility equation excludes it. This also covers directions with just one zero
principal component.

At a principal direction the homogeneous limit is the plane (D.15). If the normal distance
to this plane is O(|ε|), the first-order angular forcing in the unprojected equations cannot be
cancelled by their quadratic remainder. Its source components are nonzero by transversality,
giving a contradiction.

If the normal distance divided by |ε| tends to infinity, the quadratic normal equations
apply. At either extreme principal direction their first form is definite. At the middle di-
rection it has two null lines. Along either line, the next orders first determine the moving
normal centre and then give a strictly positive fourth-order remainder. When the coefficient
determining that centre tends to zero, the equivalent system in the derived normal variables
gives incompatible limits for its quadratic and linear components. The two projective end-
points are treated in the charts where their nonzero connection coordinate is normalized to
one. The normal equations and their fourth-order terms are written in Appendix D.3. After
passage to a subsequence, the ratio of the normal distance to |ε| is bounded or tends to
infinity. The first case contradicts the angular forcing; the second contradicts the normal
equations just described.
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Lemma 6.5 (Continuation away from the axis). A solution germ with a rotating source
satisfying the augmented equations extends along every finite path in the complement of its
source axis. It therefore extends to the universal cover of that complement.

Proof. Write Zs = ωez × x+ pez. On an off-axis compact set,

|Zs|2 = ω2r2 + p2, |Ωaxial
s × Zs|/|Zs| = ω2r/(ω2r2 + p2)1/2 > 0

uniformly. Lemma 6.4 bounds all unnormalized states there. Along a finite path integrate
(6.2), both frame connections, and

df = E diag(
√
λi)E⊤ dx.

Frames remain in compact orthogonal groups and f remains bounded by the fixed largest
singular value times path length. The analytic right-hand sides have only the positive prin-
cipal values and their differences. A finite first obstruction therefore has a Cauchy limit and
the ODE extends through it. The differential ideal is preserved, and reconstruction realizes
every continued state as a local germ.

Continuation immediately excludes a source rotation paired with a target screw motion.
Keep the common flow parameter and write

Zs = ωsez × x, Zt = ωteZ × y + peZ , ωsωtp ̸= 0.

Let M =
√
λmax. Equivariance gives at every point

|p| ≤ |Zt(f(x))| = |DfZs| ≤ M |ωs|r. (6.6)

Hence r ≥ r∗ := |p|/(M |ωs|) > 0. Starting at any germ, continue along a fixed radial segment
to r∗/2. This finite segment is entirely off axis, so Lemma 6.5 applies. At its endpoint, (6.6)
would give |p| ≤ |p|/2. Thus a rotation cannot be paired with a screw motion, even off the
region where h1h2h3 ̸= 0.

6.2 Pairs containing a translation

For the three pairs with a translating source, the equivariant map leaves a scalar coordinate
transverse to the common orbits. We shall prove that the remaining reconstruction data
have finite fibres over that coordinate. The following lemmas connect this algebraic property
to the rank of the differential state and provide a criterion for finiteness of an algebraic
projection.

Lemma 6.6 (Finite fibres and state rank). Let v be a local coordinate on a solution chart.
Suppose that, for each fixed v outside a finite set, all remaining scalar reconstruction variables
take values in finite algebraic sets. Suppose the matrices of both metrics in an adapted
orthonormal frame (ẽi), that frame’s connection coefficients, and the derivatives D̃iv are
reconstructed from these variables and v, where D̃i = ẽi · ∇. Then the state of their principal
frame has rank at most one.

Proof. Shrink to coordinates (v, w, z) avoiding the finite exceptional levels. On a connected
(w, z)-slice, each reconstruction variable is continuous and has finite image, hence is constant.
Its dependence on v is smooth, as follows by restriction to a fixed transverse section. The
distinct principal values allow the eigenframe to be chosen smoothly as a function of the
reconstructed matrix. The adapted connection and D̃iv depend only on v by hypothesis.
For any scalar a(v) its frame derivative is a′(v)D̃iv, again a function of v. This closes the
induction for the eigenframe connection and all successive frame derivatives. The normalized
invariant state therefore depends only on v.
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Lemma 6.7 (Projection to an affine line). Let V be a constructible complex algebraic set
and b a regular function on it. If no algebraic curve C ⊂ V with C ∩ V dense in C has a
place with b = ∞, then b(V ) is finite.

Proof. An infinite constructible subset of the affine line contains a nonempty Zariski open
set. A component dominating that line contains an algebraic curve on which b is nonconstant.
On its smooth projective normalization, the resulting nonconstant rational function has a
pole. A local uniformizer gives a Puiseux branch with a pole.

We first consider two translations.
In Cartesian coordinates, the equivariant map is

f(x, y, z) = (f⊥(x, y), κz + υ(x, y)), κ ̸= 0. (6.7)

Put G = (Df⊥)⊤Df⊥, d0 = detG > 0, K = κ2, and v = ∇υ. The constant full determinant
makes d0 constant. In the source splitting,

Cf =
(
G+ vv⊤ κv
κv⊤ K

)
, C−1

f =
(

G−1 −G−1v/κ
−v⊤G−1/κ (1 + v⊤G−1v)/K

)
. (6.8)

The axial components of (6.1) and then its planar component give, for arbitrary real con-
stants P,Q,

∆υ = P, div(G−1∇υ) = Q, curl divG = 0. (6.9)

Indeed div(vv⊤) = ∇(|v|2/2) + P∇υ is a gradient. The two trace conditions imply, for
constants E, d,

trG = E − |v|2, v⊤G−1v = (K|v|2 + d)/d0.

On τ = |v| > 0 take n = v/τ and its oriented quarter-turn t. The metric reconstruction is

G =
(
A Gnt

Gnt C0

)
n,t

, C0 = K + d/τ2, A = E − τ2 − C0, G2
nt = AC0 − d0. (6.10)

Here Gnt may have either sign.
If v = 0 on an open set, the fixed axial direction is principal and its corresponding hi is

zero. If τ is a positive constant, the Bochner identity gives

0 = ∆|∇υ|2 = 2|D2υ|2,

so υ is affine and (6.10) makes G constant. The principal frame is consequently constant,
giving hi = 0. Otherwise restrict to dτ ̸= 0. The rational function G2

nt has leading term
−Kτ2 at infinity and is not identically zero. Its finitely many zero levels therefore cannot
contain a solution coordinate patch; on a smaller chart Gnt ̸= 0.

Lemma 6.8 (Translation fibres). At each fixed positive value of τ , apart from finitely many
levels, the Hessian D2υ takes at most two values in the frame (n, t). This holds for every
real P,Q and for both reconstruction signs.

Proof. The second equation in (6.9) places the two independent Hessian entries on an affine
line. Its two derivatives determine the third derivatives through a matrix with strictly
positive determinant, including when d = 0. Substitution in the remaining planar equation
gives a quadratic polynomial on that line. In the normalization of Appendix D.1, its leading
coefficient is a nonzero rational function of τ , for every pressure pair and either reconstruction
sign. It vanishes at only finitely many levels, which proves the claim.
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Lemma 6.8 supplies the finite Hessian choices needed in Lemma 6.6; the metric re-
construction already supplies the finite choices of Gnt. Write aH = D2υ(n, n) and bH =
D2υ(n, t), the Hessian entries used in Appendix D.1. In the frame (n, t, ez),

Cf =

A+ τ2 Gnt κτ
Gnt C0 0
κτ 0 K

 ,
∇nn = (bH/τ)t, ∇tn = ((P − aH)/τ)t, ∇ezn = 0.

The Hessian entries also give nτ = aH , tτ = bH and ezτ = 0. Thus both the adapted
connection and the frame derivatives of the coordinate τ are reconstructed from the same
finite data. On each connected fixed-τ slice those data are constant, so Lemma 6.6 shows
that the state of the principal frame has rank at most one, contradicting Theorem 4.3.

For a translation paired with a rotation or screw motion, the target angular speed is
nonzero.

Write the common generators as Zs = a∂z and Zt = ω∂Θ + b∂Z , with aω ̸= 0. Divide
both generators by ω and use the common length scale |a/ω| in the source and target.
After choosing the source axis orientation, the generators become ∂z and ∂Θ + p∂Z . These
common spatial scalings and rigid coordinate changes preserve the singular values of Df .
The equivariant map is

f = (R cos(z + ψ), R sin(z + ψ), pz + zf ), (6.11)

where p is any real number. Thus p = 0 pairs the source translation with a target rotation,
and p ̸= 0 pairs it with a target screw motion. The open image of a deformation cannot lie
in the target axis. On an off-axis patch put

q = R2/2, υ = zf − pψ, v = 2q + p2, Q = v − p2 > 0.

The Jacobian identity detDf = − Jac(q, υ) makes (q, υ) local coordinates in the source
plane. If G is the Euclidean plane metric in these coordinates, then

g = G+ dz2, Cf = K + v(dz + a)2,

K = diag(Q−1, Q/v),
a = dψ + (p/v)dυ, detG = j−1.

(6.12)

The equilibrium and spectral equations are

tr[G−1(K + vaa⊤)] = I1 − v,

tr(GK−1) = I2/j − (1 + va⊤K−1a)/v, (6.13)
div(vG−1a) = KCf

,

− div(K−1a) = KC−1
f
, (6.14)

d divG(K + vaa⊤) = 0,
d divG(vK) = 0. (6.15)

Here KCf
,KC−1

f
∈ R.

Lemma 6.9 (A harmonic axial coordinate). Every deformation satisfying (6.13)–(6.15)
satisfies ∆Gzf = 0.

Proof. The product rule, phase closedness, and the forward vertical equation give

divG(vaa⊤) = KCf
a+ v

2d(a⊤G−1a) + vιa♯da.
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Subtracting v−1 divG(vK) and using the first trace equation yields

(
d divG(K + vaa⊤) − v−1d divG(vK)

)
qυ

= −4
v

∆Gzf .

Here dzf = pa + K22dυ and detG is constant. The full product identity is (D.5). Both
horizontal equations vanish, so zf is harmonic.

The two trace equations reconstruct G algebraically from (q, a). Set b =
√
vK−1/2a,

Nb = b⊤b and Ĝ = K−1/2GK−1/2. The trace and determinant of Ĝ are fixed functions of
(v,Nb) and its entry in the b direction is fixed as well; its off-diagonal entry has two signs. If
a = 0 on an open set, the vertical direction is principal. If that off-diagonal entry vanishes
on an open set, the horizontal direction perpendicular to a is principal. In either case the
corresponding hi vanishes: a horizontal, z-independent unit vector has vertical curl. This
contradicts h1h2h3 ̸= 0.

On the remaining chart the metric and phase are reconstructed from four signed scalar
variables Nb, L, T, U , defined in (D.6)–(D.7). The equations and their finite-fibre consequence
are proved in Appendix D.2.

The chart with U = 0 has a separate elementary reduction. Closedness of the phase and
inverse equilibrium imply that w = ψυ is constant when p ̸= 0. For p = 0, a nonconstant
w would make (v, w) independent coordinates, whereas harmonicity and the trace equations
impose a nonzero polynomial relation between them. Thus w is constant in either case,
and the reconstructed metrics and connections depend only on v. Lemma 6.6 excludes this
branch.

Lemma 6.10 (Translation and rotation fibres). Fix the principal values, the pitch p, and
the real constants KCf

,KC−1
f

. For a solution on the reconstruction chart (D.6)–(D.7), all
the variables Nb, L, T, U have finite fibres at each fixed v, apart from finitely many levels of
v.

Proof. Closedness of the phase, vertical equilibrium, and harmonicity give a first-order sys-
tem for the four reconstruction variables. On the zero set of its determinant, its compatibility
condition and the two quadratic reconstruction relations leave finitely many choices over each
v, apart from finitely many levels.

Where the determinant is nonzero, solving the system gives two Frobenius equations.
Their algebraic solution set has no place with Nb = ∞, except at finitely many v levels,
as proved in Appendix D.2.1. The leading pressure relations there are nonzero for every
positive, pairwise distinct triple of principal values and every real pressure pair. Lemma 6.7
therefore makes the Nb fibre finite.

Continuity on a fixed-v slice of the solution now implies ∂υNb = 0. Together with
the solved system this gives a nonzero algebraic equation for L. Its nonvanishing on the
exceptional spectral locus I2

2 = 4jI1 is included in (D.14). Thus L has finite fibres away
from finitely many further levels, and (D.6)–(D.7) determine finitely many T,U .

Because vq = 2, v is a local coordinate and no finite set of exceptional levels contains an
open solution. The two reconstruction signs and the finite choices of Nb, L, T, U determine
both metric matrices, their adapted connections and the frame derivatives of v. The same
descent as for two translations therefore applies: continuity makes these choices constant
on a connected fixed-v slice, and frame differentiation preserves dependence on v alone.
Lemma 6.6 reduces both (T,R) and (T, S) to invariant rank at most one. This contradicts
the result of Section 4 on a region where h1h2h3 ̸= 0.
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6.3 Two rotations and cylindrical states

For two rotations the orbit equations leave the radius and the axial coordinate. The powers
of the radius in the state equations suggest using r∂r and r∂z on a compact normalized state
set. Their bracket will constrain the possible two dimensional orbits. Normalize the source
angular speed to one and let k ̸= 0 be the target speed. Radius normalization replaces the
physical state by (rp, r2τ , r3u) and the common field value by wZ/r, leaving the angular
vectors unchanged. Identify these coordinates with U at radius one and set

N = {U ∈ N(R,R) : |wZ |2 = 1}.

Here the angular norms are |Ωaxial
s |2 = 1, |Ωaxial

t |2 = k2, both pitches vanish, and the pressure
data are fixed. In particular,

Ωaxial
s · wZ = 0, Ωaxial

t · diag(
√
λi)wZ = 0.

The full zero set includes states with hi = 0 and the principal directions on the boundaries
of the coordinate charts. It is closed and semialgebraic. Since |Ωaxial

s × wZ | = 1, Lemma 6.4
bounds all seventeen state coordinates; the field value and angular vectors have fixed norms.
Thus N is compact. Its normalized physical fields

R = r∂r, T = r∂z

are analytic in a neighbourhood ofN by weighted homogeneity and preserveN . Compactness
therefore makes both state flows complete. They satisfy

[R, T ] = T . (6.16)

The source angular axis and Zs/|Zs| recover the physical cylindrical frame. Thus a constant
augmented state determines a constant tensor in that frame.

The relation (6.16) has two uses. It propagates vanishing of the axial field, which gives
the cylindrical family below, and it prevents two independent fields from filling a compact
surface. To use the latter argument we shall first show that the cylindrical states are isolated;
deleting them will then leave a compact invariant set on which both fields are independent.

Lemma 6.11 (Cylindrical deformations). If T = 0 at a (R,R) solution state, its continued
germ is

f(r, θ, z) =
(
αr cos(kθ + β log r + θ0), αr sin(kθ + β log r + θ0), γz + z0

)
. (6.17)

Proof. The bracket transports the zero value along radial flow, and axial flow fixes it. Thus
the full tensor is independent of z on the whole meridional half-plane. The pushforward of
∂z is a Euclidean Killing field commuting with the target rotation, hence a∂Θ + γ∂Z . Since
R/r is bounded above and below by positive singular-value bounds, R → ∞ as r → ∞; the
bounded length of Df∂z forces a = 0. Invertibility gives γ ̸= 0. We may consequently write
R = R(r), ψ = ψ(r), zf = γz + d(r). The Jacobian gives R2 = Jr2/(kγ) + B0, and the
two-sided R/r bounds as r → 0 give B0 = 0, hence R = αr. The quantities rψ′ and d′ are
bounded by the fixed principal values. The axial and angular components of (6.1) integrate
to

(Cf )rz = Lzr/2 +Dz/r, rψ′ = β +Dθ/r
2.

The bounds at 0 and ∞ force Lz = Dz = Dθ = 0. Thus d′ = 0 and ψ = β log r + θ0.

If R, T are dependent at a point, they either give the cylindrical deformation directly or
a dilation about a centre D = r∂r + (z − zc)∂z annihilating the full state there. Because D
commutes with both physical frame fields, its action on the state satisfies a homogeneous
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linear transport equation. It vanishes everywhere on the continued half-plane. The two
metrics therefore share the independent dilation and rotation. The result for two common
symmetries leading to (B.38) in Section 4 gives (6.17). Conversely its normalized state is
constant. Thus dependence occurs exactly at cylindrical states; both fields vanish there. For
fixed data these states form a finite set: γ2 is one of the three principal values, and the
transverse determinant and trace determine α2 and β2. Only finitely many principal frame
signs remain after the development constants are fixed.

The following linearization and second order obstruction exclude accumulation of non-
cylindrical states at cylindrical states.

Lemma 6.12 (Linearization at a cylindrical deformation). Normalize a reference cylinder
by R = r, ψ = ω log r, zf = γz, and put E = γ2 and ∆ = E2 − E(1 + ω2 + k2) + k2 ̸= 0.
With the pressure data and development constants fixed, the linearized system has five modes
(A0, A1, h, b, v), described in Appendix D.4. The radial linearization is semisimple, with
weights

(−2,−1,−1,+1,+1). (6.18)
For ω ̸= 0, the leading coefficient of every nonconstant real analytic arc in N through the
cylinder satisfies A0 = A1 = 0 and

(E − k2)h2 = 0, P(b, v) = 0. (6.19)

Here P is the homogeneous quadratic form defined in Appendix D.4; it is nonzero for every
admissible triple of principal values, including E = k2.

Proof. The linearized spectral equations first separate the axial variation from the two planar
variations. The angular equilibrium equations then restrict their dependence on z, and the
horizontal equations give the two radial axial modes. Fixing the pressure data removes the
remaining quadratic axial variation. At zero twist the two pressure equations also remove
the two additional phase modes. The integrations are given in Appendix D.4. Lemma 6.3
identifies these full linearized germs with the Jacobian kernel of the differential ideal. Inde-
pendent Jacobian rows therefore define a five dimensional analytic manifold containing N ;
extending the state fields to this manifold leaves their values on N and their linearizations
unchanged. The radial weights follow by scaling the five physical variations.

By semialgebraic curve selection [1, Theorem 2.5.5 and Proposition 8.1.13], the nonzero
directions in the real tangent cone of N are represented by leading coefficients of analytic
arcs, up to positive scalar multiples. The quadratic obstruction concerns these coefficients.

For the quadratic assertion, apply analytic curve selection to the real algebraic state
set and collect the first nonzero order of the resulting arc. In its reconstruction the first
nonzero order satisfies the linearized system and twice that order satisfies the second order
compatibility. Intermediate orders are homogeneous linear solutions and do not alter the
obstruction. The coefficient identity (D.22), together with ∆ ̸= 0 and ω ̸= 0, proves that P
is nonzero also on the zero set of its first coefficient.

Lemma 6.13 (Isolation of cylindrical states). For fixed principal values and pressure data,
each cylindrical state is isolated in N .

Proof. Write Uc for the cylindrical state and first suppose ω ̸= 0. We exclude convergent
nonconstant radial orbits, then apply closedness and invariance to all nearby points of N .

There is no nonconstant forward radial orbit in N converging to this cylinder. In the
nonresonant case (6.19) leaves no stable tangent direction. In the resonant case only h
remains in the stable tangent cone. Thus |U − Uc| ≍ |h|, h′ = −h + O(h2), and h(t) =
c0e

−t(1 + o(1)) with c0 ̸= 0. The linear axial action sends A1 to A0 and vanishes on (h, b, v),
so T (U(t)) = o(e−t). On the other hand (6.16) gives, for q(t) = T (U(t)),

q′ = (DR(U(t)) + I)q. (6.20)
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The least symmetric eigenvalue of the limiting diagonal matrix is −1, and its error is O(e−t).
A nonzero solution therefore satisfies |q(t)| ≥ ce−t, a contradiction. Hence T = 0 and
Lemma 6.11 gives the cylinder itself.

We pass from convergent radial orbits to a neighbourhood of the cylinder. For a hyper-
bolic field straighten its stable and unstable manifolds [2, Theorem 1.1 and Remark 6] to
the coordinate axes (s, u). In a small product block, d|s|2/dt ≤ −c|s|2 and d|u|2/dt ≥ c|u|2.
If an invariant closed set with no nonconstant stable orbit had points (sn, un) → 0 with
sn ̸= 0, flow backwards to |s| = δ. The exit points have u∗

n → 0, and a subsequential limit
is a nonzero point of its stable manifold in the closed set, a contradiction. Consequently N
lies locally in the two dimensional unstable manifold. On that manifold R = u+O(|u|2) and
the convergent analytic map

L(u) = lim
t→−∞

e−tΦt(u)

linearizes the field. Convergence follows from the bound |e−tO(Φt(u)2)| ≤ C|u|2e(1−2ϵ)t. The
image L(N) is a radial cone, and every radial segment lifts to an analytic arc in N . Hence
(6.19) gives L(N) ⊂ {P = 0}, a union of at most two real lines. Two independent state
fields cannot act on such a set. Every nearby point is therefore a cylinder, and the finite set
of cylinders is locally isolated.

At zero twist the fixed angular pressures vanish. The phase equation on the full merid-
ional half-plane is

divr,z(r3Aell(r, z)∇ψ) = 0, λI ≤ Aell ≤ ΛI, |∇ψ| ≤ C/r. (6.21)

Here one can take Aell = (R/r)2I from the forward equation. Lift ψ(r, z) to U(x, z) =
ψ(|x|, z) on R4 × R. The axis has vanishing flux O(ϵ2), so the lift is an entire weak uni-
formly elliptic solution. Integrating the gradient along the three-segment path through
radius max(1, r, |z|) gives |ψ| ≤ C(1 + | log r| + log(2 + |z|)). Its mean-square growth on five
dimensional balls is O(1+log2R). The interior elliptic oscillation estimate [8, Theorems 8.17
and 8.22], after rescaling to the unit ball, gives

oscBℓ
U ≤ C(ℓ/R)α(1 + logR) −→ 0.

Thus ψ is constant. Constancy of the principal values makes R = αr; the Jacobian makes
zf = γz+d(r); constant trace gives constant d′, and the remaining curl equation gives d′ = 0.
The zero twist endpoint is therefore isolated as well.

Lemma 6.14 (Pointwise dimension lower bound). Every noncylindrical point of N has local
real dimension at least three.

Proof. The finite cylindrical set is closed, and Lemma 6.13 makes it open in N . Its comple-
ment N∗ is therefore compact and both open and closed in N . Cylindrical states are fixed
by both flows, so N∗ is invariant and the two complete fields are independent there. If an
invariant compact semialgebraic subset A ⊂ N∗ had dimension two, an affine transverse sec-
tion Σ and the two state flows identify it locally with (−ϵ, ϵ)2 × (A∩Σ). Semialgebraic curve
selection forces the transverse factor to be discrete; otherwise a three dimensional immersed
piece would occur. Thus each point has a full two dimensional orbit neighbourhood, and A is
a compact smooth surface without boundary. Define its positive area form by ω(R, T ) = 1.
Equation (6.16) gives LRω = −ω. Stokes’ theorem gives 0 =

∫
A d(ιRω) = −

∫
A ω, a con-

tradiction. If only the local dimension at some point were two, take the semialgebraic two
dimensional local-dimension stratum, one of its connected components, and its closure in N∗.
The flows preserve local dimension and each connected component, hence also its closure.
Since N∗ is closed and compact and semialgebraic closure does not increase dimension, this
produces just such a compact A. This proves the local dimension bound at each point.
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6.4 Connection fibres for two rotations

The preceding lower bound concerns the augmented state set, including its higher derivatives.
We now project that set to the two dimensional surface of rotation directions and bound its
connection fibres. At the directions where the fibre is finite this gives an upper bound of
two; those directions are consequently absent from any noncylindrical solution germ. The
resulting restriction on the direction image supplies an additional differential equation for
the remaining fibres.

Choose the direction ν = Zs/|Zs| of the common field with all principal components
nonzero. Singular value decomposition in the two transverse planes gives the physical chart

Ff =

s 0 0
0 t 0
p q γ

 , s, t, γ > 0, pq(s2 − t2) ̸= 0. (6.22)

The identity

det[ν, C−1
f ν, C−2

f ν] = pq(s2 − t2)
s4t4γ2

shows that this is a coordinate chart for the stated direction condition.

Lemma 6.15 (A finite fibre direction for every triple of principal values). For each triple of
positive, pairwise distinct principal values there is a rotation direction of the common field
whose affine connection fibre is finite. The set E of directions where this fails is a proper
algebraic subset of the direction surface and has real dimension at most one.

Proof. The exact Hessian and third derivative systems in Appendix D.5 leave three nec-
essary homogeneous quadrics in the two angular amplitudes and one Hessian entry. Near
an extreme principal direction, two consequences are a binary cubic and quartic with no
common projective root for any admissible triple of principal values; Appendix D.6 proves
this nonvanishing. Keeping the principal values fixed changes the chart parameters only at
second order and leaves these leading equations unchanged. Thus the fibre is finite at a
nearby direction for every fixed triple of principal values. Closedness of projective projection
gives the assertions concerning E.

At a good direction the affine connection fibre is finite, since its homogeneous system has
no projective root. Higher states are recovered uniquely by the common field equations on
the reconstruction chart. Thus the augmented state has local dimension at most two, and
Lemma 6.14 forbids noncylindrical points there. Every remaining noncylindrical solution
germ has direction image in E and direction rank at most one. Consequently

d(ν⊤Cfν) ∧ d(ν⊤C2
fν) = 0. (6.23)

The two scalars are local direction coordinates by the nonzero spectral Vandermonde and
ν1ν2ν3. Since µ = |Zs|, differentiation in Cartesian coordinates gives

µ∂xaν = Ωaxial
s × ∂xa − ν{ν · (Ωaxial

s × ∂xa)}.

Equation (6.23) holds on an open set and may therefore be added to the differential ideal.

Lemma 6.16 (Connection fibres on the exceptional directions). After (6.23) and all its
derivatives are included in the differential ideal, every affine connection fibre over a direction
in E has real dimension at most one.

Proof. Appendix D.7 eliminates the remaining Hessian entry from the direction equation
and an axial pressure equation. The resulting binary cubic is nonzero for every point of
(6.22): the positive coefficient identity given there prevents its two extreme coefficients from
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vanishing simultaneously. There are therefore at most three projective angular ratios. For
each ratio the remaining entry is either determined linearly or satisfies a nonzero quadratic.
The point with both angular amplitudes zero is excluded by the same quadratic coefficient.
Hence the projective part at infinity is finite, and an affine component has dimension at most
one.

The good directions contribute dimension at most 2 + 0, and the bad directions at most
1+1. Semialgebraic triviality and the dimension formula for products [1, Theorem 9.3.2 and
Proposition 2.8.5] give the upper bound two everywhere, contradicting Lemma 6.14. Finally
the principal-direction chart is dense in every solution chart where h1h2h3 ̸= 0: at wZ

i = 0
the coframe identity is

|∇wZ
i |2 = K2

i + h2
i |wZ |2 > 0.

Each such zero set has empty interior. Their finite union cannot cover a solution chart. Thus
h1h2h3 = 0 in the two-rotation case.

The augmented states are analytic. On a connected analytic eigenframe neighbourhood,
as justified by Lemma 2.3, h1h2h3 ≡ 0 implies some fixed hi ≡ 0. Since αi ∧ dαi = hi volg,
Kafadar’s theorem on a principal direction normal to surfaces, followed by his classification
with a constant principal direction, applies [11]. Analyticity supplies its Taylor hypothesis.
Its alternatives are affine maps and (6.17). An affine map with distinct principal stretches
cannot intertwine nonzero rotations: FfAs = AtFf with skew As, At implies [F⊤

f Ff , As] = 0,
hence As = 0. Thus only the known cylindrical family remains in (R,R).

6.5 Two screw motions

Normalize the source angular speed to one and write

Zs = ∂θ + p∂z, Zt = k∂Θ + q∂Z , pqk ̸= 0.

We prove that every such local deformation with constant, pairwise distinct principal
stretches is (6.17) with γ = q/p.

At large radius the normalized pitches tend to zero, so continuation and compactness
reduce limits of these states to the two-rotation classification. We identify the limiting axial
stretch from the pitch ratio, then use the resulting cylinder to study the radial and axial
fields near the limit.

By Lemma 6.5 continue the solution germ to all r > 0 and all axial positions on the
angular cover. Normalize the augmented states by µ =

√
r2 + p2. On r ≥ r0 > 0, the

transverse quantity r/µ has a positive lower bound. Lemma 6.4 bounds the weighted state,
and the two orthonormal frames range over compact groups. Thus the augmented states
have convergent subsequences. Rescaling source and target by the same µ preserves the
principal values, k and the longitudinal pressure data. Its normalized pitches p/µ, q/µ tend
to zero. Every limiting state has a local realization as a (R,R) germ by the closed-ideal
realization argument, and the preceding classification identifies it as a cylinder.

For fixed principal values, k and longitudinal pressure data, the cylindrical state set is
finite after the target phase and axial translation gauges have been removed. The quotient
half-plane (r, w), where w = z−pθ, is contractible, so choose a continuous ordered eigenframe
on it. Compactness first gives uniform convergence to the finite cylinder set: otherwise an
escaping sequence away from that set would have a noncylindrical limiting state. Each
exterior tail [R,∞) ×R is connected. For small disjoint neighbourhoods of the finitely many
cylinders its image must lie in just one; nested tails select the same cylinder. Thus for a
single augmented cylindrical state Uc,

sup
r≥R, w∈R

|U(r, w) − Uc| −→ 0. (6.24)
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This controls every point of a full axial orbit at each large radius, as well as every point
on its subsequent outward radial trajectories. These are the two orbit hypotheses needed in
Lemma 6.17. At sufficiently large radius the target cylindrical frame is well defined, since
k2R2

target + q2 ≥ λmin(r2 + p2).
Let M =

√
λmax. The bound |Df | ≤ M gives a continuous radial trace on the source

axis. Traces from different finite covering angles agree, since their connecting arc has length
O(r). Equivariance therefore gives an axis trace of the form

lim
r↓0

f(r, θ, z) = Rotkz/p v⊥ + (q/p)zeZ + z0eZ . (6.25)

The transverse vector v⊥ is arbitrary. Radial integration yields the global bound

|f3(r, θ, z) − (q/p)z − z0| ≤ Mr. (6.26)

If the limiting cylinder has axial stretch γ∞, (6.24) implies ∂zf3 → γ∞ uniformly in z. Fix a
sufficiently large r such that |∂zf3 − γ∞| ≤ δ for every z. Integrating over an axial interval
of length L and using (6.26) gives

|γ∞ − q/p| ≤ δ + 2Mr/L.

Let L → ∞ and then δ → 0. Hence
γ∞ = q/p. (6.27)

There is therefore an exact reference cylinder matching the prescribed principal values, k,
pressures, and pitch ratio.

We linearize about the cylinder with this axial stretch. Variation of its normalized pitch
leaves the five two-rotation modes unchanged.

Normalize the state by r and put e = p/r, so Re = −e. The ratio µ/r =
√

1 + e2 is
analytic and nonzero near e = 0. After a fixed target length normalization the matched
reference cylinder is R = r, ψ = ω log r, zf = γz, γ = q/p. The exact reference cylinder
intertwines the normalized screw fields for every pitch e. Its derivative with respect to e is
therefore an exact reference variation. After subtracting it, equivariance linearizes to the
two-rotation system, since γeZ − Dfcez = 0. The reference pressure potentials have zero
axial derivative, so the angular pressure equations are unchanged. Thus the five modes
of Lemma 6.12 remain, with one independent pitch mode. The corresponding equations,
including the zero twist endpoint, are given in Appendix D.8.

The full linearized system consequently has six coordinates

(A0, A1, h, b, v, δe).

Lemma 6.3 applies to the fixed common screw equations, the pressure data and their differen-
tial closure. After the derivative of the exact matched cylinder is subtracted, the augmented
variational reconstruction is precisely the (R,R) system above together with the independent
pitch variation. Its six dimensional space is therefore the Jacobian kernel of the differential
ideal. Independent Jacobian rows define an analytic manifold of dimension six containing
N(S,S).

The radial scaling acts on these six coordinates with weights

(−2,−1,−1,+1,+1,−1). (6.28)

The exact matched reference curve is an eigenvector in the last direction. The five old
modes give an invariant complementary hyperplane and their weights are already diagonal.
Thus the linearization is semisimple. The radial and axial state fields can be analytically
extended to this containing manifold, preserving their values on the invariant state set. On
the invariant state set, [R, T ] = T .
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The weights show that any point of the invariant state set whose forward radial orbit
stays near this cylinder and converges to it lies in its local stable manifold. The bracket then
constrains the axial field on that stable manifold. The next lemma uses boundedness of the
entire axial orbit to prove that the axial field vanishes.

Lemma 6.17 (A bounded axial orbit in the stable set is constant). Suppose a real ana-
lytic radial field X has a semisimple equilibrium with weights (−2,−1,−1,−1,+1,+1), and
T (0) = 0 is an analytic field on an invariant subset satisfying [X,T ] = T there. Suppose
complete two-sided T orbits stay in one sufficiently small neighbourhood, and every point on
them has a forward X orbit staying there and tending to zero. Then T vanishes on these
orbits.

Proof. All these points lie in the four-dimensional local stable manifold [2, Theorem 1.1 and
Remark 6]. There are analytic coordinates (x, a) ∈ R3 × R on it in which

x′ = −x, a′ = −2a+Q2(x), (6.29)

with Q2 a homogeneous quadratic form. The only resonant terms are quadratic terms in the
a equation. The analytic normalization and its convergence are proved in Appendix D.8.

The integral curves of T in the invariant subset lie in the stable manifold because every
one of their points has the prescribed radial limit. Along a radial trajectory y(t) in the
invariant subset, put q(t) = T (y(t)). The bracket identity gives

q′ = (DX(y(t)) + I)q.

In (6.29), q′
x = 0. Since T (y(t)) → T (0) = 0, qx = 0. Then q′

a = −qa. Write Ta(x, a) =
L(x)+ℓa+O(|(x, a)|2) and insert the explicit radial trajectory. Multiplying by et and taking
the limit gives the exact identity on the invariant subset

T (x) = 0, T (a) = L(x). (6.30)

Along a complete axial orbit this says x(s) = x0, a(s) = a0 + sL(x0) for all real s. Bound-
edness in one coordinate neighbourhood forces L(x0) = 0.

Apply the lemma to the whole sufficiently far exterior tail in (6.24), after passing from µ
normalization to the analytic r normalization above. The pitch coordinate e = p/r tends to
zero on every forward radial trajectory, and the remaining coordinates converge uniformly
to the matched cylinder. Taking the tail sufficiently far out puts all these trajectories, and
every fixed-radius full axial orbit, in one coordinate neighbourhood of that equilibrium. The
hypotheses of Lemma 6.17 are thus satisfied on the invariant state set. Its conclusion is that
the axial state field vanishes on the tail.

The source angular vector and the common field recover the physical cylindrical frame
for every r > 0. Thus T = 0 makes the physical tensor independent of z; the bracket and
ODE uniqueness continue this identity to the entire off-axis germ. The pushforward of ∂z

commutes with the target screw and is therefore a∂Θ + γ∂Z . The fixed singular-value bound
and Rtarget → ∞ force a = 0. Then

f∗∂θ = k∂Θ + (q − pγ)∂Z .

Its norm is at most Mr, so letting r → 0 gives q = pγ. We now have both a pure-rotation
pair and a common axial translation. The calculation in Lemma 6.11 gives exactly (6.17).

The parameter range of the cylindrical deformations is as follows. Choose an axial
eigenvalue γ2 = λi, and write the other principal stretches as 0 < u < v. Set K = |k|.
The cylindrical gradient is  α 0 0

αβ αk 0
0 0 γ

 .
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Its planar trace and determinant give
u

v
≤ K ≤ v

u
, α2 = uv

K
, β2 = (K − u/v)(v/u−K). (6.31)

Positive orientation requires kγ > 0 and J = α2kγ is the specified Jacobian. For two screw
motions one must additionally have γ = q/p.

Conversely, every parameter choice in (6.31) gives a universal deformation. Both Cf and
C−1

f have constant cylindrical components and zero axial cross components. For any such
tensor Q,

divQ =
(
Qrr −Qθθ

r
,
2Qrθ

r
, 0
)

= ∇{(Qrr −Qθθ) log r + 2Qrθθ}.

Thus both equations (6.1) hold on an angular cover. The principal vectors are constant
mixtures of er, eθ and the axial direction, so all three quantities hi vanish.

Proof of Theorem 6.1. (T,T), (T,R) and (T, S) reduce to state rank at most one, contra-
dicting Section 4; (R,S) admits no germ. The (R,R) and (S,S) arguments give a cylindrical
deformation with hi = 0; the screw case also requires the pitch relation q = pγ.

7 Common dilations and rotations
We now treat the common similarities whose scale is nonzero. A single rescaling of their
common parameter makes that scale equal to one. Since I + Ω is invertible for every real
skew matrix Ω, each generator has a unique centre. Translating these centres gives

Zs(x) = x+ Ωsx, Zt(y) = y + Ωty, Df Zs = Zt ◦ f. (7.1)

Write Ωsx = ωsez ×x after a source rotation, and use an independent target rotation to put
Ωt in its corresponding axial form. Here ωs, ωt ∈ R.

Theorem 7.1. Let f be a C3 local universal deformation with fixed, positive, pairwise dis-
tinct principal stretches. If it satisfies (7.1), then

h1h2h3 ≡ 0.

The proof passes from the local deformation to its continuation on punctured space. An
estimate at the distance from the source axis provides this continuation and identifies the
possible axial limits. Cylindrical limits give an additional common rotation; homogeneous
limits give regular points of the axis. In the latter case the pressure flux through a sphere
bounds the longitudinal pressure constants, and a strictly increasing scalar along a principal
curve gives the final contradiction.

7.1 An estimate at the cylindrical scale

We use the state S and the fields Qi of (2.21), with the weighted scaling (2.23). The
homothety identity LZsαi = αi determines the derivative of every state coordinate along Zs

by its weight. The fixed angular speeds give bounded components of the source and target
angular vectors in the principal frames. The three longitudinal projector pressures Ki are
constant, with

∑
iKi = 0. Their expressions as linear functions of the connection are given

in (E.5). The fixed data in the estimate below are the principal values, angular speeds and
pressure constants.

When both angular speeds vanish, the transverse angular term used in the estimate below
is zero. We first use the homothety equations directly in this case.

38



Lemma 7.2 (Pure dilation on both sides). If Df(x)x = f(x), then h1h2h3 ≡ 0 for every
triple of positive, pairwise distinct principal values.

Proof. Suppose h1h2h3 ̸= 0 on an open set, and write D = x · ∇ and wZ
i = αi(D). If wZ

i

vanished on an open set, Cartan’s formula and LDαi = αi would give ιDdαi = αi. On
the contact plane kerαi, dαi is nondegenerate and D belongs to that plane. Its contraction
would therefore force D = 0, impossible on an open set. Thus each zero set has empty
interior, and on a smaller chart wZ

1 w
Z
2 w

Z
3 ̸= 0.

When both angular vectors vanish, the homothety equations and their directional deriva-
tives imply h1h2h3 = 0 on this chart. Indeed, after ordering 0 < b < a < 1, their reduction
in Appendix E.2.1 gives two affine equations for the same nonzero scaled component wZ

3 h1.
Their determinant (E.11) never vanishes on the real direction domain. This contradicts the
assumed nonvanishing.

The maps (r, θ, z) 7→ (αr, kθ, γz) are homogeneous of degree one on local angular sectors.
They satisfy hi = 0, as required by Lemma 7.2.

For the rest of the proof at least one angular speed is nonzero. By inversion of the
deformation if necessary, assume ωs ̸= 0. Write r = dist(x,Rez) and µ = |Zs(x)|.

The homothety equations naturally control the state at scale µ. Near a noncentral point
of the axis, however, r/µ tends to zero. The transverse component of the source angular
vector supplies the factor that converts this estimate to the scale r.

Lemma 7.3 (Bound at the cylindrical scale). There is a constant C, depending only on the
distinct principal values, angular speeds and projector pressure constants, such that every
state arising from a solution satisfies

r|p| + r2|τ | + r3|u| ≤ C. (7.2)

Proof of Lemma 7.3. Consider first normalization by µ. The angular and pressure equations
bound the connection away from principal directions. If the connection were unbounded,
a normalized subsequence would therefore approach a principal direction, and its leading
state would lie in the cylindrical plane (E.14). Lemma E.1 gives a linear estimate for the
normal coordinates at this plane in terms of the inverse connection size. The original angular
equations then give the same estimate for the two transverse components of the source
angular vector. Equivalently,

µ|p| |Ωaxial
s × Zs/µ| ≤ C. (7.3)

In each principal-direction chart, Lemma E.1 bounds the normal distance by a constant times
the inverse connection size. Substitution in the angular equations gives (7.3) on that chart. A
finite cover of the direction sphere and the limiting projective circles gives a common constant.
The parameters in these equations are the principal values, the moving components of the
angular vectors and the projector pressure constants; the angular components are bounded
by the prescribed speeds.

Since Ωaxial
s = ωsez, the Euclidean identity

|Ωaxial
s × Zs| = |ωs|

√
1 + ω2

s r

proves the first term of (7.2). Equation (E.13) and r/µ ≤ (1 + ω2
s)−1/2 prove the other two

terms. The resulting constant depends only on the fixed principal values, angular speeds
and projector pressure constants.

7.2 Continuation and limits at the axis

On a compact subset of the axis complement, (7.2) is an ordinary bound on all physical state
coordinates. Together with the original differential equations this prevents a finite endpoint
of continuation.
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Lemma 7.4. When ωs ̸= 0, the germ extends as an analytic universal deformation to the
universal cover of R3 \ Rez. Its state and both Euclidean frames extend there as well.

Proof. Let x(τ) be a finite piecewise C1 path whose image is contained in a compact subset
of the axis complement. The radius r is bounded below there. Lemma 7.3 bounds all physical
state coordinates. Lift the source principal frame to E(τ) ∈ SO(3) and solve the original
state and frame equations along the path:

dS
dτ

=
∑

i

(E⊤x′)iQi(S), dE
dτ

= E
∑

i

(E⊤x′)iΓi(S). (7.4)

Their right sides are analytic with spectral denominators only. The differential ideal is
preserved along these fields, so its constraints hold at each limiting state. The source frame
lies in a compact group, the state is bounded, and finite path length gives a Cauchy limit
at every finite endpoint. The ordinary existence and uniqueness theorem then continues the
solution.

The target frame can be lifted at the same time. If m,M are the smallest and largest
fixed principal stretches, |Df | ≤ M bounds the change of the target position along the path.
Thus the map continues. Its target centre cannot be hit, since |Zt ◦ f | = |DfZs| ≥ m|Zs|.
The two flatness equations and the bracket identities give compatibility around contractible
loops. This gives continuation on the universal cover.

Let v and a0 be the components of the physical vectors er and ez in the principal frame,
and put w = a0 × v. Define the normalized state

U[r]
cyl = (S[r], v, a0), |v| = |a0| = 1, v · a0 = 0. (7.5)

It lies in a bounded subset of a finite-dimensional space. All of its derivatives on a compact
set away from the physical axis are controlled by the original state equations.

To identify the axial limits, we rescale a continued deformation at its distance from the
axis. At a noncentral axial point the common homothety becomes a translation in this
rescaling, placing the limit under the classification already proved in Section 6.

Lemma 7.5. Fix z0 ̸= 0 and a lifted angle, and let r ↓ 0. Every limit of (7.5) is either the
state of a homogeneous deformation or an axis-aligned state of the known cylindrical family.
The full α-limit set of the radial orbit is contained in the set of homogeneous states or in a
single compact cylindrical equilibrium circle.

Proof. More generally take points xn with |zn|/rn → ∞. Translate to xn, scale both con-
figurations by r−1

n , and subtract the target base value. Equation (7.2) and the analytic
state equations give bounds on all jets on every compact subset of the rescaled original-axis
complement. A diagonal subsequence produces a limiting deformation.

Multiply the rescaled common generator by rn/zn. In the source its expression tends
to the nonzero translation ez; its linear part and the target linear part both tend to zero.
The singular-value bounds keep the target limiting translation nonzero and bounded. The
longitudinal pressures are multiplied by the same scalar, so their limits vanish. Hence the
limiting deformation has a common translation, along whose orbits the normalized state
is constant. Its state rank is therefore at most two. On any open set where h1h2h3 ̸= 0,
Theorem 4.3 leaves only rank two, which the common translation excludes by Theorem 6.1.
Thus h1h2h3 ≡ 0. Analyticity fixes a principal label on a neighbourhood, and Kafadar’s
classification in Proposition 9.1 makes the limit homogeneous or cylindrical.

For an inhomogeneous cylindrical limit the common translation is axial. Its cylinder
axis cannot be a line parallel to, but different from, the original axis. Such a line has a
neighbourhood at positive distance from the original one; (7.2) provides ordinary unscaled
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bounds there, so the limiting strain would extend regularly through its own cylinder axis. The
strain tensor of an inhomogeneous cylindrical deformation with constant, pairwise distinct
principal stretches has constant nonisotropic coefficients in a rotating cylindrical frame and
has no such extension. Thus the two axes coincide.

The norm of the normalized connection at a homogeneous limit is zero. At an aligned
cylindrical limit it is one, as in (E.30). The possible axis labels and frame sign choices give
finitely many disjoint compact circles. The α-limit set of a bounded continuous radial orbit
is the intersection of the nested compact closures of its connected tails, and is connected. It
cannot meet both norm levels, or two disjoint cylindrical circles.

7.3 Rigidity at a cylindrical limit

Suppose the radial limit set lies in a cylindrical equilibrium circle. We will show that the
continued germ is invariant under axial rotation. For D[r]

i = rDi, the state fields induced by
the radial, angular and axial coordinate directions are

R =
∑

i

viD
[r]
i = r∂r, A =

∑
i

wiD
[r]
i = ∂θ, T =

∑
i

(a0)iD
[r]
i = r∂z. (7.6)

On the invariant state set,

[R,A] = [A, T ] = 0, [R, T ] = T . (7.7)

Near a noncentral axial point put ϵ = r/z. Its exact derivatives are

D
[r]
i ϵ = ϵvi − ϵ2(a0)i, Rϵ = ϵ, Aϵ = 0, T ϵ = −ϵ2. (7.8)

The original common similarity imposes the vector equation

T + ϵ(R + ωsA) = 0 (7.9)

on all twenty-three coordinates of U[r]
cyl. It also holds on the additional coordinate ϵ, where

its component is identically zero.
An orbit approaching the cylindrical circle as r → 0 can contain only radial modes that

remain bounded in negative time. Once these modes are parametrized, the commutation
relation [R,A] = 0 compares their radial growth with the order of vanishing of the angular
field. This comparison will force angular invariance.

The reference circle consists of the axis-aligned cylindrical states. Its principal-frame
coordinates are given in (E.30). We use the radial linearization on the state set subject to
(7.9).

Lemma 7.6 (Radial linearization at cylindrical states). For each triple of positive, pairwise
distinct principal values, the augmented state set near the cylindrical equilibrium circle is
contained in a ten dimensional analytic manifold. The radial field extends analytically to
this manifold. At the circle its centre is the tangent to the circle, its positive eigenvalue is 1
with semisimple multiplicity three, and its negative eigenvalues are −1 with multiplicity five
and −2 with multiplicity one. The angular field vanishes on the circle, and its differential
vanishes on the centre and the positive spectral subspace.

Proof. The linearized constraints in the 23 state coordinates have constant rank fourteen
along the circle. Their nine dimensional kernel is invariant under the linearized principal
fields, and the Jacobians of all further differential consequences vanish on this kernel. The
calculation in Appendix E.4 also gives the radial spectrum and the vanishing of the angular
differential on the centre and positive eigenspaces. The additional coordinate ϵ contributes
an independent radial eigenvector of weight 1, with zero angular linearization.
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The implicit-function theorem now gives a containing analytic manifold near each point
of the circle. Projecting the state fields onto its tangent bundle preserves their values on
the invariant state set and their restricted linearizations at the circle. To make this con-
struction uniform, choose finitely many constraints whose Jacobian has rank fourteen along
the compact circle. Project their values onto the image of their Jacobian at the analytic
nearest point of the circle. The resulting rank-fourteen analytic bundle map has surjective
differential in the normal directions. Its zero set is the required tubular manifold.

The positive radial directions approach the circle in negative time. An orbit in the
invariant state set whose entire limit set lies on the circle must belong to one of these
incoming leaves. Commutation with the radial flow will then force the angular field to
vanish.

Lemma 7.7 (Angular rigidity at a cylindrical limit). Suppose the full negative-time limit set
of a radial orbit in the invariant state set is contained in one reference circle (E.30). Then
A = 0 at every sufficiently late point in that negative-time tail.

Proof. Work first near a point c(p) of the circle on the containing manifold from Lemma 7.6.
The radial centre is tangent to the circle. Its three positive eigenvalues equal one, and its
six remaining eigenvalues have negative real parts. Choose an analytic frame V (p) for the
positive space. We construct an analytic parametrization K(p, y), y ∈ R3, satisfying

K(p, 0) = c(p), DyK(p, 0) = V (p), R(K(p, y)) = DyK(p, y)y. (7.10)

Expand in powers of y. At degree m ≥ 2, the coefficient of K is obtained by applying
(mI −DR(c(p)))−1 to an expression in lower coefficients. The possible divisors are m,m−
1,m+1,m+2, all nonzero. A Jordan block at the negative eigenvalue −1 contributes powers
of (m + 1)−1. On a compact parameter interval the inverses have norm at most C/m. A
convergent analytic majorant for the original vector field therefore majorizes the recursion
and proves convergence of K. The resulting radial flow is exactly

(p, y) 7−→ (p, ety). (7.11)

Every approaching orbit lies on this parametrized set. In tubular coordinates about its
image, the transverse coordinate z satisfies

ż = A(p)z +O((|y| + |z|)|z|), specA(p) ⊂ {−1,−2}.

Choose a smoothly varying positive definite matrix Q(p) satisfying A(p)⊤Q(p)+Q(p)A(p) =
−I. After shrinking the tube, the quadratic form satisfies

d

dt

(
z⊤Q(p)z

)
≤ −cz⊤Q(p)z

with one c > 0. Unless z = 0, it grows by at least the factor ec(t0−t) for t < t0. An orbit
remaining in the tube for its whole negative tail must have z = 0. Once on the parametrized
set, the exact flow (7.11) makes p constant. Thus an orbit in the invariant state set whose
whole limit set lies there has a unique limiting point and is of the form K(p, et−t0y0).

The angular state flow preserves the augmented state set and commutes with its radial
flow by (7.7). Since A(c(p)) = 0, it fixes the limiting point and sends an incoming radial
orbit into the same incoming leaf. On points of the invariant state set its representation in
the coordinates of (7.11) is consequently (0, a(p, y)). The angular linearization in Lemma 7.6
gives

|a(p, y)| ≤ C|y|2. (7.12)
On the radial orbit in the invariant state set, commutation gives the exact identity

a(p, ety) = eta(p, y), t ≤ 0. (7.13)

Combining (7.13) with (7.12) and letting t → −∞ yields a(p, y) = 0.
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The vanishing angular state field gives an additional Euclidean symmetry. If A = 0 at a
state in the invariant state set, commutation with R and T propagates this equality along
their state flows. The angular flow itself is constant in state space. These three physical
coordinate flows give an open neighbourhood. In particular the components of er, ez in the
principal frame are fixed by the angular state flow. Differentiating E⊤er = v and E⊤ez = a0
then shows ∂θE = JzE, where Jzx = ez × x. Thus the strain is invariant under the source
axial rotation:

LRsCf = 0. (7.14)

Here Rs = ∂θ. The push-forward Rt = f∗Rs is a Euclidean Killing field for the target metric,
hence Rt(y) = b + Ky with K skew. Since [Zs, Rs] = 0, equation (7.1) implies [Zt, Rt] = 0.
Its constant and linear parts give

(I + Ωt)b = 0, [K,Ωt] = 0.

The first equation gives b = 0; Rt is nonzero because Df is invertible and Rs is nonzero
off the source axis. Hence K ̸= 0 and the additional symmetry is a rotation on both sides.
The original common homothety makes the normalized state constant along its orbits, so
its rank is at most two. On an open set where h1h2h3 ̸= 0, Theorem 4.3 leaves rank two,
which the additional common rotation excludes by Theorem 6.1. Hence h1h2h3 = 0 on that
neighbourhood of the solution. Analytic continuation takes this identity back to the original
germ.

Consequently, if the original germ had h1h2h3 ̸= 0, the cylindrical alternative of
Lemma 7.5 would be impossible at every noncentral point of either half-axis.

7.4 Removal of the axis at a homogeneous limit

At a homogeneous limit the weighted connection tends to zero. Recovering a regular defor-
mation at the axis requires control of the physical connection: its weighted value contains
a factor r. We use the development from an axial initial state to express the radial flow in
physical coordinates.

Under the contrary hypothesis h1h2h3 ̸= 0, the preceding argument leaves only the
homogeneous alternative at every noncentral axis point. The normalized connection and its
derivative blocks tend to zero. Weighted homogeneity identifies these orbits with solutions
having finite physical initial data on the axis.

Lemma 7.8 (Coordinates near a regular point of the axis). A radial orbit in the invariant
state set whose full limit set is contained in the set of homogeneous states extends analytically
through its noncentral physical axis point.

Proof. Fix a physical transverse ray x = xax + rer, with er, ez fixed in Cartesian coordi-
nates. Include a principal frame E ∈ SO(3). The physical equations along this ray are the
autonomous analytic system

dS
dr

=
∑

i

viQi(S), dE
dr

= E Γ(v, S), v = E⊤er, a0 = E⊤ez. (7.15)

Starting from arbitrary sufficiently small finite data (S0,E0) at r = 0, solve (7.15) up to
r = 1. Denote its normalized state at r = 1 by Ψ(S0,E0). Here the orthonormal pair
(v, a0) is identified with its principal frame E along the fixed physical ray. At S0 = 0,
Ψ(0,E0) = (0,E0). Order the state blocks by u, τ ,p,E. Since a weight-d derivative has
weight d + 1, the linearized physical system at zero is triangular in these blocks with zero
diagonal. Its time-one map has identity diagonal; the frame-initial-value block is also the
identity. Therefore DΨ(0,E0) is invertible and Ψ is an analytic coordinate map near the
manifold of homogeneous states.
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Weighted homogeneity gives

Φ t
RΨ(S0,E0) = Ψ(edtS0,E0), edtS0 = (etp0, e

2tτ0, e
3tu0). (7.16)

Rescale the solution of (7.15) from [0, et] to [0, 1]; each component has the asserted weight.
The frame part of the manifold of homogeneous states is compact. A finite cover by the

maps Ψ gives one neighbourhood in which the negative radial flow is governed by (7.16).
Since the entire limit set consists of homogeneous states, the state orbit eventually enters
this neighbourhood. It then has the unique finite physical initial data determined by Ψ−1,
and is exactly the regular solution of (7.15) issued from the axis.

All physical constraints and their differential consequences hold for r > 0. The finite
physical state just obtained allows their continuous passage to r = 0. Proposition 2.5
reconstructs an analytic deformation on a neighbourhood of the axis point. Fix its target
frame and position to agree with the continued germ at one point of the ray. Uniqueness
along the ray then identifies the two germs.

Choose a ball about the axis point on which this realization is defined. Uniqueness of the
state and both frame equations identifies their continuations along paths in the ball minus
the source axis. A meridian circle closes in the analytic realization, so the branches whose
lifted angles differ by a full turn coincide.

If the original germ satisfies h1h2h3 ̸= 0, every axial limit is homogeneous. Lemma 7.8
therefore extends the continued strain through every noncentral point of both half-axes. The
identification of angular lifts makes this strain single-valued and analytic on R3 \ {0}. Its
constant principal values, closed projector pressure forms and common source similarity are
preserved under continuation.

7.5 The global contradiction on punctured space

We finish with a geometric consequence of regularity on punctured space. The spherical flux
of a principal projector bounds its pressure constant. For one principal label the bounds
confine a curve on which κi is nonzero and constant, whereas ϑi(Z) increases strictly.

Lemma 7.9 (Rigidity on spheres in punctured space). Suppose the strain tensor of a uni-
versal deformation has constant, pairwise distinct principal values and is single-valued and
smooth on R3 \ {0} and admits the common source similarity Z = x+ Ωx. Then hi vanishes
identically for one fixed principal label i.

Proof. The punctured space is simply connected. The three real principal line bundles are
orientable, so choose a global orthonormal principal frame and its dual coframe αi. The
closed projector pressure forms have global potentials

divPi = ∇ϕi,
∑

i

ϕi = 0, Zϕi = Ki,
∑

i

Ki = 0. (7.17)

The last identities follow from similarity invariance of the closed forms and connectedness;
their constants have no prescribed signs.

We first prove the strict pressure bounds

−1 < Ki < 2. (7.18)

Write ϱ = |x|, n = x/ϱ, and L = Ωx. Similarity invariance and compactness of a regular
unit sphere give |∇Pi| = O(ϱ−1); hence the pressure has at most logarithmic growth. The
field L is divergence-free and tangent to every sphere. On a shell δ < |x| < R,∫

∇ϕi · L = 0, div(PiL) = ∇ϕi · L,
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since Pi : Ω = 0. The inner flux is O(δ3), so∫
|x|=R

n · PiL = 0.

Also div(PiZ) = Ki + 1. Integration and the preceding cancellation give the exact identity

1 +Ki = 3
4π

∫
S2
n · Pi(Rn)ndS(n). (7.19)

Projection positivity first gives the non-strict bounds. If Ki = −1, the continuous nonnega-
tive integrand is everywhere zero and the corresponding principal line is tangent to the whole
sphere. Its orientation gives a nowhere-zero tangent vector field. Such a field e(n) would give
a homotopy cos(t)n + sin(t)e(n), 0 ≤ t ≤ π, between the identity and the antipodal map,
whose degrees are 1 and −1. This is impossible. If Ki = 2, both other principal lines are
everywhere tangent and give the same contradiction. Thus (7.18) holds. Choose one fixed
index with

−1 < Ki ≤ 0, δi = 1 +Ki > 0. (7.20)

Use the forms ϑi and coefficients κi in (2.16), and set

ℓi = ϑi(Z). (7.21)

The structure equation (2.16) reads

dϑi = κiϑj ∧ ϑk. (7.22)

Applying d once more and noting d(ϑj ∧ ϑk) = 0 yields

Diκi = 0. (7.23)

Furthermore LZϑi = δiϑi, and ei lies in the kernel of dϑi. Cartan’s formula, evaluated on ei,
gives

Diℓi = δie
ϕi > 0. (7.24)

Along the similarity flow x 7→ et exp(tΩ)x,

ϕi(x) = Ki log ϱ+ Φi(exp(− log ϱΩ)n), hi(x) = ϱ−1Hi(exp(− log ϱΩ)n).

The functions Φi, Hi are smooth on the compact unit sphere. Consequently fixed positive
constants c, C satisfy

cϱKi ≤ eϕi ≤ CϱKi , |hi| ≤ C/ϱ,

|κi| ≤ Cϱ2Ki−1, |ℓi| ≤ Cϱ1+Ki .
(7.25)

Suppose κi is nonzero at one point and follow its maximal unit-speed ei curve γ : (a, b) →
R3\{0}. By (7.23), κi is a fixed nonzero number along the curve. Since 2Ki−1 < 0, equation
(7.25) confines the entire curve to some ball ϱ ≤ R. On that ball ℓi is bounded, but

d

dt
ℓi(γ(t)) ≥ δicR

Ki > 0

by (7.20). Both endpoints a, b must be finite. Unit speed makes γ Cauchy at each finite
endpoint; each has a finite Euclidean position limit. A nonzero limit would allow ordinary
ODE continuation through a smooth point, contradicting maximality. Thus both limits are
the origin. Since 1 +Ki > 0, (7.25) makes ℓi tend to zero at both ends. That contradicts its
strict increase with a positive lower derivative bound. Hence κi, and therefore this fixed hi,
vanishes identically.
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Proof of Theorem 7.1. A hypothetical open set with h1h2h3 ̸= 0 is excluded directly by
Lemma 7.2 when both angular velocities are zero. Otherwise inversion makes ωs ̸= 0.
Continuation and Lemma 7.5 give the two exhaustive axis alternatives. The cylindrical al-
ternative contradicts the two-rotation theorem by Lemma 7.7. The homogeneous alternative
removes every noncentral axis point by Lemma 7.8. The remaining single-valued strain on
punctured space contradicts Lemma 7.9.

Theorems 6.1 and 7.1 exclude every common similarity supplied by a state map of rank
two. Together with Section 4, this leaves the case of rank three.

8 The algebraic dimension bound
The rank two argument used a similarity along a fibre of the normalized state map. At rank
three that map is locally injective, so there is no such fibre to which the argument can be
applied. We instead consider the algebraic relations satisfied by the state and bound the
dimension of its Zariski closure. A closure of dimension at most two cannot contain a local
state image of rank three.

The projection onto the two abnormality ratios separates the argument into two cases.
Over the ratio plane we prove that the generic state fibre is finite. Over a ratio curve we
prove that it has dimension at most one. The required estimates are therefore

dim B dimYgen dimY

2 0 2
1 ≤ 1 ≤ 2.

Here Y and B will denote the state closure and its ratio image, respectively. The distinction
also determines what must be proved at infinity: the plane case requires an empty generic
projective boundary, whereas the curve case requires only a finite one. The algebraic equa-
tions determine possible boundary states; the differential equations determine which of them
can belong to the closure of a solution.

Theorem 8.1 (The rank bound). For every triple of positive, pairwise distinct, constant
principal values, the retained state of a solution on h1h2h3 ̸= 0 satisfies rank dX ≤ 2.

8.1 The state image and the ratio map

Fix a connected solution chart in the localization (3.3). Put

κ0 = a− b

a(b− 1) , q = 1 + κ0 = b(a− 1)
a(b− 1) , η = κ0

h2
h1
, ζ = κ0h3

qh1
. (8.1)

The constants κ0, q are nonzero. The localization becomes ηζ(η − ζ)(η + 1)(ζ − 1) ̸= 0.
The six off-diagonal entries of p̂ and three affine coordinates Ri, together with η, ζ, form
rational coordinates for X. The change of coordinates is given by (C.1) in Appendix C.1; its
coefficients are invertible in this localization. It preserves differential rank.

We may therefore compute the state fibre dimension using the nine coordinates consisting
of the off-diagonal entries and the Ri, with the ratios fixed.

Let Rnorm be the localized complex coordinate ring and write EiX = Vi(X) for the state
equations. The state is analytic by Section 2. We take the Zariski closure of the image of
this solution. Its ideal records the algebraic relations along the solution, and the chain rule
makes that ideal invariant under the state derivations. This invariance supplies additional
equations on its projective boundary.

The finite compatibility ideal is contained in this vanishing ideal. Its zero set may have
components to which the state derivations are not tangent. Taking the vanishing ideal of the
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solution image selects an irreducible variety preserved by those derivations, on which every
polynomial relation may be differentiated. The finite local ideals below consist of relations
in this invariant ideal.

Lemma 8.2 (The invariant prime ideal). The vanishing ideal

p = {P ∈ Rnorm : P (X) = 0 on the solution chart}

is prime and is preserved by each Vi. Its zero set Y is the irreducible Zariski closure of the
state image.

Proof. Pullback takes Rnorm to the ring of complex valued real analytic functions on the
connected chart. That ring has no zero divisors, by the identity theorem, so the kernel is
prime. If P ∈ p, the chain rule gives (ViP )(X) = Ei(P (X)) = 0.

In particular, the normalized relations induced by Iraw, and all their state derivatives,
vanish on Y . Let B be the Zariski closure of the ratio image (η, ζ), and let Ygen denote the
generic fibre of Y → B.

Lemma 8.3 (Algebraic dimension and differential rank). One has

rank dX ≤ dimY = dim B + dimYgen. (8.2)

Proof. At a point of rank ρ, choose ρ state coordinates with independent differentials. Their
local image contains an open subset of Rρ, on which no nonzero complex polynomial vanishes.
They are algebraically independent on Y , so dimY ≥ ρ. The equality follows by adding
transcendence degrees in C ⊂ C(B) ⊂ C(Y ).

Lemma 3.1 gives dim B ∈ {1, 2}. Thus (8.2) reduces the rank bound to the two fibre
estimates above. Passing to a projective closure turns these into boundary questions: an
affine fibre of positive dimension has a nonempty boundary, and a fibre of dimension at least
two has a boundary of positive dimension.

These assertions can be checked after extending the generic base field to its algebraic
closure. If an affine irreducible variety of positive dimension had no boundary in its projective
closure, it would be both affine and proper and hence zero dimensional. More precisely,
the homogenizing coordinate defines a nonzero section on the irreducible projective closure.
When its zero set is nonempty, that zero set has codimension one. Thus a finite boundary
bounds the affine dimension by one, while an empty boundary forces the affine variety to be
finite.

8.2 Finite fibres over the ratio plane

Suppose that dim B = 2. We work over the function field of the ratio plane. A positive
dimensional affine generic fibre would have a point at infinity in its projective closure. The
closure of such a point gives a boundary component dominant over the ratio plane. It is this
type of component that must be excluded.

8.2.1 The relative projective boundary

Give the six off-diagonal coordinates weight one and the three Ri weight two. Write p = τ p̂
and (v)j = τ2Rj in the weighted projective closure. The construction in Appendix C.2 gives a
proper modification equal to Y on the affine open set τ ̸= 0. Choose an open neighbourhood
U of (η, ζ) = (1,−1) in the ratio plane as in that construction. A boundary component
dominating the plane is proper over U . Its image is closed and contains the generic point,
hence is all of U . It therefore meets the fibre over (1,−1). Throughout this argument the
entries of p are ordered as (12, 13, 21, 23, 31, 32).
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Ratio projection of Y onto B
dim B ∈ {1, 2}

dim B = 2
Normal equations

Algebraic differential obstructions

dim B = 1
Curve tangency

Direction and amplitude fibres

Empty projective boundary
dimYgen = 0

Proposition 8.10

Finite projective boundary
dimYgen ≤ 1

Proposition 8.13

dimY = dim B + dimYgen ≤ 2
rank dX ≤ 2

Figure 3: The fibre dimension estimates for the ratio projection.

The weights reflect the degrees of the state equations: frame coefficients have degree one,
and their first derivative coordinates have degree two. A single ordinary projective chart
would conflate these two growth scales. The modification separates their relative orders by
blowing up the loci where the weighted derivative coordinates vanish. Properness brings a
dominant boundary component to the chosen ratio fibre; the blowup charts give regular local
equations at its points.

Lemma 8.4 (Boundary coverage). Fix positive, pairwise distinct principal values and sup-
pose that dim B = 2. Consider a formal arc with generic point in Y and special point on
the boundary over (η, ζ) = (1,−1). After a finite extension it lifts to the modification and
the finite covers of Appendix C.2, with the following alternatives.

(i) Put n = ord τ > 0 and s0 = minj ord(v)j, with s0 = ∞ if v = 0 identically. The
valuation regions are

s0 = 0, 0 < s0 < n/2, s0 = n/2, n/2 < s0 < n, n ≤ s0 ≤ ∞.

They lie, respectively, in the original weighted charts, the supercritical charts, the com-
mon critical chart, the subcritical charts and the ordinary charts.

(ii) In the intermediate regions 0 < s0 < n, the leading representative R has a nonempty
coordinate support. A support of size one leaves four possible p coordinates and fifteen
nonempty supports. A support of size two leaves, up to cyclic relabeling, a single paired
support, two coordinate axes, a mixed support, or a nonzero paired group together with
at least one remaining coordinate. A support of size three has the three paired groups
(12, 32), (13, 23) and (21, 31).

(iii) On each support stratum, the simultaneous ranks of any finite collection of regular
coefficient matrices, together with the zero and nonzero loci of finitely many regular
coefficient factors, define a finite locally closed refinement.

Every closed point of a boundary component dominating the ratio plane over (1,−1) admits
an arc of this form.
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Proof. The two blowups are proper and have their centres in τ = 0. Hence an arc from the
affine locus lifts by the valuative criterion. The auxiliary covers are finite and surjective, so
the lift extends to them after a finite extension of its complete discrete valuation ring. A
ramification index multiplies all orders by the same integer.

If s0 = 0, a nonzero (v)j selects an original weighted chart, including points with p = 0.
If s0 > 0, some p coordinate is nonzero. For finite s0, choose an entry (v)j of least order.
The chart equations are

chart coordinates orders
WO v = τR ordRj ≥ 0 (s0 ≥ n)
WS v = κδR, τ = κ2δ (ordκ, ord δ) = (n− s0, 2s0 − n)
WT v = σR, τ = σ2βT (ordσ, ordβT) = (s0, n− 2s0).

Nonnegativity gives the regions in (i). At s0 = n/2, δ and βT are units and δβT = 1 on the
overlap. If s0 = ∞, the ordinary chart has R = 0.

In an intermediate chart, choose (v)j of least order and normalize R = v/(v)j . The
finite auxiliary coordinates ealg of Appendix C.2 are regular on the lifted arc and satisfy

L(p)R = τ

(v)j
ealg, ord τ

(v)j
= n− s0 > 0.

Thus L(p)R = 0 at its special point. Writing out the matrix L of Appendix C.1 gives

p12R1 = ζ − η

ζ(η + 1)p32R3,

p13R1 = ζ − η

η(ζ − 1)p23R2,

p21R2 = η(ζ − 1)
ζ(η + 1)p31R3.

Their coefficients are units in the ratio localization. With only R3 ̸= 0, they force p31 =
p32 = 0, leaving the other four entries. With R2R3 ̸= 0 and R1 = 0, they force p23 = p32 = 0
and pair p21 with p31. If this pair is the only nonzero group, the support is paired. If it
is zero, the remaining coordinates give the two axes or their mixed support. If the pair
and at least one remaining coordinate survive, they give the last alternative in (ii). Cyclic
permutations give three paired, six axis and three mixed configurations. When all three Ri

are nonzero, the displayed relations give the three groups in (ii). These incidence relations
therefore allow 3 · 15 + 3 · 7 + 7 = 73 possible coordinate support patterns.

On a fixed support, a matrix has rank r > 0 precisely where all its (r+ 1)-minors vanish
and at least one r-minor is nonzero; rank zero means that every entry vanishes. These are
finitely many locally closed conditions. Each additional coefficient factor is then partitioned
into its zero and nonzero loci. Intersecting these finite partitions proves (iii). On a paired
chart put p12 = 1, ℓ = p32 and use k = aκ0, m = 1 + k as in Appendix C.1. The two
conditions mℓ2 = ±k are disjoint, since 2k ̸= 0. Each is considered both on and off the
material resonance k + q = 0. The local ideals are formed in the full local ring, with the
coefficient factors that vanish at the special point retained as parameters.

Finally, the strict transform Ỹ is the irreducible closure of Y in the modification. It is
Noetherian, being of finite type over C. Its generic point lies in Y and specializes to every
closed point of Ỹ . A discrete valuation ring realizes this specialization [27, Lemma 28.5.10,
Tag 054F]; completing it gives the required formal arc. A boundary component dominating
the ratio plane meets the selected fibre by properness.

Let J be the ideal of the closure of Y in a boundary chart. It is saturated:

J : τ∞ = J.
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The homogenized compatibility equations and their derivatives, after division by powers
invertible on the affine open set, generate an ideal I ⊂ J . If τN ∈ I, saturation gives 1 ∈ J ,
so the chart contains no point of the closure of Y . The same conclusion follows by excluding
formal arcs whose generic points lie in τ ̸= 0: a point of the closure of an affine open set lies
on such an arc after a field extension. Normal equations are useful here because they compare
the first nonzero terms of an approaching arc. A nilpotent normal coordinate vanishes on
the arc, and a system of weighted initial equations can force several normal coordinates to
vanish together.

Saturation also justifies division by an exceptional power when the quotient is regular:
if τdF ∈ J , then F ∈ J . This is the ideal-theoretic reason the divided equations remain
necessary equations for the solution closure. We retain τ in the local equations. A boundary
point belonging to the closure of the affine solution must admit an arc with τ ̸= 0 at its
generic point. If the equations in I force τ = 0 identically on every such arc, that point is
excluded from the closure.

Lemma 8.5 (Exclusion by normal equations). Work in the completed local ring of a boundary
chart. Let g1, . . . , gr be normal coordinates vanishing at the point, and suppose that τN ∈
I+(g1, . . . , gr) for some integer N > 0. Assign positive integer weights to the gj. Suppose that
finitely many equations in I, expanded in the gj with the parameters along the family retained,
have no terms below their respective weighted degrees. After reducing the coefficients modulo
the maximal ideal, suppose that their initial forms have the origin as their only common
zero over the algebraic closure of the residue field. Then no formal arc through the point,
annihilating I, has a generic point in τ ̸= 0.

Proof. If some gj is nonzero along such an arc, minimize the quotient of its order by its
weight. After a finite ramified extension, the first coefficients of the gj at this weighted order
form a nonzero vector. The first terms of the equations make every initial form vanish on that
vector, a contradiction. Hence all gj vanish on the arc, and the inclusion τN ∈ I+(g1, . . . , gr)
gives τ = 0.

There are two ways in which the local equations will be used. First, suppose that all the
equations vanish on a specified family, and that their linear coefficient matrix in its normal
coordinates has full column rank. An invertible minor permits implicit elimination of these
coordinates in the completed local ring. The zero normal coordinates already solve the full
equations, so uniqueness of the implicit solution makes the eliminated coordinates zero. If τ
is in this normal ideal, the family has no approaching affine arc.

Second, a coefficient minor may vanish on a subfamily. On that locus we eliminate
only the coordinates belonging to an invertible submatrix, using the full equations rather
than their linear parts. The equations in the remaining coordinates then have well-defined
weighted initial forms. If these forms have only the zero solution and τN ∈ I + (g1, . . . , gr),
the preceding lemma again excludes an affine arc. The weighted initial forms include the
quadratic terms created by implicit elimination. Lemmas C.6 and C.7 give the corresponding
local reductions.

Some boundary families require a normal ideal containing products or squares of coor-
dinates. If the compatibility relations belong to such an ideal and their classes span its
quotient by the maximal ideal, Nakayama’s lemma makes them generate the entire ideal.
Membership in the ideal is checked for the full polynomials, and spanning is checked in this
quotient. Thus the conclusion is an inclusion of ideals in the completed local ring, even when
the family has a nonreduced normal structure. The powers and products are retained until
this inclusion has been obtained. On the ordinary chart of the modification, v = τR, with
R a regular coordinate vector on that chart.

Lemma 8.6 (Reduction of the relative boundary). Near the fibre (η, ζ) = (1,−1), every
irreducible component of the boundary of Y dominating the ratio plane is contained, up to a
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signed cyclic relabeling, in the family

Fin : p = (1, 0, 0, 0, 0, ℓ), R = (λin(v)ℓ, u, v), τ = 0, ℓ ̸= 0,

λin(v) = (ζ − η)v − 2η(ζ + 1)
ζ(η + 1) .

(8.3)

Here p = τ p̂ and R = τR are ordinary homogeneous coordinates. The homogeneous regu-
larizations of the state derivations on the ordinary projective closure preserve the surviving
boundary component.

Proof. Let a boundary component dominate the ratio base. By properness it meets the fibre
(1,−1). We examine the approaches from the affine locus to this fibre, using the necessary
ideal I ⊂ J and Lemma 8.5.

For an approaching arc, use the orders n, s0 and the support alternatives of Lemma 8.4.
On each support we retain the coefficient factors at a rank drop and their intersections with
the special principal value loci in the local coefficient ring.

The local equations on these supports have two exclusion mechanisms. Where a normal
coefficient matrix has full column rank, its selected relations generate the required normal
ideal and force a power of τ into I. On its rank strata, one first eliminates the coordinates
belonging to an invertible submatrix using the full local equations. The remaining normal
equations have initial homogeneous forms with no nonzero common zero, or generate an
ideal containing the required exceptional coordinate. Lemma 8.5 forces τ = 0 on such an
arc. At the four-point family, implicit elimination gives two normal ideals describing the
local families through those points. The remaining equations generate their intersection.
The eliminated expression for τ belongs to both ideals, hence to their intersection. Pulling
this membership back gives τ in the original local ideal, including at the intersection of the
two families. Appendix C.8 gives the generators.

The conic endpoint with p23 = 0 and one nonzero leading derivative coordinate requires
an exact relative ideal. On its intermediate chart, v = κδR and τ = κ2δ. Six complete
equations with an invertible Jacobian define an implicit graph. The reference conic ideal
on this graph is generated by one coordinate and the square of another. A first residual is
divisible by p23, and its regular quotient, together with a second residual, has an invertible
coefficient matrix in these two generators. Thus p23 times the reference ideal belongs to the
necessary ideal. The coordinate κ belongs to the reference ideal, while δ is divisible by p23,
giving

κδ ∈ I, τ = κ2δ ∈ I.

Appendix C.9 gives this local proof with η, ζ retained as parameters. Since I ⊂ J and
J : τ∞ = J , this endpoint is excluded from the relative closure of the affine state image.

For each coefficient used in elimination, its nonvanishing set permits division and its zero
locus is treated with the original equations. This gives a further partition of each support by
coefficient rank. On the paired supports, the coefficient rank can drop on the two amplitude
hypersurfaces

(1 + aκ0)ℓ2 = aκ0, (1 + aκ0)ℓ2 = −aκ0.

Their difference is 2aκ0 ̸= 0, so they are disjoint. The material resonance in these strata is

aκ2
0 = (1 + aκ0)q ⇐⇒ aκ0 + q = 0.

It is kept as a parameter condition when either amplitude hypersurface is considered. In the
critical missing-row stratum, the original equations would require

1 + b(a− 1)2

a(b− 1)2 = 0,

51



which is impossible because a, b > 0. On the canonical paired stratum, simultaneous vanish-
ing of the elimination minors at the material resonance would require

−κ0(1 + κ0) = 3
4 .

But −κ0(1 + κ0) = 1
4 − (κ0 + 1

2)2 ≤ 1
4 . On the inactive paired stratum, elimination at the

resonance leaves one normal coordinate whose quadratic coefficient is

−16q
κ0

(
(κ0 + 1

2)2 + 3
)

̸= 0.

The remaining equation is a unit times the square of that coordinate in the completed local
ring. That coordinate must therefore vanish on every reduced formal arc annihilating I,
and the implicit equations force the exceptional coordinate to vanish. The other coefficient
zero sets give either an ideal containing τ or the initial forms of Lemma 8.5, as specified in
Appendix C.8.

On the other intermediate supports we use differential invariance to pass from the se-
lected fibre to a neighbourhood in the base. The state derivations extend after homogeneous
regularization on the weighted Rees model with integer weights (n, 2n−s0). Put γ = 2−s0/n.
For each monomial of a regularized derivation, the exponent of the exceptional parameter is
affine in γ. The endpoint degree bounds in Appendix C.6 make this exponent nonnegative
at γ = 1, 2, and therefore throughout 1 < γ < 2. On the supports with two available hori-
zontal fields, their base minor is nonzero and the resulting boundary component dominates
the ratio base. On full derivative support with at least two surviving amplitude pairs, the
induced derivations fix the amplitude and direction parameters and act independently on
η, ζ. The ratios are algebraically independent over the common constant field, so the com-
patibility equations can be compared coefficientwise (Appendix C.3). On a transverse local
chart, Lemma C.4 transfers the radical inclusion from the selected fibre to the full local ring:
the formal flows preserve J and multiply τ by a unit. The supports lacking these fields were
treated by the relative local identities above.

Coefficient comparison here takes place in a function field where the direction parameters
are common constants and the ratios are algebraically independent over those constants.
Formal transfer uses two regular lifted fields with an invertible base minor. Their formal
flows preserve the saturated ideal and send the boundary equation to a unit multiple of itself,
so they transport a radical inclusion forcing τ = 0 from the selected fibre to the relative local
ring. At a point where the base minor vanishes, the relative local identities above supply the
exclusion.

In the ordinary chart, the remaining local ideals give the radical inclusion

(p13, p21, p23, p31, (R)1 − λin(v)p32) ⊂
√
I + (τ).

Here the projective normalization is p12 = 1, and u = (R)2, v = (R)3. The normal ideals
giving this inclusion are written in Appendix C.8. Their squares and cubes force the residual
normal coordinates to vanish on the reduced boundary; the quadratic change of coordinates
on the resonant stratum has the same radical. Hence a nonempty open subset of the com-
ponent satisfies (8.3). Since this family is relatively closed, irreducibility puts the generic
point of the component in it. On the ordinary projective closure, Lemma C.3 applies to the
invariant prime p and its saturated homogeneous closure. Its regularized derivations preserve
the minimal primes of the boundary ideal, which gives the last assertion.

The surviving family still has the three boundary coordinates ℓ, u, v. Reduction to this
family therefore does not yet give a fibre dimension bound. The next argument uses its
induced differential equations: it first makes a boundary coordinate algebraic over the ratios
and the common constants, and then excludes the resulting algebraic differential equation.
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8.2.2 Differential equations on the ordinary boundary family

The necessary homogenized equations vanish on Fin. To exclude a dominant component in
this family, the normal coefficient matrices must be singular: an invertible normal matrix
would put τ in the compatibility ideal, contradicting saturation. The induced derivations also
preserve the component. The singular normal matrices make certain boundary coordinates
algebraic, while differential invariance gives equations incompatible with that algebraicity.

On Fin, set
Θ = (ζ − η − 1)v − 2ηζ, β = η(ζ − 1)

ζ(η + 1) . (8.4)

Away from (v + 2)Θ = 0, two boundary derivations have independent base components
and can be normalized to induce ∂η, ∂ζ . Their equations and normal terms are given in
Appendix C.10.

The normalized fields send (η, ζ) to (1, 0) and (0, 1), respectively. We use their common
constant field to compare coefficients. After fixing η, the second field induces d/dζ on the
ratio field. The loci v = −2 and Θ = 0, where the normalization fails, are treated separately
in Proposition 8.9.

Lemma 8.7 (Algebraicity on the ordinary boundary family). Let E be the function field
of an invariant irreducible component of the boundary contained in Fin and dominant over
the ratio plane. Suppose that the component is contained in neither v = −2 nor Θ = 0.
Let C be the common constant field of the two normalized horizontal derivations. Then η, ζ
are algebraically independent over C. Away from v = 2η, the coordinate v is algebraic over
C(η, ζ), including on u = 0. On v = 2η, the coordinate u/β is algebraic over that field.

Proof. The two derivations annihilate ℓ and, where it is defined, the quantity

u2

β2(v + 2)(v − 2η) .

A polynomial relation of least total degree between η, ζ over C would have both partial
derivatives zero. In characteristic zero this is impossible.

Thus the two ratio coordinates remain independent even after adjoining the first integrals
to the constant field. This is the field over which the coefficient comparison must be made.
A polynomial equation with coefficients depending on ℓ and the displayed first integral is an
equation over C(η, ζ), because both of those quantities lie in C. To prove algebraicity of v,
it remains to show that at least one of the necessary polynomial equations is nonzero in this
field; the vanishing of all its coefficients would supply no such conclusion.

Consider the matrix of linear normal terms of the compatibility relations along the fam-
ily. A unit maximal minor would make the full relations generate the normal ideal, which
contains τ . Lemma 8.5 would exclude that point from the closure of Y . The normal minors
consequently vanish on the component. Substitution of the displayed constant quantity gives
polynomial equations for v over C(η, ζ). Their coefficient factorization in Appendix C.10 sep-
arates the two amplitude hypersurfaces

(1 + aκ0)ℓ2 = ±aκ0.

Off these hypersurfaces, two coefficient vectors have a minor equal to 63. Their simultaneous
vanishing forces κ0ℓ

2 + q = 0 and the displayed first integral to equal −q. On the positive
amplitude hypersurface, a linear combination of two coefficient conditions is a nonzero mul-
tiple of aκ2

0. On the negative hypersurface, the constant coefficient in v is a unit times (aκ0)4

times the first integral, which is nonzero here. On the remaining locus where the first inte-
gral equals −q, the coefficient of v4 has two parameter coefficients with a linear combination
−24aκ2

0. Its additional factor aκ0 +q can vanish only on the negative amplitude hypersurface
already treated. Hence the normal minors give a nonzero equation for v.
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On u = 0, one retains the mixed normal generator un⊥ and the quadratic generator n2
⊥,

with n⊥ as in (C.9). Two leading coefficients of the resulting equations in v contain, up to
nonzero factors, 5κ0ℓ

2 + 4q and 4κ0ℓ
2 + 5q. They cannot both vanish, since

5(4κ0ℓ
2 + 5q) − 4(5κ0ℓ

2 + 4q) = 9q ̸= 0.

The factorization of the coupled normal columns in the same appendix then gives a nonzero
polynomial in v.

The mixed generator un⊥ is kept even though the value of u is zero on the subfamily.
Dividing it by u would change the local ideal and would remove precisely this case. The
quadratic generator n2

⊥ records the remaining normal equation when the linear column de-
generates. The two coefficient factors above show that the resulting polynomial conditions
cannot both become identically zero; they give algebraicity of v on this subfamily without
inverting u.

On v = 2η, the normal equations instead give a polynomial in u. After unit factors are
removed, its three-column normal factor has highest ζ coefficient

−16(1 + aκ0)q(η + 1)5ℓ2 ̸= 0.

Thus this polynomial is nonzero, and u/β is algebraic because β belongs to C(η, ζ) and is
nonzero. At u = 0 the corresponding normal generators contain τ , excluding the component
directly.

We now hold η fixed and regard ζ as the independent variable. An algebraic function of
ζ defines a finite covering of the projective line. Residues of differentials and pole orders on
this covering give obstructions to the induced boundary equations.

Lemma 8.8 (Algebraic differential obstructions). Let K be a field of characteristic zero and
let E/K(ζ) be finite. Fix η ∈ K with η(η + 1) ̸= 0. If v ∈ E satisfies

dv

dζ
= (v − 2η)(v + 2)

(ζ − η − 1)v − 2ηζ

with nonzero denominator, then v = −2 or v = 2η. The logarithmic derivative of a nonzero
algebraic function in E cannot be a nonzero constant in K.

Proof. Extend the constant field algebraically and pass to the smooth projective curve of
the resulting function field. If v is nonconstant, its equation gives

d

(
ζ

v + 2

)
= − (η + 1)v

(v − 2η)(v + 2)2 dv. (8.5)

A nonconstant rational function on a smooth projective curve maps onto the projective line,
so there is a point above v = 2η. The differential on the right of (8.5), considered first on the
v-line, has residue −η/[2(η + 1)] there. If v − 2η has order e > 0 at a point of the covering
curve, pullback multiplies this residue by e. It remains nonzero. On the other hand, in a
local parameter the derivative of a Laurent series has no coefficient of order −1. The exact
differential on the left therefore has residue zero at every point. This contradiction makes v
constant. Its differential equation then reduces to (v − 2η)(v + 2) = 0.

For the logarithmic assertion, a nonzero algebraic function has the form te times a unit
at any point, so its logarithmic differential has at most a simple pole there. At a point above
ζ = ∞, write ζ as t−r times a unit with r > 0. Then dζ has pole order r + 1 ≥ 2. Equality
of a logarithmic differential with a nonzero constant multiple of dζ is impossible.

Proposition 8.9 (Exclusion of the ordinary boundary family). No invariant irreducible
component of the boundary contained in Fin dominates the ratio plane.
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Proof. The hypersurface Θ = 0 is transverse to an induced derivation: on it the derivative of
Θ is 4(ζ − 1)η(η+ 1)/(ζ − η− 1). Thus it cannot contain an invariant dominant component.
Away from this hypersurface and v = −2, the normalized derivation Dζ fixes η and satisfies

Dζv = (v − 2η)(v + 2)
Θ , Dζℓ = 0, Dζ(u/β) = v + 1 − η

Θ (u/β). (8.6)

By Lemma 8.7, the field C(η)(ζ, v) is finite over C(η)(ζ). It is preserved by Dζ , whose
extension is unique in characteristic zero. Lemma 8.8 gives v = 2η. On the locus v = 2η,
the normal relations exclude u = 0, while

Dζ log(u/β) = − 1
2η . (8.7)

The algebraicity of u/β contradicts the second assertion of Lemma 8.8.
On v = −2, use the relative normal generators in (C.11)–(C.13). The ideals J9, J10, J11

correspond to the ordinary stratum and to the two amplitude hypersurfaces above. Each
has τ among its linear generators. The compatibility polynomials belong to the relevant
ideal, and their coefficient classes span its quotient by the maximal ideal times that ideal.
Nakayama’s lemma therefore gives

τ ∈ Jj ⊂ I, j = 9, 10, 11.

On the negative amplitude hypersurface a quadratic change of normal coordinates produces
J11 and leaves τ unchanged. The coefficient matrices and this change are given in Ap-
pendix C.11. If aκ0 + q = 0, the unit coefficient matrix is obtained at the base point (1,−2)
in place of (1,−1). Thus τ ∈ I on a nonempty base open set, contrary to saturation for a
component dominant over the ratio plane.

Dominance is used here only to pass to a nonempty open set of the base. An irreducible
component dominating the ratio plane has its generic point over every such open set. Thus
a unit coefficient matrix near (1,−2) excludes the same putative component even if that
matrix is singular at (1,−1). Here the coefficient matrix is computed for the relative normal
ideal on v = −2 at the replacement base point.

Proposition 8.10 (Finite fibres over the ratio plane). If the state image is dominant over
the ratio plane, its generic state fibre is finite.

Proof. An affine generic fibre of positive dimension would give a boundary component dom-
inant over the ratio plane. Properness forces it to meet (η, ζ) = (1,−1). Lemma 8.6 puts its
generic point in Fin, contradicting Proposition 8.9. The generic boundary is empty. Conse-
quently the affine generic fibre is also proper. A proper affine variety over a field is finite;
see Lemma C.1.

In particular, the estimate concerns the generic fibre over C(η, ζ). Special fibres over
lower dimensional subsets of the ratio plane may have larger algebraic zero sets; they do not
alter the transcendence degree of C(Y ) over the ratio field. They will enter the proof only if
the entire ratio image is a curve, which is the next case.

8.3 Fibres over an algebraic ratio curve

Suppose that dim B = 1. If η is constant, the cyclic relabeling

(a′, b′) = (b/a, 1/a), η′ = −ζ/η, ζ ′ = −1/η

makes η′ nonconstant. We may therefore work in C(B) with

ς = dζ

dη
, L = ης − ζ.
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The derivative with respect to η extends uniquely from C(η) to the function field of the curve,
since the extension is finite and separable. In particular, every derivative of ς occurring below
belongs to this field.

Tangency gives Eiζ = ςEiη. On the solution open set where dη ̸= 0, differentiating this
equation gives the curve compatibility relations. After clearing denominators, they belong
to p by analyticity and constrain the generic fibre of Y .

The slope ς is a rational function on the ratio curve. Pointwise elimination treats its value
as a parameter. Along the curve, the equations ζ ′ = ς and the differentiated compatibility
relations further constrain the exceptional direction families.

The smaller base permits a larger state fibre. An affine irreducible component of dimen-
sion d ≥ 1 has boundary of dimension d− 1 in its projective closure. We therefore need only
show that its boundary is finite. Tangency to the ratio curve adds the equations that will
give this bound.

We make the parameter distinctions at the generic point of B. Since η is nonconstant,
every nonzero polynomial in η is a unit in C(B). A polynomial in the curve coordinates
either vanishes identically or is a unit there. Thus isolated exceptional ratio values do not
form a further generic branch; a coefficient zero set matters precisely when it contains the
ratio curve. The original localization is

ηζ(η − ζ)(η + 1)(ζ − 1) ̸= 0.

The additional characteristic conditions are

ς − 1 = 0, L+ 1 = 0, L+ ς = 0, ς = 0, L = 0. (8.8)

Write
g∗ = ηζ(η − ζ)(ζ − 1)(η + 1)(1 + η − ζ)(ς − 1)(L+ 1)(L+ ς)ςL.

P0 = ηζ(η2 − 1)ς2 − 2(η2 − ζ2)ς + ηζ(1 − ζ2). (8.9)

The factors of g∗ arise from the reconstruction and direction equations, and P0 is the
additional quadratic factor of the direction determinant. At the generic point, first separate
ζ = η+ 1, then the five conditions in (8.8). On their complement, g∗ is a unit, and P0 either
vanishes or is a unit. This is the partition in Table 2.

Each row of the table is a condition in the function field of one irreducible curve, rather
than a condition at an isolated point. A product vanishes in this field only if one of its
factors vanishes identically. The rows are taken in order, so intersections are assigned to the
first applicable row. After these rows have been removed, the factors in g∗P0 are units and
may be used in rational reconstruction. The equations before those divisions are used in the
earlier rows.

8.3.1 Characteristic ratio curves

The first three conditions in (8.8) integrate, respectively, to

ζ = η + c, ζ = 1 + cη, ζ = c(η + 1).

Their common branch ζ = η + 1 is treated separately below. The undivided zero pair equa-
tions treat a persistent vanishing opposite pair. On the remaining chart, two compatibility
equations form an affine system for two pair coordinates over three other pair coordinates.
Its three coefficient rank strata give the following dimension counts.

At rank two, the first two coordinates are reconstructed. The remaining equations give
two coprime polynomials in the three base coordinates, so their common zero set has di-
mension at most one. At rank one, consistency imposes a Cramer numerator as well as
the determinant. The determinant is irreducible and does not divide that numerator, again
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Table 2: Branches at the generic point of the ratio curve B. The rows are considered in the
displayed order, each outside the preceding rows.
Condition Algebraic argument Fibre conclusion Proof location

ζ = η + 1 Rational reconstruction and
coprime quintic initial forms

dimYgen ≤ 1 Lemma 8.11;
Appendix C.15

ς = 1, L = −1, or
L = −ς

Affine pencils, Cramer
numerators and compatibility

dimYgen ≤ 1 Appendix C.14

ς = 0 or L = 0 The first nonzero
homogeneous terms of the
original equations

dimYgen ≤ 1 Appendix C.16

g∗ ̸= 0, P0 = 0 Direction equations and
tangency to the projected
factors

Finite projective
boundary

Appendices C.16
and C.17

g∗P0 ̸= 0 Direction and amplitude
bounds; slope elimination

Finite projective
boundary

Proposition 8.12;
Lemma C.13

giving base dimension at most one. The third compatibility equation cuts the affine kernel
line in finitely many points and adds no fibre dimension. At rank zero, and on the zero-
column loci where this last equation can degenerate, the compatible base is finite and the
residual equations bound the remaining fibre dimension by one. Appendix C.14 gives the
determinants, Cramer numerators and residual equations on these strata.

The last two conditions in (8.8) give ζ = c and ζ = cη. On these branches the highest
homogeneous terms can cancel; the next nonzero terms of the original equations give the
required bound, as shown in Appendix C.16.

Lemma 8.11 (The ratio line ζ = η + 1). On the persistent branch ζ = η + 1, the generic
state fibre has dimension at most one.

Proof. Tangency makes a fixed diagonal multiple of the normalized curl matrix symmetric.
The original relations exclude a persistent zero opposite pair. On the remaining open set,
three pair coordinates reconstruct the complete state rationally. Two necessary polynomials
in those coordinates have coprime leading forms of degree five for every admissible triple of
principal values and ratio. A common factor of the two polynomials would have a leading
homogeneous factor dividing both quintic forms, contrary to their coprimality. A common
zero set of dimension at least two in these three coordinates would have a hypersurface
component and hence a common irreducible factor. Its dimension is therefore at most one,
and rational reconstruction transfers the bound to the state fibre. Appendix C.15 gives the
reconstruction, the leading forms and the zero pair argument.

8.3.2 Directions and amplitudes at infinity

On g∗ ̸= 0, the first tangencies give the rational coordinate change (C.28). It expresses
the three Ri rationally in the six off-diagonal frame coefficients. Consequently a dimension
bound for these six coordinates is also a bound for the complete generic state fibre.

Write the three opposite pairs as (wi,mi) in these coordinates. At infinity each nonzero
pair has direction (wi : mi) ∈ P1. Once direction representatives are chosen, their amplitudes
are defined up to one common multiplier. The mixed equations first constrain these three
projective directions. For each permitted choice, the cubic and quartic equations constrain
the relative amplitudes. A finite set of directions with finite projective amplitude fibres gives
a finite boundary. Directions with a zero coordinate are treated by retaining the homogeneous
equations on that coordinate support.
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A direction specifies the ratio within a pair, whereas an amplitude specifies its size relative
to the other pairs. If all three pairs are nonzero, the amplitudes form an open subset of
P2; with two pairs they form an open subset of P1, and with one pair there is no relative
amplitude parameter. This separation avoids counting the common homogeneous multiplier
as a boundary coordinate. It also shows why a direction bound alone is insufficient: even
one fixed direction can carry an amplitude curve.

The mixed equations are bilinear in pairs of directions. An invertible coefficient block
determines a projective map between its two directions. With three invertible blocks, the
direction fibre is the fixed point set of their composition. A nonidentity projective map of
P1 has at most two fixed points. Its fixed point equation vanishes identically precisely when
the representing matrix is scalar. With singular blocks, the determinant and trace relations
give the exceptional cases in Appendix C.16.

Projection of these exceptional equations gives finitely many plane polynomials. A factor
depending only on η is a unit. For a nonvertical irreducible factor f , characteristic zero gives
separability in ζ, so fζ is nonzero at the generic point of f = 0. Tangency therefore gives
ς = −fη/fζ . Substituting this slope into the original equations and clearing denominators
gives polynomials whose joint greatest common divisor with f is 1 in Q(η)[ζ], as proved in
Appendix C.16. Their Bézout identity remains valid in C(B), where the nonzero denom-
inators in η are units. It contradicts simultaneous vanishing on a persistent curve. The
coefficient zero sets use the original bilinear equations and their tangency relations before
elimination. The mixed direction fibre consequently has at most two points at the generic
ratio point.

For proper supports and the seven full support patterns with some mi = 0, the cubic and
quartic relations also give finite projective amplitude fibres. Passing to squared amplitudes
is a finite map, and the cubics are linear in those squares. For full support, rank zero is
excluded by the pure cubic coefficients and tangency to their vanishing loci. At rank at
least two, the projective kernel is at most a point, whose inverse image contains only finitely
many amplitude points. At rank one, the projective kernel is a line; a positive dimensional
fibre would require a common line component of the remaining quartic equations after the
substitution. For two nonzero pairs with amplitudes x, y, quartic combinations give ±4x2y2,
so there is no amplitude curve on that support. For three nonzero pairs, if the defining
linear form of the kernel line has a zero coefficient, the pure quartic terms xy(x + y)2 and
xy(x2 + y2) force xy = 0. The six resulting configurations have coefficient ideals, augmented
by their first two curve derivatives, containing a unit on g∗ ̸= 0 (Appendix C.16). They
therefore cannot persist on the ratio curve.

On m1m2m3 ̸= 0, put ti = wi/mi. One direction requires separate treatment:

t1 = ς

2ζ , t2 = t3 = − L

2ηζ .

For this distinguished direction, the amplitude equations are conics in the squared ampli-
tudes. Since g∗ ̸= 0, ης/ζ ̸= 0, 1. The determinants in Appendix C.16 give a nondegenerate
conic, and the coefficient minor

−2(ης/ζ − 1)2 ̸= 0

shows that the first two conics are not proportional. If ης/ζ = 1/2, both degenerate, but
the third conic is nondegenerate and not proportional to either. At the other permitted
values at least one of the first two is nondegenerate. A nondegenerate conic is irreducible,
so its intersection with a conic not proportional to it has no common component. Bézout’s
theorem makes their projective intersection finite. The finite squaring map transfers this
conclusion to the original pair amplitudes.

For full support directions other than the distinguished one, use the affine coordinates
(U, V,w∗) of (C.30). The distinguished direction is their origin. The original equations are
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linear in the auxiliary vector
ξ = (UV,U, V,Q∗(w∗))T,

where Q∗ is the polynomial in (C.31). Its coordinates also satisfy

Q∗(w∗)ξ2ξ3 − ξ1ξ4 = 0.

The original relations imply that ξ = 0 forces the distinguished direction, so ξ ̸= 0 on the
present branch. The five linear equations give the matrix M∗; four of the equations give the
square matrix M , as defined in Appendix C.19.

The linear equations determine possible auxiliary vectors. The displayed quadratic rela-
tion then imposes the product condition satisfied by the original coordinates. Eliminating
the direction parameter gives two necessary conditions: P1 = 0 for the linear equations and
P2 = 0 for their compatibility with the quadratic relation. These polynomials are defined in
Appendix C.20.

8.3.3 The quadratic condition and the remaining directions

On P0 = 0, retain the original direction equations. Appendix C.17 treats both determinant
roots, the leading coefficient, their collision locus and the reconstruction minors. For a
projected plane polynomial f , its curve tangency and P0 = 0 imply

ηζ(η2 − 1)f2
η − 2(ζ2 − η2)fηfζ − ηζ(ζ2 − 1)f2

ζ = 0.

After removal of the localization factors, the straight branches and (η + 1)ζ = η, each
norm or minor polynomial f is coprime to its displayed tangency polynomial in Q(η)[ζ]
(Appendix C.17). The corresponding Bézout identities exclude a persistent curve on f = 0.

Substituting the tangent slope ς = −fη/fζ in P0 and multiplying by f2
ζ gives the displayed

polynomial. A nonvertical irreducible curve contained in f = 0 and satisfying P0 = 0 would
therefore make both polynomials vanish in its function field, contrary to their Bézout identity.
On the remaining curve (η + 1)ζ = η, the original full support direction ideal is the unit
ideal over Q(η).

For the distinguished direction, ς ′ = ςL/(ηζ). Differentiation of P0 = 0 therefore gives

ηζ
(
(P0)η + ς(P0)ζ

)
+ ςL(P0)ς = 0.

Its resultant with P0 has, outside the localization factors and finite η-levels, only the factors
ζ + 1, ζ + η and η2 + ζ2 + 1. The first two are the straight branches. The last is strictly
positive on the real ratio image, so it is nonzero in C(B). Together with the proper support
and amplitude bounds, these exclusions give a finite generic projective boundary on P0 = 0.

On g∗P0 ̸= 0, the determinant defines a finite degree two divisor in the projective direction
parameter. The linear equations define a kernel line on this divisor. Taking the norm of the
quadratic relation along the divisor gives a polynomial condition on (η, ζ, ς), which must
hold together with the condition for existence of the kernel.

Vanishing of the affine leading coefficient places a root at infinity. Vanishing of the
discriminant makes two roots coincide. The homogeneous determinant defines a divisor of
length two in either case, with multiplicity. Forming the norm on this divisor includes both
configurations.

Proposition 8.12 (Conditions for the remaining directions). Let B be the algebraic ratio
curve of a solution, with η nonconstant, and suppose that g∗P0 ̸= 0 at its generic point. A
compatible full support direction with m1m2m3 ̸= 0, distinct from the distinguished direction,
satisfies P1 = P2 = 0 in C(B).
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Proof. The nonzero auxiliary vector is annihilated by M∗, so its five maximal minors have a
common root in the projective direction parameter. Write each of these quadratic minors in
the basis of the three homogeneous monomials of degree two. Evaluation at that root gives
a nonzero vector annihilated by their coefficient matrix. The matrix consequently has rank
at most two, and all its three by three minors vanish.

The identities in Appendix C.20 give the ideal of these coefficient minors as (P1). After
P1 is factored out, the residual minors have a linear combination equal to ς2(ς − 1)2 times
a nonzero polynomial in η. This is a unit at the generic point of the present curve, so the
vanishing minors imply P1 = 0. The same unit identities make the two constant columns of
the transformed four-row matrix independent. Their six minor charts cover the parameter
base.

On each chart, Schur reduction leaves a two by two linear pencil. The coefficient ideals
for an identically zero determinant and for rank at most two at a root both contain a nonzero
polynomial in η times ς(ς − 1)P0 (Appendix C.21). This element is a unit in the current
function field. The determinant is therefore a nonzero homogeneous quadratic, and the
matrix has rank three on its zero divisor. This divisor is finite flat of degree two, and its
kernel is an invertible line on which the quadratic relation restricts.

On the determinant divisor the reduced pencil has rank one, because its rank zero locus
has been excluded by the coefficient ideal. A nonzero entry gives a local generator of its
kernel; on overlaps these generators differ by a unit. Thus the kernel is a line also at a
multiple determinant root. The quadratic relation restricts to a section on this line. The
local kernel generators and their unit transition factors define it on the entire determinant
divisor.

Construct the norm on the ambient regular parameter open set. Locally trivialize the
kernel line and write the restricted quadratic relation as an element of the finite locally free
algebra of the determinant divisor. Its norm is the determinant of multiplication by this
element. Vanishing at a compatible root makes multiplication noninvertible in that root’s
local algebra, hence makes the norm zero. This statement also holds when that local algebra
is nonreduced at a double root.

The two adjugate columns give local kernel representatives. Their resultants are nonzero,
so the norm is a nonzero section and defines a Cartier divisor. Every irreducible component
of this divisor occurs in both resultants. Their common factor therefore bounds its support
by P0P2 = 0. On the present open set P0 is a unit, leaving P2 = 0. The homogeneous
determinant includes roots at infinity. Lemmas C.10 and C.12 give the Schur reduction and
the polynomial identity for this norm.

The conditions P1 = P2 = 0 constrain a direction at a fixed ratio point. For them to hold
along the ratio curve, their derivatives with respect to its nonconstant coordinate η must
also vanish. Since ζ ′ = ς, differentiation gives

(Pj)η + ς(Pj)ζ + (Pj)ςς
′ = 0, j = 1, 2. (8.10)

Cross multiplication eliminates ς ′ without division and gives the polynomial C∗ of Ap-
pendix C.23. Put R = Resς(P1,P2) and T = Resς(P1, C∗).

Multiplying the first differentiated equation by (P2)ς and the second by (P1)ς , then
subtracting, cancels the ς ′ terms. The identity also holds where either partial derivative is
zero. The actual curve thus supplies a common root in ς for each resultant pair and satisfies
R = T = 0. These differentiated conditions express persistence along the curve.

Lemma C.13 gives a common factor D0 and

gcd(R/D0, T/D0) = 1 in Q(η)[ζ].

The Bézout identity for these quotients has coefficients in Q(η)[ζ]. Clearing its coefficients
gives an identity with a nonzero polynomial in η on the right. That polynomial is a unit in
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C(B), because η is nonconstant. If D0 were nonzero in this field, R = T = 0 would make
both quotients vanish, contradicting the identity. Hence D0 = 0. Since the curve function
field has no zero divisors, one of its seven irreducible factors vanishes identically:

ζ = 0, ζ = −1, ζ = −η, ζ = η, ζ = 1, ζ = η + 1, (η + 1)ζ = η. (8.11)

The factors ζ, ζ − η, ζ − 1 and ζ − η − 1 are units on g∗P0 ̸= 0. On ζ = −1, differentiation
gives ς = 0; on ζ = −η, it gives L = 0. On (η+1)ζ = η, ς = (η+1)−2 and direct substitution
gives P0 = 0. These three cases are the earlier rows of Table 2.

Each alternative therefore contradicts a factor being a unit in g∗P0. No full support
direction distinct from the distinguished one can persist on the current ratio curve.

Proposition 8.13 (Fibres over an algebraic ratio curve). If the ratio image is an algebraic
curve, the generic state fibre has dimension at most one.

Proof. After cyclic relabeling take η nonconstant. The characteristic branches, ζ = η + 1,
and P0 = 0 have the asserted bound. Outside them, the proper supports, the directions with
some mi = 0, and the distinguished direction have finite projective amplitude fibres over a
finite direction set. Every other direction would satisfy P1 = P2 = 0 and would therefore
force one of the excluded conditions (8.11). The generic projective boundary is finite. Its
affine fibre has dimension at most one, and the rational state reconstruction transfers this
bound to all nine fibre coordinates.

8.4 Proof of the rank bound

Proof of Theorem 8.1. On a connected localized chart, dim B = 0 is excluded by Lemma 3.1.
If dim B = 2, Proposition 8.10 gives dimYgen = 0. If dim B = 1, Proposition 8.13 gives
dimYgen ≤ 1. Lemma 8.3 yields rank dX ≤ 2 in both cases.

By Lemma 3.2, the localized locus is dense on the branch h1h2h3 ̸= 0. Every minor of
order three of the smooth state map (3.2) vanishes there. Continuity gives its vanishing at
every remaining point of that branch.

9 Classical branches and proof of the main theorem
The rank exclusions establish the integrability hypothesis in Kafadar’s classification. We
combine this result with the classical classification on regular invariant charts, continue
the resulting germs analytically, and prove the converse by constructing the pressure. The
families are those in (2.3)–(2.8).

9.1 Integrability of a principal plane field

Proof of Theorem 2.1. Suppose first that h1h2h3 were nonzero at a point. After shrinking,
it is nonzero on an open ball U . Lemma 3.2 says that each zero set of a normalization
factor has empty interior in U . These sets are closed, so the complement of their finite union
contains a nonempty open chart satisfying (3.3). On a connected such chart, the retained
state map X has constant rank by Theorem 3.3. Since its domain is three dimensional, its
rank is one of 0, 1, 2, 3.

Ranks zero and one contradict Theorem 4.3. Rank three contradicts Theorem 8.1. At
rank two, Proposition 5.1 gives one nonzero common similarity generator with equal source
and target scales. The normal forms in Proposition 5.3 leave exactly the six pairings with zero
dilation factor or a pair with a common nonzero dilation factor. The former are excluded by
Theorem 6.1, and the latter by Theorem 7.1. Thus every possible rank is excluded, proving

h1h2h3 ≡ 0. (9.1)
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By Lemma 2.3, B is analytic on each inverse-function chart. Its distinct constant eigen-
values are λ−1

i , and its labelled spectral projectors are the analytic tensors

Pi =
∏
j ̸=i

B − λ−1
j I

λ−1
i − λ−1

j

.

Projecting and normalizing fixed vectors gives analytic unit eigenvectors on a small ball; their
signs may be chosen to orient the frame. Each hi = ei · curl ei is analytic and is unchanged
when ei changes sign. A finite product of analytic functions on a connected domain can
vanish identically only if one factor vanishes identically. Applied to (9.1), this gives a fixed
label with hi ≡ 0. Finally, the nowhere-zero one-form αi = e♭

i satisfies αi ∧ dαi = hi volg, so
Frobenius gives the asserted local surfaces.

9.2 Constant principal values

Throughout this subsection the eigenvalues of c = B−1 are constant. Thus c is a positive
definite flat metric with det c = 1, and div c and div c−1 are local gradients. By Lemma 2.3,
c is analytic.

Proposition 9.1 (Kafadar’s classification). Under these hypotheses on constant principal
values the following statements hold.

1. If c has a fixed Euclidean eigenvector on a neighbourhood, the deformation is locally in
F0 or F5.

2. If at least two eigenvalues coincide, c has a fixed Euclidean eigenvector locally. Con-
sequently this case is also contained in F0 ∪ F5.

3. If the eigenvalues are distinct and one principal direction is normal to a local foliation
by surfaces, the deformation is locally in F0 or F5.

Proof. These are the applications of Theorems 1, 2, and 3 of [11, p. 20], respectively. Theorem
1 assumes that the Cartesian components of c are represented by their local Taylor series.
Lemma 2.3 supplies this hypothesis. By [11, §5, pp. 25–27, equation (5.1)], besides constant
Cartesian tensors, the deformation has the form

r = AR, θ = CΘ +D logR, z = EZ, A2CE = 1.

After translations and fixed Euclidean coordinate changes, this is F5 with (α, k, β, γ) =
(A,C,D,E). A constant Cartesian metric c has an affine local Euclidean realization, giving
F0. Two local realizations of the same flat metric differ by a fixed Euclidean motion.

Theorem 2, proved in [11, §3, pp. 20–23], gives the fixed eigenvector in the repeated-value
case, after which Theorem 1 applies. If all three values coincide, positivity and det c = 1
give c = I, whose realizations are rigid motions.

For the third assertion, use Theorem 3 and its proof in [11, §4, pp. 23–25], with the Taylor
hypothesis in its final fixed-direction step supplied as above. Its geometric assumption is
exactly the existence of a principal direction normal to coordinate surfaces. In the notation
of the present paper this means αi ∧ dαi = 0, or hi = 0, on a neighbourhood. Frobenius’
theorem gives the local foliation.

Corollary 9.2 (The constant-invariant classification). If both invariants are constant on a
neighbourhood, the universal deformation is locally in F0 or F5.

Proof. The characteristic polynomial fixes the eigenvalues of c. For repeated values apply
the second part of Proposition 9.1. For distinct values, Theorem 2.1 supplies a fixed principal
label with hi identically zero on a neighbourhood. Apply Proposition 9.1(3).
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9.3 Reduction of the invariant map

For constant invariants, two choices of energy supplied the equilibrium equations used above.
When the invariants vary, derivatives of the arbitrary energy give additional restrictions.
They reduce the invariant map to one local parameter and place its level surfaces in the
setting of the classical regular patch classifications.

Work on a spatial inverse-function chart and identify vectors and one-forms using the
Euclidean metric. Put

u = dI1, v = dI2, β = (divB)♭, δ = (div c)♭.

For a symmetric tensor A and a one-form ω, write Aω = (Aω♯)♭. Expanding the divergence
in the original stress equation gives

1
2 dpW = W1β −W2δ +W11Bu+W12(Bv − cu) −W22cv. (9.2)

Universality requires the right-hand side to be closed for every W . Conversely, on a suffi-
ciently small simply connected chart, this closedness supplies the pressure for each W by the
Poincaré lemma. This is the coordinate-free form of the pressure calculation in [3, pp. 468–
469, equations (2.1)–(2.2)].

Lemma 9.3 (Rank of the invariant map). Every universal deformation satisfies

dI1 ∧ dI2 = 0 (9.3)

at every point. On a chart where one invariant has nonzero differential, that invariant may
be used as a local parameter U , and

I1 = i1(U), I2 = i2(U), B dU = λ(U)dU, c dU = λ(U)−1dU.

Here λ > 0, and at least one of i′1, i′2 is nonzero.

Proof. At a specified point the third-order jet of the function W (I1, I2) can be prescribed
arbitrarily, for example by choosing a cubic polynomial. In the exterior derivative of (9.2),
the coefficients of W111,W222,W112,W122 give, respectively,

u ∧Bu = 0, v ∧ cv = 0. (9.4)

v ∧Bu+ u ∧Bv − u ∧ cu = 0,
v ∧Bv − v ∧ cu− u ∧ cv = 0.

(9.5)

Suppose u ∧ v ̸= 0 at a point. The same condition holds on a smaller neighbourhood. The
pure identities give Bu = αu and cv = γv, where α, γ are smooth positive functions. The
first mixed identity then reduces to

(γ−1 − α)u ∧ v = 0.

Thus u and v belong to a common two dimensional eigenspace of B with eigenvalue α.
Symmetry and detB = 1 imply that its three eigenvalues are α, α, α−2 throughout this
neighbourhood. Consequently

I1 = 2α+ α−2, I2 = α2 + 2α−1,

which makes u ∧ v = 0, a contradiction. This proves (9.3).
On a chart with dI1 ̸= 0, take U = I1; the constant-rank theorem gives I2 = i2(U). If

instead dI2 ̸= 0, use U = I2. The appropriate identity in (9.4) gives the asserted principal
direction, even if the other invariant is constant. On each connected level patch of U , the
characteristic polynomial of B has constant coefficients, while the continuous function λ takes
values in its finite set of positive roots. Thus λ is constant on that level patch. Evaluating it
on a local transverse section shows that the resulting function of U is smooth, and analytic
under Lemma 2.3.
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Lemma 9.4 (Pressure on a regular invariant chart). On a chart as in Lemma 9.3, univer-
sality implies

β = b(U)dU, δ = d(U)dU (9.6)

for scalar functions b, d. Conversely, the principal-direction relations of that lemma together
with (9.6) make (9.2) locally exact for every strain energy W .

Proof. The last three terms in (9.2) are kW (U)dU , where

kW = λi′1W11 + (λi′2 − λ−1i′1)W12 − λ−1i′2W22.

They are already closed. The coefficients of the remaining first and second derivatives of the
strain energy in its exterior derivative are

dβ = dδ = 0,
i′1dU ∧ β = 0,

i′2dU ∧ β − i′1dU ∧ δ = 0,
i′2dU ∧ δ = 0.

If i′1 ̸= 0, the second identity gives dU∧β = 0, and the middle mixed identity gives dU∧δ = 0.
If i′2 ̸= 0, use the last and mixed identities in the reverse order. Hence both forms are
multiples of dU . Their closedness makes their coefficients constant on connected level patches
of U , proving (9.6). Substitution in (9.2) proves the converse: its right-hand side is a scalar
function of U times dU .

The preceding lemmas place each regular invariant chart in the setting of the classical
classification.

9.4 Variable invariants on regular patches

Proposition 9.5 (Classical classification on a regular patch). Let V be a regular invari-
ant chart, and restrict to a subchart on which the multiplicities of the eigenvalues of c are
constant. Then the deformation is locally one of F1,F2,F3,F4. Moreover the eigenvalue
corresponding to dU is simple on this subchart. Every nonempty open set on which the
invariant map has rank one contains a nonempty subchart to which this statement applies.

Proof from the classical classification. Denote the eigenvalue of c along dU by c1 and the
remaining two by c2, c3. These labels are local, with c1 determined by the gradient. There
are three cases.

If the three values are distinct, Ericksen’s classification [3, §4, pp. 476–485] applies. The
level sets of the invariant parameter are parallel planes or concentric circular cylinders; the
spherical possibility is excluded in this case. The resulting models are the block, sector, and
cylindrical families F1,F2,F3.

If c1 ̸= c2 = c3, the gradient eigenvalue is simple and [3, §5, pp. 485–486] completes the
classification. The planar and cylindrical possibilities give already listed degenerations, and
the spherical case gives F4, including eversion with its compensating angular orientation.

If c1 is repeated, Ericksen’s §6, pp. 486–489, covers only an additional integrability as-
sumption on the remaining principal direction. The unrestricted case uses [16, Theorem 1.1,
p. 138, proof pp. 154–158], with the corrections in [17, p. 406]. For nonconstant invariants
their result reduces the geometry to concentric circular cylinders; the curves tangent to the
distinguished simple principal direction are circular helices. Martin and Carlson then test the
two cylindrical models under the condition that the eigenvalue along the invariant gradient is
repeated and show that only constant-invariant degenerations remain [18, §3, pp. 107–108].
This case therefore cannot occur on V . Their footnote on p. 106 records the needed scope of
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Ericksen’s cylindrical calculation: although it occurs in the section headed by distinct eigen-
values, the cylindrical classification itself requires universality and cylindrical level surfaces,
so it applies to the preceding reduction.

These are the classes B1, B2, B3 of [18, p. 106]. See also [16, Theorem 1.2, pp. 138 and
159].

Finally, a nonempty regular invariant open set has a smaller open set of constant eigen-
value multiplicity: either the discriminant of its characteristic polynomial is nonzero some-
where, or it vanishes throughout and one restricts to a repeated-value patch. A triple eigen-
value would give B = I. At such a point both invariants attain their lower bound 3, so
both differentials vanish; hence no triple-value point lies in the regular invariant set. In the
repeated-value alternative the two distinct eigenvalues have a positive gap locally, which fixes
whether the gradient belongs to the simple or repeated eigenspace. The three cases above
apply on this smaller patch.

The classical result supplies a deformation on a regular invariant patch, after restricting to
constant eigenvalue multiplicity. Ericksen removes the common critical set {dI1 = dI2 = 0}
at the start of the variable invariant argument [3, p. 469]. To include that set and points
where principal values coincide, consider the analytic invariants pulled back to a connected
reference neighbourhood. Either both are constant, giving the classification already proved,
or their common critical set has empty interior. In the latter case the proposition supplies
a classical germ on a nonempty open subset. The remaining step is to carry this fixed germ
to the chosen point.

9.5 Continuation of a classical germ

The cylindrical and spherical charts used in the classical formulas may omit an axis or a
centre at which the Cartesian deformation is regular. For example, the removable-axis part
of F3 is

χ⊥(X,Y, Z) =
√
A Rot(δZ + θ0) diag(1, k)(X,Y ),

χ3(X,Y, Z) = Z/(Ak) + z0,

A > 0, k ∈ {1,−1}.
(9.7)

Here δ is arbitrary. For F5, a regular interior axis requires β = 0 and k = ±1, giving an
affine map.

A classical germ fixes both its parameters and its source and target Euclidean coordinates.
On the regular domain of its formula, the analytic identity theorem propagates equality with
the deformation. At a boundary of that domain, boundedness of the deformation gradient
either excludes the boundary or forces a removable coordinate singularity. The following
proposition describes these continuations.

Proposition 9.6. Let Ω be connected and let χ : Ω → R3 be a real analytic local diffeomor-
phism with detDχ = 1. Suppose that on a nonempty open subset it equals one of (2.3)–(2.8),
in fixed source and target Euclidean coordinates and with fixed parameters. Then every point
of Ω has a neighbourhood on which χ is a continuation of that same model. The only remov-
able coordinate boundaries are (9.7) for F3, a rigid motion for F4, and an affine map for
F5.

Proof. Shrink the initial open subset to a connected patch. Keep the parameters and the
two Euclidean coordinate changes selected on the initial patch. Denote by D the full regular
source domain of its displayed formula: for F1 it is {2αX + d > 0}; for F2 and F5 it is
{R > 0}; for F3 it is {R > 0, AR2 +B0 > 0}; and for F4 it is {R > 0, εR3 +B0 > 0}. For
F0 take D = R3. Here R is distance from the fixed axis or centre. Positive roots are used
throughout.
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Let V be the connected component of Ω∩D containing the initial patch. In the cylindrical
models, use the angular covering of D, with the lift of Θ fixed on that patch. The formula
defines a single analytic Cartesian map Gmod on this covering. If π : Ṽ → V is the connected
covering component containing the lifted patch, the analytic identity theorem gives

Gmod = χ ◦ π on Ṽ . (9.8)

The projection is onto V , by path lifting. Thus the same model gives the germ of χ at
every point of V . The models without a source angle use the identical argument without a
covering.

By (9.8), continuation around a loop in V returns the same germ. For a loop of winding
number n, single-valuedness requires βn = 0 in F2, κn = 0 and kn ∈ Z in F3, and kn ∈ Z in
F5.

Suppose that q ∈ Ω ∩ ∂V . Then q /∈ D: otherwise a small ball about q contained in
Ω ∩ D and meeting V would lie in the same component. Consequently q is a finite axis,
centre, or root boundary of the model. Choose a closed ball about q contained in Ω; Dχ
is bounded there. Since equality on V includes equality of derivatives, we examine the
coordinate boundaries.

The block and straightening models. For F1 the only boundary is r = 0, where

|∂Xχ| = |α|/r −→ ∞.

For F2 the boundary is R = 0, and its derivative along the unit angular direction satisfies

|Dχ(eΘ)| =
√
β2 + γ2

R
≥ |β|

R
−→ ∞.

Both contradict boundedness, since αβ ̸= 0.
The cylindrical model. In F3, A(kγ − δκ) = 1 in particular implies A ̸= 0. If r → 0 and

R → R∗ > 0, then
|∂Rχ| = |A|R/r −→ ∞.

If R → 0 and r → r∗ > 0, then

|Dχ(eΘ)| =
√
k2r2 + κ2

R
−→ ∞, (9.9)

because k and κ cannot both vanish. The only remaining possibility is R → 0 and r → 0. It
forces B0 = 0, A > 0, and r =

√
AR. Equation (9.9) first gives κ = 0.

The punctured ball obtained by removing the source axis from a sufficiently small ball
about q is connected and lies in Ω ∩ D. It meets V and hence lies entirely in V . On any
angular wedge in this punctured ball, (9.8) supplies one fixed angle branch. At the axial
level Z = Z∗ of q, continuity gives χ⊥(q) = 0, and differentiability gives a real linear map
L : R2 → R2 such that

L(cos Θ, sin Θ) =
√
A
(
cos(kΘ + δZ∗ + θ0), sin(kΘ + δZ∗ + θ0)

)
(9.10)

on an open interval of angles. Its norm is constant on that interval. The quadratic identity
v⊤(L⊤L−AI)v = 0 on an open circular arc implies L⊤L = AI. Hence L/

√
A is orthogonal;

its angular rate on that arc is +1 or −1. Differentiating (9.10) therefore yields k = ±1.
The volume condition now gives γ = 1/(Ak), and the original model has the Cartesian

expression
χ⊥(X,Y, Z) =

√
A Rot(δZ + θ0) diag(1, k)(X,Y ),

χ3(X,Y, Z) = Z/(Ak) + z0.
(9.11)

This is analytic on all of R3, has determinant one, and agrees with the initial model. The
parameter δ remains arbitrary.
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The spherical model. For F4, a boundary with r → 0, R → R∗ > 0 is excluded by
the radial stretch R2/r2 → ∞. A boundary with R → 0, r → r∗ > 0 is excluded by the
tangential stretch r/R → ∞. If both radii vanish, then B0 = 0 and positivity of both radii
gives ε = 1. Thus r = R, Q ∈ SO(3), and χ(X) = Q0 +Q(X − P ) is the rigid continuation
of the same model.

The logarithmic cylindrical model. The only boundary of F5 is R = 0. As above, a
punctured ball about an interior axis point belongs to V , so fixed radial rays in an angular
wedge may be used. Identifying the transverse target plane with C, their transverse difference
quotients are

χ⊥(R cos Θ, R sin Θ, Z∗) − χ⊥(q)
R

= α exp
(
i(β logR+ kΘ + θ0)

)
.

They cannot converge as R ↓ 0 unless β = 0. The same open-arc linearity argument as in
(9.10) then gives k = ±1. The continuation is the affine map

χ⊥ = αRot(θ0) diag(1, k)(X,Y ), χ3 = Z/(α2k) + z0. (9.12)

There is no coordinate boundary for F0. In each removable case just found, the fixed
model has an analytic Cartesian expression on all of R3; equality on the original patch and
the identity theorem give equality with χ throughout Ω. In every other case no point of
Ω ∩ ∂V is possible. Then V is nonempty, open and relatively closed in connected Ω, so
V = Ω. This proves the proposition.

9.6 Sufficiency of the classical models

Proposition 9.7 (Sufficiency of the classical models). Every regular local model in
F0, . . . ,F5, with the parameter ranges in (2.3)–(2.8), is an orientation preserving incom-
pressible universal deformation. The assertion includes regular Cartesian continuations
across coordinate axes or centres.

Proof. Fix an arbitrary sufficiently smooth energy W (I1, I2), and put

Σ = 2W1B − 2W2B
−1. (9.13)

It suffices to construct a local scalar p with ∇p = div Σ. All tensor components in cylindrical
or spherical coordinates below refer to orthonormal bases.

For a symmetric tensor whose cylindrical components depend only on r, the Euclidean
divergence is

div Σ =
(

Σ′
rr + Σrr − Σθθ

r

)
er +

(
Σ′

rθ + 2Σrθ

r

)
eθ +

(
Σ′

rz + Σrz

r

)
ez. (9.14)

In particular, if Brθ = Brz = 0, then B−1 has the same radial block structure. Both
invariants, hence both Wi, depend only on r, and Σrθ = Σrz = 0. For any fixed r∗ > 0 in
the chart,

p(r) = Σrr(r) +
∫ r

r∗

Σrr(s) − Σθθ(s)
s

ds (9.15)

therefore gives equilibrium. The possibly nonzero component Σθz(r) contributes nothing to
(9.14).

The homogeneous family. For F0, the matrix B = LL⊤ and both invariants are con-
stant. Thus Σ is constant in Cartesian coordinates, and any constant pressure suffices. The
signed Jacobian is detL = 1.
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Bending and cylindrical deformation. For F1 and F3, respectively, the deformation
gradients are

F1 =

α/r 0 0
0 βr 0
0 γ (αβ)−1

 , F3 =

AR/r 0 0
0 kr/R δr
0 κ/R γ

 . (9.16)

Their signed determinants are

detF1 = 1, detF3 = A(kγ − δκ) = 1. (9.17)

The first matrix uses a Cartesian reference basis; the second uses a cylindrical reference
basis. Their left Cauchy–Green tensors have the radial block structure required above. For
F3 one has

Brr = A2R2

r2 , Bθθ = r2
(
k2

R2 + δ2
)
,

Bθz = r

(
kκ

R2 + δγ

)
, Bzz = κ2

R2 + γ2.

(9.18)

Since R2 = (r2 − B0)/A, all these entries are functions of r. Consequently (9.15) proves
universality for both families.

Straightening. For F2, with a Cartesian current basis and a cylindrical reference basis,

F2 =

αR 0 0
0 β/R 0
0 γ/R (αβ)−1

 , detF2 = 1. (9.19)

Here R2 = 2(x − x0)/α. Thus the Cartesian components of B depend only on x, and
Bxy = Bxz = 0. The same is true of B−1 and Σ, so div Σ = (∂xΣxx)ex. A pressure is

p(x) = Σxx(x) = 2α2R2W1 − 2W2
α2R2 , (9.20)

with Wi evaluated at (I1, I2).

Spherical deformation. For F4, differentiation in Cartesian coordinates gives

F4 = Q

(
r′n⊗ n+ r

R
(I − n⊗ n)

)
, r′ = ε

R2

r2 . (9.21)

In particular,

detF4 = (detQ) r′ r
2

R2 = ε2 = 1. (9.22)

Writing er = Qn, the two eigenvalues of B are

br = R4

r4 , bt = r2

R2 ,

Σ = Σrer ⊗ er + Σt(I − er ⊗ er),
Σr = 2W1br − 2W2b

−1
r , Σt = 2W1bt − 2W2b

−1
t .

(9.23)

All coefficients depend only on r, since R3 = ε(r3 − B0). The spherical divergence formula
yields

div Σ =
(

Σ′
r + 2(Σr − Σt)

r

)
er,

p(r) = Σr(r) + 2
∫ r

r∗

Σr(s) − Σt(s)
s

ds.

(9.24)
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Logarithmic cylindrical deformation. For F5 the orthonormal gradient and strain ten-
sor are

F5 =

 α 0 0
αβ αk 0
0 0 γ

 , B =

 α2 α2β 0
α2β α2(β2 + k2) 0

0 0 γ2

 . (9.25)

Their determinant and invariants are

detF5 = α2kγ = 1,

I1 = α2(1 + β2 + k2) + γ2, I2 = 1 + β2 + k2

α2k2 + γ−2.
(9.26)

In particular, W1,W2 are constants for the fixed arbitrary energy. Set

MW = α2W1 + W2
α2k2 . (9.27)

Direct inversion of the planar block gives Σrr − Σθθ = 2MW (1 − β2 − k2) and Σrθ = 2βMW .
Hence

div Σ = 2MW (1 − β2 − k2)
r

er + 4βMW

r
eθ,

p(r, θ) = 2MW

[
(1 − β2 − k2) log r

r∗
+ 2β(θ − θ∗)

]
.

(9.28)

The angle is a local coordinate as in Section 2.2.
On an inverse-function neighbourhood of a regular Cartesian continuation, Σ is C2. The

identity curl div Σ = 0, established off the coordinate singularity, extends there by continuity.
The local Poincaré lemma then supplies a pressure on a ball containing the point. For
example, the twisted-axis model (9.7) has Brr = A, Bθθ = A+δ2r2 and (B−1)rr = (B−1)θθ =
A−1. Its two invariants are smooth functions of r2, and (9.15) is itself a smooth function of
r2 up to an additive constant.

9.7 Proof of the main theorem

Proof of Theorem 2.2. Fix a reference point and a connected inverse-function ball U about
it. Lemma 2.3 makes χ and the pulled-back invariants analytic. We first obtain one classical
germ on a nonempty open subset of U ; Proposition 9.6 will then carry that fixed model to
the chosen point.

If the invariants are not both constant, one of their differentials is nonzero somewhere.
Lemma 9.3 and Proposition 9.5 yield a classical germ in F1 ∪ · · · ∪ F4 after shrinking.

If the invariants are constant, their characteristic polynomial t3 − I1t
2 + I2t− 1 fixes the

positive principal values. Corollary 9.2 supplies a germ in F0 ∪ F5.
In every case a single classical model agrees with χ on an open patch, with fixed param-

eters and fixed Euclidean coordinate changes. Proposition 9.6 therefore supplies its regular
Cartesian germ at the original point. This proves necessity. Proposition 9.7 proves suffi-
ciency.

10 Conclusion and discussion
For constant, pairwise distinct principal stretches, the universal equilibrium and compatibil-
ity equations force one principal direction to be normal to a local family of surfaces (Theo-
rem 2.1). This supplies the geometric hypothesis in Kafadar’s classification [11]. Together
with the earlier classifications, it gives the six classical families in Theorem 2.2. Interior
analyticity permits continuation through critical points of the principal invariant map and
removable coordinate singularities, so the local classification holds throughout the regular
deformation domain.
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The proof uses the scale invariance of the principal frame equations. After normalization,
fibres of positive dimension determine common Euclidean similarities of the reference and
current configurations. The equations for these similarities exclude states of rank less than
three on the locus where all principal abnormalities are nonzero. At rank three, projection
onto the two abnormality ratios gives an algebraic dimension bound: the generic state fibre
is finite over the ratio plane and has dimension at most one over a ratio curve. Thus the
Zariski closure of the state image has dimension at most two, which excludes rank three.

Global realizations of the classical families on prescribed domains require further com-
patibility conditions. The local formulas must define a single valued deformation, and global
injectivity imposes restrictions on the domain and the family parameters. Equilibrium also
has a global condition: on a multiply connected current domain, each closed pressure form
must have vanishing periods in order to admit a single valued pressure. For cylindrical mod-
els on a full annulus, angular periodicity of the deformation and the periods of the pressure
forms impose restrictions on the family parameters.

For incompressible anisotropic constitutive classes that admit every isotropic strain en-
ergy, universality implies the isotropic equilibrium equations. Theorem 2.2 therefore restricts
any such universal deformation to a classical family. The remaining problem is to classify the
material preferred direction fields that satisfy the additional universality constraints on these
deformations. Yavari and Goriely [32] derived these constraints for transversely isotropic,
orthotropic and monoclinic solids and described direction fields with the symmetries of the
classical deformations. A specific question is whether the additional equations force these
symmetries, or allow other direction fields on the same deformation families.

A The geometric differential system
The state polynomials are defined over

K = Q(a, b), Rraw = K[p11, p12, p13, p21, p22, p23, p31, p32, p33, τ0, . . . , τ5, u0, u1].

A.1 Pressure, compatibility, and signs in the principal frame

The coefficients in (2.14) satisfy

dαk(ei, ej) =
∑

ℓ

ϵijℓpkℓ, [ei, ej ] = −
∑
k,ℓ

ϵijℓpkℓek.

For constant w, the Koszul coefficients in (2.17) satisfy

Γk
ij − Γk

ji = Ck
ij , wkΓk

ij + wjΓj
ik = 0. (A.1)

These are the torsion-free and metric compatibility identities. For T =
∑
wiei ⊗ ei, differ-

entiation gives
(divT )i = (wi − wj)pjk − (wi − wk)pkj .

The exterior derivative of its dual one-form is (2.19), with frame term
∑

ℓAℓpℓi.
The projector reduction follows from

det

1 1 1
1 a b
1 a−1 b−1

 = −(a− 1)(a− b)(b− 1)
ab

. (A.2)

It is nonzero on the entire admissible principal value domain. Consequently closedness of
the divergences of B and c, together with

∑
i divPi = 0, gives closedness separately for all

three projector divergences.
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A.2 Construction of the finite differential system

We construct the vector fields of Proposition 2.4 over the coefficient ring Q[a, b, P−1
mat]. Rows

and columns of every matrix in this paper are numbered from one.
Order 27 formal variables di,jk lexicographically, starting with d1,11, and let ∂0

i pjk = di,jk.
Construct a column E of 24 expressions as follows: first the nine quantities wℓR

ℓ
kij(w)

for (ℓ, k) and (i, j) in the ordered list (2, 3), (3, 1), (1, 2), for w = (1, 1, 1); next the same
nine for w = (1, 1/a, 1/b); finally the three expressions (2.19) for w = (1, a, b) and for
w = (1, 1/a, 1/b). Derivatives in this definition are ∂0

i . Write

E = M (0)d− r(0).

Set

I0 = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19, 20, 21, 22, 23, 24),
J0 = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 22, 27),
K0 = (15, 21, 23, 24, 25, 26).

Write Q = (Qpjk

i )i,j,k for the twenty-seven component column in the derivative order just
specified. Using the derivative coordinate column τ of (2.21), set QK0 = τ , and use

QJ0 =
(
M

(0)
I0,J0

)−1{r(0)
I0

−M
(0)
I0,K0

τ}. (A.3)

The determinant and substitution identities are

detM (0)
I0,J0

= −(a− 1)4(a− b)5(b− 1)6

32a6b8 , M (0)Q− r(0) = 0. (A.4)

The free derivative coordinates are those in (2.20).
For the first prolongation introduce 18 variables Ti,r, 1 ≤ i ≤ 3, 0 ≤ r ≤ 5, in that order,

and set
∂1

i =
∑
j,k

Qpjk

i ∂pjk
+
∑

r

Ti,r∂τr .

Form the 27 commutator expressions

∂1
i Qpkℓ

j − ∂1
j Qpkℓ

i −
∑
m

Cm
ij Qpkℓ

m , (A.5)

in pair order (i, j) = (2, 3), (3, 1), (1, 2) and lexicographic (k, ℓ). Write their column as
M (1)T − r(1). Set

I1 = (1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 15, 16, 17, 21, 24),
J1 = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 16, 17, 18), K1 = (13, 15).

Set TK1 = (u0, u1)⊤ and solve the selected rows as in (A.3). Denote the resulting 18 functions
by Qτr

i . Thus u0 = D3τ0 and u1 = D3τ2. The determinant is

detM (1)
I1,J1

= − 2(a− b)2

a2(b− 1)2 . (A.6)

The unselected residuals generate three cubic conditions C1, C2, C3 given in Appendix B.1.
Next introduce six variables Ui,r, 1 ≤ i ≤ 3, 0 ≤ r ≤ 1, and put

∂2
i =

∑
j,k

Qpjk

i ∂pjk
+

5∑
r=0

Qτr
i ∂τr +

1∑
r=0

Ui,r∂ur .
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Apply the commutator formula to the six coordinates τr, using

∂2
i Qτr

j − ∂2
j Qτr

i −
∑
m

Cm
ij Qτr

m .

The resulting 18 expressions form the column M (2)U − r(2). The six rows

I2 = (1, 3, 4, 6, 7, 9)

have determinant
detM (2)

I2,{1,...,6} = b(a− 1)
2a(b− 1) . (A.7)

Invert this submatrix to define the six functions Qur
i . Substituting these functions for Ui,r

in ∂2
i gives the three fields Qi.
Every solution satisfies DiS = Qi(S). Its coordinate weights are the dℓ defined in Sec-

tion 2, and Qℓ
i has weight dℓ + 1. All coefficient denominators divide powers of Pmat in

(2.22).
The residual equations and their differential ideal are specified below.

A.3 The residual equations

Use the derivative order and the selections just specified. For any one of these selections
write

M = (MJ | MK), yJ = (MI,J)−1(rI −MI,KyK).
The entries of M are rational functions of the principal value ratios; the entries of r are state
polynomials. Matrix inversion therefore takes place over K, while multiplication by r takes
place in Rraw. The determinants are (A.4)–(A.7). The identity M (0)Q− r(0) = 0 gives

Dihi = −2hi(pjk − pkj), (i, j, k) cyclic. (A.8)

After substitution of the functions Qτr
i , the unselected rows of the first prolongation have

the three monic representatives (B.1)–(B.3) in the lexicographic order of Rraw.
The last solve uses all eighteen commutators of the six τ coordinates. Keep their twelve

nonzero residuals in row order, followed by

D1C1, D2C1, D3C1, D1C2, D2C2, D3C2, D1C3, D2C3, D3C3.

Here DiCj denotes the polynomial Qi(Cj). This defines the ordered quartic polynomials
E0, . . . , E20.

A.4 Weights and the differential ideal

Weighted homogeneity of the three linear systems gives
17∑

ℓ=1
dℓSℓ

∂Qj
i

∂Sℓ
= (dj + 1)Qj

i . (A.9)

For the quintic polynomials, select quartic rows

(1, 2, 4, 6, 7, 11, 12, 13, 14, 16, 19, 20).

Differentiate each in directions 1, 2, 3, in that order, obtaining thirty-six rows. The selected
derivative positions are

(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
21, 22, 23, 26, 28, 31, 32, 35).

The six u0, u1 components of the bracket defects (2.24) correspond to the three cyclic pairs.
Every solution annihilates Iraw, by Proposition 2.4.
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B Normalization and the equations at ranks zero and one

B.1 Algebraic reconstruction of the normalized state

Use the scalar coefficients ∆a,∆b,∆ab introduced in Section 3.
The cubic residuals of (A.5) are

C1 = p2
11p23 − p2

11p32 + p21τ3 (a− b)
ab− a

+ p22τ1 (a− b)
ab− a

+ (p
2
21p23 (−a+ b)

ab− a
+ p22τ4 (−a+ b)

ab− a
)

+ (p
2
21p32 (−a+ b)

ab− a
+ p31τ2 (−a+ b)

2ab− 2a )

+ (p11p32p33 (a− b)
ab− b

+ p33τ4 (a− b)
ab− b

)

+ (p21p22p31 (2a− 2b)
ab− a

+ p21p31p33 (−a+ b)
ab− b

)

(B.1)

C2 = p11p12p32 − p11τ3 + p11τ5 − p2
12p13 − p2

12p31 − p12τ1

+ (p13p
2
22 (a− b)
ab− a

+ p2
22p31 (−a+ b)

ab− a
)

+ (p32τ2 (−a+ b)
2ab− 2a + p33τ5 (−a+ b)

ab− b
)

+ (p12p32p33 (−a+ b)
ab− b

+ p21p22p32 (a− b)
ab− a

)

+ (p22p31p33 (a− b)
ab− b

)

(B.2)

C3 = p11p12p33 − p11p13p32 − p11p23p31 − p11p31p32 − p11τ0 − p12p
2
13 − p13τ1

+ (2p11p13p23 + p11τ2 (ab− b)
2ab− 2a − p12p13p31)

+ (p12p
2
33 (−a+ b)
ab− b

+ p21p
2
23 (a− b)
ab− a

)

+ (p21p
2
33 (a− b)
ab− b

+ p22τ0 (−a+ b)
ab− a

)

+ (p11p21p22 (−ab+ b)
ab− a

+ p23τ3 (−a+ b)
ab− a

)

+ (p21p22p33 (−a+ b)
ab− a

+ p21p23p32 (a− b)
ab− a

)

(B.3)

Write the ordered quartic equations of Appendix A.2 as Mu − r, with the residuals of
the second prolongation followed by QiCj in cubic-major order. Let M0 select rows (1, 4)
and M1 select rows (13, 17); S0, S1 denote these row-selection matrices. For

X0 = ∆bh1h2, Y0 = ∆ah1h3, Z0 = ∆abh2h3

their determinants are

detM0 = 2(6X0 + Y0 + Z0)
∆a

, detM1 = ∆ab(X0 − Y0 − Z0)
2∆2

a

.

The matrix
N = ∆a

2 adj(M0)S0 + 2∆2
a

∆ab
adj(M1)S1 (B.4)

satisfies NM = 7∆bh1h2 Id2. Thus u = Nr/(7∆bh1h2).
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B.2 The square system for constant ratios

Use the normalized abnormalities ĥ2 = h2/h1, ĥ3 = h3/h1 and R1, R2, R3 in Lemma 3.1.
Differentiate the relations

p13 −R1p31 = 0, p21 −R2p12 = 0, p32 −R3p23 = 0

in directions 2, 3, 1, respectively. The ratios ĥ2, ĥ3 and hence the Ri are constant. Insert
(A.3) and substitute

p̂ =

 1 p̂12 R1p̂31
R2p̂12 ĥ2 p̂23
p̂31 R3p̂23 ĥ3

 . (B.5)

All six free first jets cancel. The three coefficients of (p̂2
31, p̂

2
12, p̂

2
23) give the matrix displayed

in that lemma, whose determinant is 4.

B.3 Exclusion of an open normalization divisor

Proof of Lemma 3.2. Suppose µ1 = 0 on an open set. Put

q = ∆b

∆a
, d = 1 − q, g = a− 1

b− 1 = 1 − ad,

b = a(1 − d)
1 − ad

, z = h1/h2 = ĥ−1
2 .

Here a > 0 and qdgh2z ̸= 0. The values z = ±d throughout an open piece already contradict
Lemma 3.1. We may therefore shrink to z2 ̸= d2.

Differentiating h3 − qh2 = 0 in the frame equations gives p32 = −p23 and

τ0 = τ3 = τ5 = 0, τ2 = 2h2(p21 − p12), τ1 = −p12p31 + h2p23z(1 + 2z/d).

In this subsection use the h2-normalized coefficients

p

h2
=

 z X Y
U 1 W
V −W q

 .
The two remaining cubic conditions and one differentiated equation relating opposite entries
give

(X2 + d)Y + 2z(1 + z/d)XW = 0, (B.6)
(dq − Y 2)X + 2z(1 − z/d)YW = 0, (B.7)

2X2Y 2 + (d− z)Y 2 − q(d+ z)X2 = 0, (B.8)
−(1 + aq)(z2 + d2) + 2(1 + qg)z − 4XU − 4gY V = 0. (B.9)

Equations (B.6)–(B.7) show that X = 0 if and only if Y = 0. If this occurs on an open piece,
(B.9) confines z to the zeros of

Q(z) = −(1 + aq)(z2 + d2) + 2(1 + qg)z.

This is nonzero: if aq ̸= −1 its quadratic coefficient is nonzero, whereas aq = −1 gives
Q = 4z. Continuity forces z constant, contradicting Lemma 3.1. Thus a solution has a
smaller open set with XY ̸= 0.

The unnormalized function s = p23 satisfies D2s = D3s = 0. Since

[D2, D3] = −h1D1 − p21D2 − p31D3,
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D1s = 0, so s is constant. The D1p23 and D1p32 equations give

UX = −gW 2

ad
− (z − d)2

4d , V Y = W 2

ad
+ q(z + d)2

4d . (B.10)

Differentiate τ0 = τ3 = τ5 = 0 using the original fields. The equation D3τ0 = 0 sets u0 = 0;
D3τ3 = 0 determines τ4/h

2
2 with coefficient 2; and D2τ5 = 0 determines u1/h

3
2 with coefficient

q/2. The remaining equations are D2τ0 = 0 and D3τ5 = 0. Substitution of (B.10) and

W = −d(X2 + d)Y
2z(z + d)X , R = X2, Y 2 = q(z + d)R

2R+ d− z

gives two cubics F1(R), F2(R). The last denominator satisfies (2R+d−z)Y 2 = q(z+d)X2 ̸=
0.

Write Fi =
∑3

k=0 fi,kR
k, with coefficients and differential identities given in Appen-

dices B.7 and B.4.
Put e = ad− a− 1. A useful combination of the two necessary cubics is

F1 + F2 = 4adz(z + d)H, H = 4R(R+ d)2 + eK, (B.11)

where
K = 2(d2 + 3dz − z2)R2

+ (2d3 + 4d2z − 9dz2 + z3)R+ 3dz2(z − d).
The multiplier is nonzero on the current chart, so F1 = H = 0. On the exceptional principal
value relation e = 0, one has d = 1 + a−1 > 0 and R = X2 > 0. Thus H = 4R(R+ d)2 > 0,
a contradiction.

Suppose now e ̸= 0, keeping the principal values fixed. The cubic H has three distinct
Laurent roots at z = ∞, with the expansions

R0 = −3d+O(z−1),
R1 = 1

2z + 1
2e +O(z−1),

R2 = 1
2ez

2 +O(z).
(B.12)

For t = z−1, substitute respectively R = r, R = (2t)−1+c, and R = t−2y intoH, and multiply
by t3, t3, t6. The limiting equations are e(r + 3d) = 0, 1/2 − ec = 0, and 2y2(2y − e) = 0.
The derivatives at these roots are e,−e, e2, so the analytic implicit function theorem gives
the displayed Laurent expansions.

Substitution in the first cubic gives

F1(R0) = 12ade z6 +O(z5),
F1(R1) = a(d− 1)(ad− 1)z6 +O(z5),
F1(R2) = ae3z9 +O(z8).

(B.13)

Each leading coefficient is nonzero because a, d, d− 1, ad− 1, e are nonzero. Hence F1 and H
have no common root over the Laurent-series field, and their resultant is a nonzero polynomial
in z. Equivalently, since the leading R coefficient of H is 4, the root-product formula gives

ResR(F1, H) = −768a3d(d− 1)(ad− 1)e4z21 +O(z20). (B.14)

A common root therefore confines z to a finite set. Continuity makes z locally constant,
contrary to Lemma 3.1.

Finally cyclic relabeling transforms (a, b) to (b/a, 1/a) and (1/b, a/b). Their h′
3 − q′h′

2
are respectively µ2 and −(∆a/∆ab)µ3. These nonzero multiples reduce µ2 = 0 and µ3 = 0
to the case just proved. Each zero set is closed with empty interior, and their finite union
has dense open complement.
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B.4 The cubic equations on an open normalization divisor

On a solution patch with µ1 = 0, use the spectral parameters

q = 1 − d, g = 1 − ad, b = a(1 − d)
1 − ad

.

The chart has a > 0, b > 0 and a(a − 1)d(1 − d)(1 − ad) ̸= 0. On the subdomain of
Appendix B.3 satisfying h2XY z(z2 − d2) ̸= 0, the weighted substitution is

p/h2 =

 z X Y
U 1 W
V −W q

 ,
(τ0, τ1, τ2, τ3, τ4, τ5)/h2

2 = (0,−XV +Wz(1 + 2z/d), 2(U −X), 0, T, 0),
(u0, u1)/h3

2 = (Jjet,Kjet).

Substitution into the fields Qi gives three zero derivatives of h3 − qh2, two zero transverse
derivatives of p23 + p32, and

D1(p23 + p32)
h2

2
= ad

4g
{

−(1 + aq)(z2 + d2) + 2(1 + qg)z − 4XU − 4gY V
}
.

The three cubic relations restrict, in their fixed order, to

0, −{(X2 + d)Y + 2z(1 + z/d)XW}, (dq − Y 2)X + 2z(1 − z/d)YW.

Their indicated linear combination is precisely the undivided biquadratic (B.8).
Define

e3i+j = (Di+1τkj
)/h3

2

∣∣∣
substitution

, (k0, k1, k2) = (0, 3, 5), 0 ≤ i, j ≤ 2.

They satisfy
e6 = Jjet, ∂T e7 = 2, ∂Kjete5 = q/2.

Consequently Jjet = 0, e7 = 0, e5 = 0 determine the three auxiliary coordinates. Put

r1 = e3 − 1
2(∂T e3)e7, r2 = e8 − 1

2(∂T e8)e7.

Both expressions are independent of T, Jjet,Kjet. Now substitute (B.10) and set

W = −d(X2 + d)Y
2z(z + d)X , L = 2X2 + d− z, Y 2 = q(z + d)X2

L
.

If F1, F2 are the two cubics defined in Appendix B.7, the differential identities are

r1 = (d− 1)X
4a(ad− 1)z2Y (z + d)L2F1(X2), (B.15)

r2 = (d− 1)X
4az2Y (z + d)L2F2(X2). (B.16)

Since LY 2 = q(z+d)X2 ̸= 0, the multipliers in (B.15)–(B.16) are nonzero on this subdomain.
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B.5 Orbit equations for two Killing generators

B.5.1 Planar orbit metrics

If qi = 0 and qjqk > 0 in the translation case, the orbit metric has matrix Rθ diag(λi,m)R⊤
θ ,

where Rθ is planar rotation through θ and m = λj sin2 α+λk cos2 α. A translation depending
on z removes the mixed normal–orbit terms of c and leaves a positive normal lapse. The flat
Gauss equation gives

det d

dz

(
Rθ diag(λi,m)R⊤

θ

)
= −(λi −m)2(θ′)2 = 0.

If θ′ ̸= 0, then m = λi fixes the mixing angle because λj ̸= λk. Consequently |vj | is constant.
The affine vector vj must be constant, which contradicts its rotating nonzero direction. Thus
θ′ = 0.

B.5.2 Cylindrical orbit metrics

The nonradial projector components satisfy

[r(U ′
i + 2Ui/r)]′ = 0, (V ′

i + Vi/r)′ = 0,

whose integrations give (4.3). Their projector identities are U2
i + V 2

i = qi(1 − qi) and
−(UiUj + ViVj) = qiqj .

Choose an interval with qi = 0. Two zero q’s give the radial principal direction. Otherwise
qjqk > 0 and ei is tangent to the cylindrical orbits. Their metric Γ in coordinates (ϕ, z) has
the fixed relative eigenvalue λi:

det{Γ − λi diag(r2, 1)} = 0. (B.17)

Develop c into Euclidean space. The two commuting independent Killing fields become
either two translations or a rotation and an axial translation. In the first case Γ is constant.
Equation (B.17) gives Γzz = λi, Γϕz = 0, and the principal direction is axial away from
isolated coincidences, hence everywhere by continuity.

In the second case
Γ = R(r)2uu⊤ + vv⊤

for constant independent two-vectors u, v. The developing map may contain arbitrary radial
angular and axial shifts, which do not change this orbit matrix or its volume determinant.
Constant volume gives R2(R′)2 det[u, v]2 = constant r2, so

R2 = Kr2 + L, K ̸= 0.

The r4 coefficient of (B.17) is −λiKu
2
z, so uz = 0. Write

Γ =
(
a0r

2 + n11 n12
n12 n22

)
.

The two coefficients of (B.17) are

(a0 − λi)(n22 − λi) = 0, n11(n22 − λi) − n2
12 = 0. (B.18)

If n22 = λi, then n12 = 0 and the eigenvector is axial unless Γ = λi diag(r2, 1) identically. In
that exceptional isotropic orbit block, the two-plane projection identity below says U2

j + V 2
j

is constant. The Laurent sum-of-squares argument makes Uj , Vj constant, and then Vj = 0.
Since qjqk > 0, the other two eigenvectors lie in the radial–azimuthal plane and ei is again
axial.
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If n22 ̸= λi, equations (B.18) give a0 = λi and a fixed coordinate kernel (u0, v0) for
Γ − λi diag(r2, 1). If either component vanishes, ei is axial or azimuthal, both satisfying
hi = 0. Otherwise its physical direction is (ru0, v0) and the tangent direction perpendicular
to it gives

Vj = κrUj , Uj = βj,0 + βj,−2/r
2, κ ̸= 0.

The other relative orbit eigenvalue is m = n22 +n11/r
2. In the plane spanned by er and that

tangent direction, the two eigenvalues of c are λj , λk, whence

(λj − λk)2(U2
j + V 2

j ) = (λj −m)(m− λk). (B.19)

Its r2 coefficient forces βj,0 = 0, and its r−4 coefficient then gives (λj − λk)2β2
j,−2 = −n2

11.
Thus βj,−2 = n11 = 0, contradicting U2

j + V 2
j = qjqk > 0. This excludes the remaining

cylindrical branch.

B.6 The nonabelian similarity equations

For the equivariant map (4.4), the fixed trace equations give the following planar identities.
Let F⊥ = Df⊥, J⊥ = detF⊥ ̸= 0 be constant, φ̃ = φ ◦ f−1

⊥ , s = |∇φ|2, and t = |∇φ̃|2.
Constancy of the two spectral traces gives

|F⊥|2 + s = E, |F⊥|2/J2
⊥ + t/κ2 + 1/κ2 = E′,

t = c0s+ d0, c0 = κ2/J2
⊥ > 0.

(B.20)

Constant determinant gives the inverse identity

divx(c−1) = (∆Y f
−1) ◦ f. (B.21)

Its axial component is −(∆φ̃)◦f⊥/κ. Closedness and the same target homogeneity argument
imply ∆φ̃ = 0. On a chart with ∇φ ̸= 0, both height functions have nonzero gradient. Let
φ∗ be a local harmonic conjugate of φ and put W = φ+iφ∗. Adjusting its imaginary additive
constant gives (x∂x + y∂y + ωRz)W = W. In the complex source coordinate z = x+ iy,

(1 + iω)zW ′ = W, W = chz1/(1+iω), ch ̸= 0.

Choose a local branch and set u = Re W, v = Im W, θ = arg W. Then

s = Ke2ωθ, K > 0.

Pull a target harmonic conjugate of φ̃ back to a function w(u, v). Homogeneity gives uwu +
vwv = w, so a0 = wu, b0 = wv depend only on θ. The two planar metrics are (du2 + dv2)/s
and (du2 + dw2)/t. Their determinant and trace give

b0 = J⊥c0 + J⊥d0/s, (B.22)
a2

0 = C0 − c0s+ C1/s− J2
⊥d

2
0/s

2, (B.23)

where C0 = c0E − d0 − 1 − J2
⊥c

2
0 and C1 = d0E − 2J2

⊥c0d0. Equality of mixed derivatives
gives a′

0 cos θ + b′
0 sin θ = 0.

If ω ̸= 0, use s as a local coordinate. Differentiation of (B.23) and the mixed-derivative
identity give

s4
(
d(a2

0)
ds

)2

cos2 θ − 4J2
⊥d

2
0a

2
0 sin2 θ = 0.

Substituting s = Ke2ωθ gives a finite sum of distinct complex exponentials with exponents
2nω and 2nω ± 2i. They are linearly independent on every open interval, by the Vander-
monde determinant obtained by successive differentiation. Yet the coefficient of e(8ω+2i)θ is
c2

0K
4/4 ̸= 0. This is impossible.
The case ω = 0 is treated directly in Section 4.
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B.7 The cubics on the normalization zero sets

Write the two cubics in Lemma 3.2 as Fi =
∑3

k=0 fi,kR
k. Their coefficients are

f1,0 = a2d8 + a2d7z − 2a2d7 − 2a2d6z

+ a2d6 − 18a2d5z3 + a2d5z − 6a2d4z4

+ 18a2d4z3 + 18a2d3z5 + 6a2d3z4

+ 6a2d2z6 − 18a2d2z5 − 6a2dz6 − 2ad7

− 2ad6z + 4ad6 + 2ad5z − 2ad5 + 18ad4z3

+ 6ad3z4 − 24ad3z3 − 18ad2z5 − 6adz6

+ 24adz5 + d6 + d5z − 2d5

(B.24)

f1,1 = 2a2d7 + 12a2d6z − 4a2d6

+ 36a2d5z2 − 14a2d5z + 2a2d5

− 20a2d4z3 − 36a2d4z2 + 2a2d4z

− 62a2d3z4 + 20a2d3z3 − 18a2d2z5

+ 62a2d2z4 − 2a2dz6 + 18a2dz5

+ 2a2z6 − 4ad6 − 14ad5z + 10ad5 − 36ad4z2

+ 12ad4z − 6ad4 + 20ad3z3 + 44ad3z2

+ 62ad2z4 − 36ad2z3 + 18adz5 − 72adz4

+ 2az6 + 2d5 + 2d4z − 6d4

(B.25)

f1,2 = a2d6 + 11a2d5z − 2a2d5

+ 52a2d4z2 − 12a2d4z + a2d4

+ 54a2d3z3 − 52a2d3z2 + a2d3z

+ 16a2d2z4 − 54a2d2z3 + 4a2dz5

− 16a2dz4 − 4a2z5 − 2ad5 − 12ad4z + 8ad4

− 52ad3z2 + 6ad3z − 6ad3 − 54ad2z3

+ 64ad2z2 − 16adz4 + 60adz3 − 4az5 + d4

+ d3z − 6d3

(B.26)

f1,3 = 2ad3 − 4ad2z − 2ad2 − 4adz2 − 2d2 (B.27)

f2,0 = −a2d8 − a2d7z + 2a2d7 + 2a2d6z

− a2d6 + 6a2d5z3 − a2d5z + 6a2d4z4

− 6a2d4z3 − 6a2d3z5 − 6a2d3z4

− 6a2d2z6 + 6a2d2z5 + 6a2dz6 + 2ad7

+ 2ad6z − 4ad6 − 2ad5z + 2ad5 − 6ad4z3

− 6ad3z4 + 24ad3z3 + 6ad2z5 + 6adz6

− 24adz5 − d6 − d5z + 2d5

(B.28)
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f2,1 = −2a2d7 − 4a2d6z + 4a2d6

− 12a2d5z2 + 6a2d5z − 2a2d5

+ 12a2d4z2 − 2a2d4z + 30a2d3z4

+ 22a2d2z5 − 30a2d2z4 + 2a2dz6

− 22a2dz5 − 2a2z6 + 4ad6 + 6ad5z − 10ad5

+ 12ad4z2 + 4ad4z + 6ad4 − 28ad3z2

− 30ad2z4 + 36ad2z3 − 22adz5 + 72adz4

− 2az6 − 2d5 − 2d4z + 6d4

(B.29)

f2,2 = −a2d6 − 3a2d5z + 2a2d5

− 20a2d4z2 + 4a2d4z − a2d4

− 38a2d3z3 + 20a2d3z2 − a2d3z

− 24a2d2z4 + 38a2d2z3 − 4a2dz5

+ 24a2dz4 + 4a2z5 + 2ad5 + 4ad4z − 8ad4

+ 20ad3z2 + 26ad3z + 6ad3 + 38ad2z3

− 32ad2z2 + 24adz4 − 60adz3 + 4az5 − d4

− d3z + 6d3

(B.30)

f2,3 = −2ad3 + 20ad2z + 2ad2 + 20adz2 + 2d2 (B.31)

The resultant of the divisor cubics. The 6 × 6 Sylvester determinant of F1, F2 satisfies

ResR(F1, F2) = −1024(d− 1)(ad− 1)a3d4z6(z + d)9P12(a, d, z), (B.32)

which defines P12 ∈ Q[a, d, z]. Its leading coefficient and specialization at ad− a− 1 = 0 are

[z12]P12 = 48a3(ad− a− 1)4,

P12
∣∣
d=1+1/a

= 55296z4(a+ 1)2(az − a− 1)(az + a+ 1)
a

.
(B.33)

If aq ̸= −1, the leading coefficient is nonzero. If aq = −1, the specialization is a nonzero
polynomial of degree six for a > 0. A common root R therefore gives P12 = 0. Continuity
makes z locally constant, contradicting Lemma 3.1.

B.8 Equations for a dilation and a commuting rotation

For the map (4.5), the derivative in spherical source and cylindrical target orthonormal bases
has columns

Ff =
[
(U, ωU, V )⊤, (U ′, Uψ′, V ′)⊤, (0, kU/ sin θ, 0)⊤].

The matrix Cf has fixed eigenvalues, and the Jacobian is given by (4.6).
For a symmetric tensor T whose spherical physical components depend only on θ, define

AT = T ′
rθ + cot θ Trθ + 3Trr − trT, ET = T ′

θϕ + 2 cot θ Tθϕ + 3Trϕ.

Its radial and azimuthal divergences are AT /r and ET /r. Curl differentiation gives the
pressure equations

ACf
= αCf

, sin θ ECf
= βCf

, AC−1
f

= αB, sin θ EC−1
f

= βB, (B.34)

with real constants αCf
, βCf

, αB, βB.
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Contracting divCf = F⊤
f ∆f with D,R and using ∆|f |2 = 2 trCf + 2f · ∆f gives the

first equation in (4.7).
Here A0 = 2(trCf + αCf

− (ω/k)βCf
) and B0 = 2(trC−1

f + αB). The inverse norm
equation follows from (B.21) and ∆|f−1|2 = 2 trC−1

f + 2f−1 · ∆f−1. The middle equation is
the volume identity (4.6).

B.9 The two Legendre equations

Lemma B.1. Suppose (4.7) holds on an open interval with |x|, |y| < 1 and N > 0. Then
either

N = s0 > 0, y = (J/k)s−3/2
0 x+ n,

or
N = u+ bnx

2 > 0, ubn ̸= 0, y = Jx

ku
√

N
, Ñ = 1

u
− ubnk

2

J2 y2. (B.35)

Proof. The first equation has the general solution

N = A0/6 + b0P2(x) + c1Q2(x), P2 = 3x2 − 1
2 , Q2 = P2

2 log 1 + x

1 − x
− 3x

2 .

Suppose c1 ̸= 0. Since Q2 tends to opposite infinities at the two endpoints, the maximal
component I of {N > 0} containing the initial interval has an interior endpoint ξ ∈ (−1, 1)
where N = 0. Analyticity makes this a finite-order zero, say of order m ≥ 1. The integral
of N −3/2 therefore diverges there. Integrate y′ = (J/k)N −3/2 along I. Starting at |y| < 1,
it attains y = ε = ±1 before reaching ξ. At this attained point N > 0 and y′ ̸= 0, so x(y)
and Ñ = 1/N (x(y)) are analytic.

The inverse Legendre identity extends along I by the analytic identity theorem. Subtract
B0/6 from Ñ and expand at y = ε. Its Taylor coefficients obey

an+1 = ε[6 − n(n+ 1)]
2(n+ 1)2 an.

The coefficient vanishes at n = 2, so the analytic solution is Ñ = α + βy2. If α ̸= 0, the
volume and reciprocal equations imply

d

dx

(
y√
Ñ

)
= (J/k)α, αN = 1 − β((J/k)αx+ q0)2.

This makes N polynomial, contradicting its nonzero logarithmic mode. If α = 0, positivity
gives β > 0 and fixed nonzero sign of y, and N ′ = −2(J/k)

√
β sgn y ̸= 0. A nonconstant

affine N has nonconstant forward Legendre expression, again impossible. Thus c1 = 0 and
N = u+ bnx

2.
If bn = 0, integrate directly. If bn ̸= 0 and u = 0, the volume primitive makes Ñ a

nonconstant affine function of y, contradicting the inverse equation. If ubn ̸= 0, integration
gives

y = Jx

ku
√

N
+ n, Ñ = 1

u
− ubnk

2

J2 (y − n)2.

The inverse Legendre expression has linear coefficient 8ubnnk
2/J2, so n = 0.

B.10 The phase and norm parameters

In the nonconstant case (B.35), the axial component in (4.5) is V = νx, ν = J/(ku) ̸= 0. In
cylindrical source coordinates (r, ϕ, z), the spherical radius is

√
r2 + z2 and x = z/

√
r2 + z2.

Put t = z/r. Since

R2 = (r2 + z2)U2 = (r2 + z2)(N − V 2) = ur2 + (u+ bn − ν2)z2,
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put an = u and m = u+ bn − ν2. The coefficient an is a norm parameter; the fixed principal
value ratios remain a, b. The map takes the form

R = r
√
Q, Z = νz, Φ = kϕ+ ω log r + ψc(t), Q = an +mt2 > 0.

Here the cylindrical phase is

ψc(t) = ψ

(
arccos t√

1 + t2

)
+ ω

2 log(1 + t2).

Its physical derivative is

Ff =

 an/
√
Q 0 mt/

√
Q√

Q(ω − tψ′
c) k

√
Q

√
Qψ′

c

0 0 ν

 , detFf = ankν ̸= 0.

The azimuthal pressure equation is

(1 + t2)(Qψ′
c)′ − tQψ′

c = K0,

Qψ′
c = c1

√
1 + t2 +K0t.

Indeed r(divCf )ϕ/k = 2anω−tQψ′
c+(1+t2)(Qψ′

c)′ must be constant. Multiplying trF⊤
f Ff −

E = 0 by Q gives
P (t) + 2c1t{K0(1 + t2) − ωQ}

√
1 + t2 = 0, (B.36)

where
P (t) = a2

n +m2t2 + (k2 + ω2)Q2 + (1 + t2){c2
1(1 + t2) +K2

0 t
2}

− 2ωK0t
2Q+ (ν2 − E)Q.

The polynomial and square-root coefficients vanish separately: otherwise 1 + t2 would be a
square in R(t), contrary to its odd irreducible-factor valuation. The fourth-degree coefficient
of P is

k2m2 + (K0 − ωm)2 + c2
1.

Reality and k ̸= 0 force m = K0 = c1 = 0. Thus ψ′
c = 0 and now Q = an > 0 follows from

the target radius condition.
For the constant norm case N = an > 0, write y = d + ℓx, ℓ ̸= 0, X0 = 1 − x2,

W0 = 1 − (d + ℓx)2. Let h = X0W0ψx. With an integration constant cphase, the angular
pressure equation gives

h = cphase + {βCf
/(kan) − 3ω(1 − d2)}x+ 3ωdℓx2 + ωℓ2x3.

The constant trace equation, multiplied by X0W0, is the polynomial identity

(E/an − 1)X0W0 = ω2X0W
2
0 + ℓ2X2

0 + k2W 2
0 + h2. (B.37)

As an identity in R[x], (B.37) can be evaluated at x = ±1, giving W0(±1) = h(±1) = 0.
They yield d = 0, ℓ2 = 1, cphase = 0, βCf

/(kan) = 2ω, and then ψx = −ωx/(1 − x2). This
gives the cylindrical map described above.

Consequently the commuting dilation–rotation family is

f(r, ϕ, z) =
(√
an r cos Θ,

√
an r sin Θ, νz + z0

)
, Θ = kϕ+ ω log r + θ0, (B.38)

with an > 0, kν ̸= 0, arbitrary real ω, and local angles. Its metric is

c =

an(1 + ω2) anωk 0
anωk ank

2 0
0 0 ν2


(er,eϕ,ez)

.
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The axial vector is principal, and the other two principal vectors have constant angle with er.
Their curls are axial, so all three coefficients hi vanish. Conversely, for e = cosα er + sinα eϕ

the projector divergence is the gradient of cos(2α) log r + sin(2α)ϕ; the axial projector has
zero divergence. Hence the family is locally universal.

For prescribed positive, pairwise distinct eigenvalues λi of the displayed metric, choose
ν2 = λi and order the other two as λj < λk. The parameter restrictions are

an ∈ [λj , λk], k2 = λjλk/a
2
n, ω2 = (λk − an)(an − λj)/a2

n.

Determinant normalization imposes ankν = 1.

C Algebraic details for the case of maximal rank
We give the differential relations and local ideal identities used in Section 8, followed by the
elimination on ratio curves. The coefficient fields are rational function fields or their finite
algebraic extensions; the final coprimality argument uses a reduction to a finite field.

C.1 Coefficient rings and differential relations

Use the constants and rescaled ratios defined in Section 8.1.
Set

k = aκ0, m = 1 + k = a− 1
b− 1 .

The constants κ0, q, k,m are nonzero and mq = (b/a)m2 > 0. Define the three affine fibre
coordinates Ri by

τ̂1 = − p̂12(p̂13 + p̂31) +
(

1 − ηζ

η − ζ

)
p̂23

− ηζ

η − ζ
p̂32 − ηζ

2(η − ζ)R1,

τ̂2 = − 2η
κ0(1 + η) p̂12 + 2η2

κ0(1 + η) p̂21 − η

κ0(1 + η)R3,

τ̂3 = p̂21(p̂23 + p̂32) + ζ − η + ηζ

κ0(1 − ζ) p̂13

+ ζ

κ0(1 − ζ) p̂31 + ζ

2κ0(1 − ζ)R2.

(C.1)

The coefficient of each Ri is invertible in the stated localization. Thus the six p̂ij with
i ̸= j and three Ri, together with η, ζ, are obtained from the retained state X in (3.2) by an
invertible rational coordinate change. Its inverse recovers ĥ2 = η/κ0 and ĥ3 = qζ/κ0, while
(C.1) recovers the three retained derivatives. Explicitly, the forward change is

R1 = 2(η − ζ)
ηζ

{−p̂12(p̂13 + p̂31) + p̂23 − τ̂1} − 2(p̂23 + p̂32),

R2 = 2κ0(1 − ζ)
ζ

{τ̂3 − p̂21(p̂23 + p̂32)} − 2(ζ − η + ηζ)
ζ

p̂13 − 2p̂31,

R3 = − κ0(1 + η)
η

τ̂2 − 2p̂12 + 2ηp̂21.

It therefore preserves differential rank. Write R = (R1,R2,R3).
The affine frame coefficients are p̂ij = pij/h1; ordinary homogeneous coefficients are

written pij , and their accompanying homogeneous vector is R = τR. The original weighted
boundary instead uses v = τ2R. The intermediate charts use the representative R defined in
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Appendix C.2. Support statements refer to the corresponding homogeneous representative
of the affine vector. The localization in the principal value ratios requires

ab(a− 1)(b− 1)(a− b) ̸= 0;

Sign arguments use the positivity of the principal values. The ratio localization contains

ηζ(η − ζ)(η + 1)(ζ − 1) ̸= 0.

Further localizations will be specified in the corresponding charts.
Let Φ be the rational map from (x, ĥ2, ĥ3) to the full normalized state Ŝ, defined by

(C.1), the cubic reconstruction and (B.4). If Ej , 0 ≤ j ≤ 20, denote the ordered weight-
four compatibility polynomials of Appendix A, put Qj = Ej ◦ Φ. The pushforwards of the
normalized state fields under the coordinate change are

Vif =
9∑

j=1
Vij∂xjf +Bi1∂ĥ2

f +Bi2∂ĥ3
f,

x = (p̂12, p̂13, p̂21, p̂23, p̂31, p̂32,R1,R2,R3).
(C.2)

Thus Vij = Vixj and Bi1 = Eiĥ2, Bi2 = Eiĥ3, with the latter expressions pulled back by Φ.
Write Frs for the part of bidegree (r, s) in (p̂,R) and F [d] for the ordinary homogeneous

part of degree d. Let (j0, . . . , j5) = (10, 11, 13, 15, 18, 19). For each ν, choose the scalar cν

and the off-diagonal coordinate p̂µν so that cν p̂µνQ0 has the same highest weighted part as
Qjν , and define

Rν = Qjν − cν p̂µνQ0, 0 ≤ ν ≤ 5.

The highest weighted parts determine this choice uniquely, and degRν ≤ 4. Set

α = ζ − η

ζ(η + 1) , β = η(ζ − 1)
ζ(η + 1) , L =

p̂12 0 −αp̂32
p̂13 −αp̂23/β 0
0 p̂21 −βp̂31

 .
Then

detL = α(p̂12p̂23p̂31 − p̂13p̂21p̂32).

The factorization of the degree-four relations is determined by

D =



p̂31 0 0
−p̂32 0 0

0 p̂21 0
0 0 p̂12
0 0 p̂13
0 −p̂23 0


, Bν+1,i = ∂Ri

(Rν)31, BL = B adjL
detL .

All entries of BL are polynomials. Define

C =

(BL)1,∗/p̂31
(BL)3,∗/p̂21
(BL)4,∗/p̂12

 , o =

(R0)40/p̂31
(R2)40/p̂21
(R3)40/p̂12

 .
These quotients are polynomials and satisfy

BL = DC, ((Rν)40)5
ν=0 = Do, (R[4]

ν )5
ν=0 = D(CLR + o).

There is a unique coefficient gi for which (ViRi)12 = gi(Q0)12. Define

Êi = Vi − giQ0∂Ri
, (cdiag

1 , cdiag
2 , cdiag

3 ) =
(2(η − ζ)

ηζ
,−2(ζ − 1)

ζ
,
κ0(η + 1)

ηq

)
.
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If σ = (3, 2, 1), the diagonal cubic parts are

(ÊiRi)[3] = cdiag
i (CLR + o)σ(i).

For each row j of C, put
P1j,∗ = (0, 0, 0, Cj1, Cj2, 0),
P2j,∗ = (0, 0, Cj3, 0, 0, αCj2/β),
P3j,∗ = (−βCj3, αCj1, 0, 0, 0, 0),

and define Kiνℓ =
∑3

j=1Dν+1,jPij,ℓ+1. The eighteen derivative relations are

H6(i−1)+ν = ÊiRν − cdiag
i

5∑
ℓ=0

KiνℓRℓ, i = 1, 2, 3, ν = 0, . . . , 5.

The identities
∑

ℓ Pij,ℓ+1Dℓ+1,σ(i) = (CL)ji cancel their degree-six parts, so degHn ≤ 5.
For Q ∈ {Q1, Q5, Q6}, write

∂Ri
Q[4] =

∑
k

p̂ν(i,k)Ai,k, Zi = (cdiag
i )−1(ÊiRi)[3].

The relation R
[4]
j(i,k) = ϵi,kp̂ν(i,k)Zi shows that the nine polynomials

ÊiQ− cdiag
i

∑
k

ϵi,kAi,kRj(i,k)

have degree at most five. The ordered triples (ν(i, k), j(i, k), ϵi,k) are

((12, 3, 1), (13, 4, 1)), ((21, 2, 1), (23, 5,−1)), ((31, 0, 1), (32, 1,−1)).

In each monomial of the derivative, divide by the first coordinate in its pair if that coordinate
occurs, and otherwise by the second. This determines Ai,k uniquely. Write Geven

i,j for the
resulting corrected derivative of Qj , j ∈ {1, 5, 6}. The ordered list of thirty-seven relations
is

F = (Q0, Q1, Q5, Q6, R0, . . . , R5, H0, . . . ,H17, (Geven
i,j )i=1,2,3; j=1,5,6),

with i ordered first and j second. Append the three pair relations

R6 = p̂32R0 + p̂31R1, R7 = p̂23R2 + p̂21R5, R8 = p̂13R3 − p̂12R4.

The degree-five parts cancel by the sparse form of D, so degRi ≤ 4 for i = 6, 7, 8. They
belong to the compatibility ideal. The ordered forty-row list is (F , R6, R7, R8).

Put ℓ = LR, with components numbered 1, 2, 3, and set ι(1) = 3, ι(5) = 1, ι(6) = 2. The
homogeneous parts satisfy

(Hn)32 =
3∑

j=1
An,jℓj , (Qi)22 = ceven

i ℓ2ι(i), (Qi)31 =
3∑

j=1
Bi,jℓj .

On the critical chart with scalar coordinates sd, t, B,C,

p = (1, tB/(sdC), sd, t, B,C), R = (αC, βB/sd, 1),

the boundary restrictions at κ = 0 of the regularized derivative relations are
∑3

j=1An,je
alg
j−1 +

(Hn)41 + δ(Hn)13; the even restrictions are ceven
i

(
ealg

ι(i)−1
)2 +

∑3
j=1Bi,je

alg
j−1 + (Qi)40. Here

every coefficient polynomial is evaluated on the displayed chart. The coefficient matrices
are obtained by substituting into the compatibility polynomials and extracting their normal
coefficients. When one Ri vanishes, the matrix of linear normal terms has columns for the
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two active incidence variables, the scale, the critical parameter and the transverse incidence
variable. Its scale column also contains (Hn)50.

On p̂31 = p̂32 = 0, the leading transverse field is Z0∂R3 up to a unit, with Z0 independent
of R3. Its successive actions are therefore Zj

0∂
j
R3

. The corresponding incidence relations are
used on each of the fifteen nonempty supports.

For the canonical critical amplitudes use the coefficient algebra

K[b0, c0]/(b2
0 + q, c2

0 + q/κ0), K = Q(a, κ0, η, ζ, sd, zd),

where sd = p21 and zd = p23/p32 are direction parameters. It has basis 1, b0, c0, b0c0. Both
b0 and c0 are units, and the coefficient matrices are regarded as matrices over this algebra.

For implicit elimination let C be the Jacobian of the equations being solved, d = detC,
and Rj their coefficient in the normal direction j. The coefficient of a remaining equation F
after elimination, multiplied by d, is

F̂j = dFj − Fe adj(C)Rj .

If L is the transverse line coordinate, eliminating it from the two remaining equations gives
the coefficients

Q̂LĤj − ĤLQ̂j , j ∈ {κ, δ}.

The nonvanishing on the six critical directions reduces to the following inequalities. Let
ω2 − 13

2 ω + 1 = 0. Both roots lie in (0, 13/2), so

c = 232135214 − 27335384ω
4404177 > 0, d = 63263572 + 27335384ω

4404177 > 0.

The squared direction parameter is respectively

X = κ0, X = −q, X = −q/κ0.

In the first two charts the determinant factor is v2 + cv + 1, where respectively v = aκ2
0 > 0

and v = mq > 0. In the third it is

(a−X)2(X + 1)2 − daX(a−X − 1) = (a−X)2(X + 1)2 + damq

κ2
0

> 0,

since mq = b(a − 1)2/[a(b − 1)2] > 0. On b = a2, the two remaining even quadrics have
nonzero Sylvester resultant, so that this hypersurface is excluded as well.

C.2 The relative projective boundary

We construct a proper modification of the weighted projective closure of the affine state fibres
over a ratio base open set U containing (η, ζ) = (1,−1). The following criterion relates local
exclusion or containment over this fibre to finiteness of the generic affine fibre. Here τ is the
homogenizing coordinate, so the affine state locus is τ ̸= 0.

Lemma C.1 (A relative boundary criterion). Let B be integral, let Y → B be a dominant
affine morphism of finite type, and let Y → B be a proper closure of Y . Let π : Ỹ → Y be
a proper modification of the whole closure which is an isomorphism over Y , and fix b∗ ∈ B.
Write ∂Ỹ = Ỹ \Y . Suppose that every irreducible component C of ∂Ỹ dominating B has the
following property at each of its points over b∗: either an identity in the local compatibility
ideal rules out that point on the saturated closure, or a neighbourhood of that point in C
lies in a specified relatively closed boundary family F which contains no component of ∂Ỹ
dominating B. Then the generic fibre Ygen is finite.
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Proof. If the generic projective boundary were nonempty, one of its closures would dominate
B. Proper surjectivity of π gives an irreducible component of its inverse image dominating
that closure. Enlarge it to a component C of ∂Ỹ ; this component still dominates B. Since
C → B is proper, its image is closed and contains the generic point of B, so C meets the
fibre over b∗. The first alternative in the hypothesis is impossible. In the second, a nonempty
open subset of the irreducible C lies in F , so its generic point lies in F , contradicting the
stated generic exclusion. The generic boundary is therefore empty. The generic fibre equals
its proper closure and is affine; an affine proper scheme of finite type over a field is finite [27,
Lemma 29.45.11, Tag 01WN].

Remark C.2 (Formal arcs and saturation). On each boundary chart, let I be generated by
the specified original compatibility polynomials after substitution and exact division by the
common exceptional monomials. These monomials are invertible on the affine locus, so the
divided relations belong to the local ideal of the closure of the state image. That ideal is the
contraction of its localization at τ and is therefore τ -saturated. The invariance and formal
transfer arguments of Lemmas C.3 and C.4 apply to this saturated ideal. Thus τ ∈

√
I

implies I : τ∞ = (1) and excludes the point from the closure. More generally, the absence
of all nonconstant formal arcs satisfying the compatibility relations through that point with
τ ̸= 0 gives the same set-theoretic exclusion: an irreducible component through the point not
contained in τ = 0 contains an algebraic curve through the point meeting τ ̸= 0; normalizing
and completing that curve produces such an arc.

We use two facts about completed local rings. Initial forms whose common zero is the
origin exclude nonconstant formal arcs when the remaining parameter belongs to the radical
of the compatibility ideal. Implicit elimination preserves quadratic normal order when its
Schur derivative vanishes identically in all base parameters. The precise statements and
proofs are Lemmas C.6 and C.7 in Appendix C.5.

The quadratic dependence of the retained derivatives on the first state coordinates leads
to the following weighted compactification.

Write p̂ = (p̂12, p̂13, p̂21, p̂23, p̂31, p̂32). Give the homogenizing coordinate τ weight one,
each of the six entries of p̂ weight one, and each of the three entries of R weight two. The
homogeneous representatives of the affine fibre coordinates are

p = τ p̂, R = τR, v = τ2R = τR.

Let W be this relative weighted projective space over U , and let Y ⊂ W be the τ -saturated
closure of Y . The second Veronese grading makes W projective over U . We construct a
modification of Y by two blowups of W . The first centre has ideal sheaf

J1 = ˜(τ, v1, v2, v3).

It is contained in τ = 0, v = 0, where some pj is nonzero. On the chart pj = 1 this is the
ordinary ideal (τ, v1, v2, v3). If a different entry of p is normalized, these coordinates change
by τ ′ = τ/c and v′ = v/c2 with c a unit, so the ideals agree on the overlap. On each chart
vj ̸= 0 the ideal is the unit ideal.

Write W1 = BlJ1 W , let E1 be its exceptional divisor, and let D1 be the strict transform
of τ = 0. The second centre is the scheme intersection E1 ∩D1, with ideal J2 = IE1 + ID1 ,
and put W2 = BlJ2 W1. The first blowup has a τ chart v = τR, on which D1 is empty. Its
other charts, indexed by an entry vj , are

v = σR, τ = σκ, Rj = 1.

Here E1 = (σ = 0), D1 = (κ = 0) and J2 = (σ, κ). Thus the second centre does not meet
the ordinary τ chart. Its κ chart has σ = κδ; its σ chart has κ = σβT. The composite
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projections to W are consequently

WO : v = τR,

WS : v = κδR, τ = κ2δ,

WT : v = σR, τ = σ2βT.

In WO the remaining coordinates are p, τ and R. In WS they are p, κ, δ,R, and in WT
they are p, σ, βT,R; a selected entry is normalized to Rj = 1 in the last two charts. Their
transition is

σ = κδ, κ = σβT, δβT = 1.

The overlap of WO and WS is Rj ̸= 0, or equivalently κ ̸= 0, with

κ = R−1
j , δ = τR2

j , R = R/Rj .

Changing the selected entry from j to k, with r = Rk a unit, changes the first blowup
coordinates by

(σ, κ,R) 7−→ (σr, κ/r,R/r).

This preserves (σ, κ) and induces the same second blowup on both charts. These transition
maps and the changes of p normalization glue the displayed charts.

Let Y1 and Ỹ be the successive strict transforms of Y , that is, the closures of Y in W1
and W2. Their maps are the blowups in the restricted centre ideals. In particular,

Ỹ −→ Y1 −→ Y −→ U

is a sequence of projective morphisms, and π : Ỹ → Y is a proper surjective modification
which is an isomorphism over Y . Surjectivity follows because its closed image contains
the dense affine locus Y . On the remaining weighted charts vj ̸= 0 both blowups are the
identity. These charts include every point with p = 0 at infinity. They have the standard
finite quotient presentation vj = 1, with the residual action (τ, p) 7→ (−τ,−p) fixing the
other v coordinates. On pi ̸= 0, the normalization with c = pi gives the overlap with the
preceding charts. Together with the charts above, they cover the whole modification.

On a chart with a nonzero p entry, if n = ord τ > 0 and s0 = minj ord(v)j , then WO
covers s0 ≥ n, WS covers n/2 ≤ s0 ≤ n, and WT covers 0 ≤ s0 ≤ n/2. Indeed

ordκ = n− s0, ord δ = 2s0 − n, ordβT = n− 2s0.

Every curve with generic point in Y lifts to Ỹ by properness. The displayed nonnegative
orders describe the charts containing its lift. If every vj vanishes identically, the lift lies
in WO with R = 0. Otherwise a coordinate of minimal order supplies the selected entry
Rj = 1. The critical rate s0 = n/2 lies in the unit overlap of WS and WT. The partition is
given in Appendix C.7.

For the local ideal calculations we also use the finite algebra generated by the auxiliary
coordinates of Appendix C.4. On a normalized chart, including the finite presentations
above, let A be the coordinate ring of an irreducible component of the closure of the affine
locus, and set in its function field

ealg = (ealg
0 , ealg

1 , ealg
2 )⊤ = L(p)v/τ.

The three even relations give monic equations for (ealg
0 )2, (ealg

1 )2, (ealg
2 )2 whose remaining

terms are linear in ealg and have coefficients in A. Thus A[ealg
0 , ealg

1 , ealg
2 ] is generated as

an A module by the eight squarefree monomials in ealg. Its spectrum is the closure of
this rational graph, finite and surjective over the chart. Taking roots of the specified units
gives further finite covers. The compatibility ideal pulls back to each of these covers; the
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exceptional monomials used for exact division are units on Y . Any formal arc whose generic
point lies in Y lifts to a finite cover after a finite extension of its complete discrete valuation
ring: choose a point above its generic point and use the valuative criterion for the finite
morphism. Orders are multiplied by the ramification index, so the valuation inequalities are
unchanged. Consequently a local identity forcing τ into the radical on every chart above
a point excludes every such arc through that point of Ỹ . For containment in an ordinary
boundary family, the closed image of the complement of the neighbourhoods above the point
permits shrinking below; finite surjectivity then gives local containment downstairs. These
give the local alternatives for the proper morphism π in Lemma C.1. The derivations below
are restrictions of the state derivations to the state closure.

C.3 The induced derivations at infinity

The state equations constrain how a boundary component varies with η, ζ. We need their
derivations to preserve each irreducible component of the boundary, so that their restrictions
are well defined. When two restricted derivations have independent ratio components, that
component cannot project into a proper algebraic subset of the ratio plane. This is the
differential part of the boundary argument.

Lemma C.3 (Homogeneous derivations and boundary components). Let A = C[η, ζ, g−1]
and let I be an ideal in a relative state algebra over A. Suppose that I is preserved by
derivations Vi. On a selected state coordinate chart, a derivation congruent modulo the
ideal is a derivation

Di = Vi +
∑

α

fiαWiα, fiα ∈ I,

where the coefficients of the Wiα are regular on that chart. It preserves the localized ideal I.
Choose positive integer fibre weights, and suppose that each Di increases weighted degree

by at most dder
i . Its homogeneous regularization, followed by projective normalization on a

chart where the chosen fibre coordinate is nonzero, preserves the saturated closure of I and
has logarithmic derivative of the homogenizing coordinate τ . Consequently it preserves the
radical boundary ideal and every minimal prime of that ideal. A finite root cover needed to
normalize a coordinate of weight greater than one is allowed here: its root is a unit, so this
cover is etale.

Let P be such a minimal prime. If two induced boundary derivations δ1, δ2 satisfy

det
(
δ1η δ1ζ
δ2η δ2ζ

)
̸= 0 in Frac(B/P ),

where B is the boundary chart algebra, then P ∩ A = (0). In particular this boundary
component dominates the ratio base. If the determinant is nonzero at a closed boundary
point, the conclusion holds for every irreducible component through that point.

Proof. For f ∈ I, the gauge correction applied to f is a sum of multiples of elements of I.
Thus DiI ⊂ I after localization. For a weighted homogeneous coordinate xh

j = τwjxj , the
regularization has component

D̃i(xh
j ) = τdder

i +wjDixj , D̃i(τ) = 0.

The degree bound makes every exponent of τ nonnegative; the same bound applies to the
base coordinate components, of weight zero. This gives a regular derivation before projective
normalization. It preserves the homogeneous closure because that ideal is the contraction of
its localization at τ . Projective normalization rescales by a unit and adds a regular multiple
of the Euler derivation, which preserves every homogeneous ideal and sends τ to a multiple
of τ . If a root of the selected nonzero homogeneous coordinate is used, its derivative is
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obtained by differentiating its defining power; the root and its integer exponent are units.
This proves regularity on that etale chart as well.

In a characteristic zero ring a derivation preserves the nilradical: if an = 0, differentiating
n times shows n!(δa)n ∈ (a), and hence δa is nilpotent. Thus the radical of a differential ideal
is differential. A derivation also preserves each minimal prime of a reduced ring. Indeed,
localization at a minimal prime is a field, and differentiation of a/1 = 0 shows that δa lies
in that minimal prime.

Set Q = P ∩A. For f ∈ Q, stability of P gives

(δiη)fη + (δiζ)fζ = 0 in Frac(B/P ), i = 1, 2.

Inverting the displayed determinant in that field yields fη, fζ ∈ Q. If Q ̸= 0, clearing a
denominator gives a nonzero polynomial in Q ∩ C[η, ζ] of minimal total degree. Its par-
tial derivatives also belong to Q. Characteristic zero and minimality therefore force that
polynomial to be a nonzero constant, contradicting propriety of Q. Hence Q = 0.

First integrals on the intermediate boundary. Fix the principal value ratios and work
with 1 < γ < 2, full derivative support and at least two nonzero amplitude pairs. After a
cyclic relabeling normalize p12 = R3 = 1. The incidence relations give

p = (1, b0zd, sd, c0zd, sdb0, c0), R = (αc0, βb0, 1), b0c0 ̸= 0, (sd, zd) ̸= (0, 0).

Here c0 = p32, sd = p21 and zd = p23/c0; the coefficients α, β are those of Appendix C.1.
Denote by D1, D2 the boundary derivations induced by the first and third coordinate gauges,
respectively, as in Lemma C.3. The terms of bidegrees (1, 1) and (0, 1) in the gauged state
equations give the principal frame and ratio components, respectively. On the weighted Rees
chart divide these derivations by the selected nonzero homogeneous derivative coordinate.
Substitution of the displayed incidence coordinates in the frame equations makes the principal
frame components multiples of p. Projective normalization therefore gives

Dipjk = 0 (j ̸= k), Disd = Dizd = Dic0 = 0, i = 1, 2.

On sd ̸= 0, recover b0 = p31/sd; on zd ̸= 0, recover b0 = p13/zd. Thus Dib0 = 0 on both
charts. The ratio components are

(
D1η D1ζ
D2η D2ζ

)
=


ηc0
η + 1

ηc0
η + 1

−η − ηζ

η + 1

 .
The determinant is

η2(η − ζ + 1)c0
(η + 1)2 ,

which equals 3c0/4 at (η, ζ) = (1,−1). Shrink U so that this determinant is a unit.
On an irreducible invariant boundary component in this family, sd, zd, b0, c0 belong to

the common constant field of the induced derivations on its function field. The ratios η, ζ
are algebraically independent over that constant field. Indeed, choose a nonzero polynomial
relation of least total degree, if one exists. Applying D1 and D2 and inverting the displayed
matrix shows that both partial derivatives also vanish on the component. Minimality forces
these partial derivatives to be zero polynomials. In characteristic zero the original polynomial
is then a nonzero constant, a contradiction. Consequently every coefficient of a polynomial
relation in η, ζ over this constant field is zero.
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Lemma C.4 (Transfer from a transverse fibre). Let B = C[[b1, b2, x1, . . . , xN ]], let I be an
ideal of B, and let τ ∈ B. Suppose that two regular derivations D1, D2 preserve I and satisfy
Djτ ∈ (τ). If

det(Djbi)i,j=1,2(0) ̸= 0,

put I0 = (I + (b1, b2))/(b1, b2) and denote the image of τ by τ0. Then

τ0 ∈
√
I0 =⇒ τ ∈

√
I.

Proof. Apply the two formal flows successively to the transverse fibre b1 = b2 = 0. The
determinant assumption and the formal inverse function theorem make this a change of
coordinates from C[[t1, t2, x1, . . . , xN ]] to B. Choose a finite set of generators f of I. Since
Djf = Ajf for matrices Aj over B, each flow transforms f by an invertible matrix with
identity constant term. The pullback of I is therefore I0C[[t1, t2, x1, . . . , xN ]]. The equations
Djτ = hjτ likewise show that the pullback of τ is a unit times τ0. A power of τ0 belongs to
I0, and the same is consequently true of τ and I.

The paired chart. In the paired chart of Appendix C.8, normalize p12 = R3 = 1 and
write p32 = ℓ ̸= 0, τ = κ2δ and σ = κδ. The coordinate gauges for the first and third state
derivations, regularized by τ2/σ = κ3δ, have regular lifts to this chart. Indeed, differentiation
of the three equations defining the normal coordinates gives numerators divisible by κ; the
remaining denominators are units near the paired points. If Aj is the component of the
regularized field along p12 before projective normalization, the lift satisfies Djτ = −Ajτ . On
the paired boundary family their ratio components are

(
D1η D1ζ
D2η D2ζ

)
=


ηℓ

η + 1
ηℓ

η + 1
−η − ηζ

η + 1

 .
Its determinant is η2(η − ζ + 1)ℓ/(η + 1)2, and equals 3ℓ/4 at (η, ζ) = (1,−1). These lifts
preserve the vanishing ideal of the state image by contraction from κδ ̸= 0. Lemma C.4 thus
transfers a local inclusion of τ in the radical of that ideal on the fibre over (η, ζ) = (1,−1)
to the completed local ring with both ratios variable.

For the coordinate derivations used here, the required degree bound holds for every ratio-
nal weight 1 ≤ γ ≤ 2. At intermediate weights, two available derivations have independent
base components when the corresponding leading R coordinates are nonzero. The explicit
degree bounds and minors are given in Appendix C.6. Apply Lemma C.3 to p and its homo-
geneous closure on the weighted Rees model associated with the orders of a formal arc. The
exceptional supports with fewer independent derivations are treated by local ideal identities.

C.4 Local ideals and formal arcs

Let A be a localized coefficient ring, and use the local compatibility ideal I of Appendix C.2.
Suppose J = (g1, . . . , ge) is contained in the maximal ideal of a Noetherian local ring, the

compatibility polynomials belong to J , and a selection satisfies F = Ag with detA a unit.
Adjugation gives (F ) = J . More generally,

JN ⊂ (F ) + JN+1

implies JN ⊂ (F ) by Nakayama’s lemma applied to JN/((F ) ∩ JN ). The coefficient ring
includes the ratio and horizontal parameters throughout.

Implicit elimination with parameters uses the same principle. If u denotes coordinates
to be eliminated and z residual normal coordinates, solve the chosen equations in the com-
pleted local ring to obtain u = φ(z). Each residual polynomial is obtained by the substitution
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F (φ(z), z). Its leading term is the leading term of this substituted polynomial. All horizontal
variables and principal value ratios remain in the coefficient ring. Faithful flatness of com-
pletion transfers ideal containments back to the local ring [27, Lemma 10.97.3, Tag 00MC].

For the plane parametrized by v, the special four-point family is

v2
1 = − q(ζ − η)2

κ0ζ2(η + 1)2 , v2
2 = −qη2(ζ − 1)2

ζ2(η + 1)2 , v3 = 1.

The right sides are units on the inverted base. Hence this is a finite etale degree-four family.
The local ideal of this family is reduced. If a projective scheme Z contains a finite flat
subscheme Z0 and Zb∗ = Z0,b∗ scheme-theoretically, properness and upper semicontinuity
first make Z finite near b∗ [27, Lemma 37.44.2, Tag 02UP]. In 0 → M → OZ → OZ0 → 0,
flatness of Z0 preserves the left injection after taking that fibre. Nakayama then gives M = 0
after shrinking. Thus equality on the fibre extends to equality near b∗.

The orders n, s0 of Lemma 8.4 give

(ordκ, ord δ) = (n− s0, 2s0 − n), (ordσ, ordβT) = (s0, n− 2s0).

The chart p = 0, v ̸= 0 is an original weighted chart.
The finite cover defined by the auxiliary coordinates follows from the three even com-

patibility polynomials Q1, Q5, Q6. With ℓ = Lv, their weighted homogenizations have exact
expressions

Qh
j = ceven

j ℓ2ι(j) + τ
3∑

k=1
Ajkℓk + τ2Bj , ι(1) = 3, ι(5) = 1, ι(6) = 2,

where
ceven

1 = 2ζ2

(ζ − η)2(ζ − 1)2 ,

ceven
5 = 2η2ζ2

(ζ − η)2(ζ − 1)2 ,

ceven
6 = 2η2ζ2

(ζ − η)2(η + 1)2 .

The row Aj• contains both components (Qj)31 and (Qj)12, where the subscripts denote the
degrees in the off-diagonal and remaining fibre coordinates, respectively. Write (Qj)31 = qT

j v
and put

A
(p)
j = (adjL)Tqj

detL ,

A
(v)
j =

( [p12](Qj)12
v1

,
[p13](Qj)12

v1
,
[p21](Qj)12

v2

)T
, Aj• = (A(p)

j + A
(v)
j )T.

Here all the divisions are exact polynomial divisions, and

(Qj)31 + (Qj)12 =
3∑

k=1
Ajkℓk, Bj =

Qh
j − ceven

j ℓ2ι(j) − τ
∑3

k=1Ajkℓk

τ2

is the polynomial remainder. All three coefficients ceven
j are units in the stated localization.

Setting ealg
k−1 = ℓk/τ , 1 ≤ k ≤ 3, gives three monic quadratic equations, with remaining terms

linear in the ealg
k−1. Their algebra is generated as a module by the eight squarefree monomials

in ealg
0 , ealg

1 , ealg
2 . This proves integrality of the auxiliary coordinates.

Order the principal values so that 1 < a < b. Then

−1/a < κ0 < 0, q > 0, m > 0, aq + 1 > 0.

Let t0, t1, t2 be the cone amplitudes and put Λ = t0 + t1 + t2.
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The normal matrix on the four-point cone. Put f0 = Q0 and fν+1 = Rν , 0 ≤ ν ≤ 5.
Give the six off-diagonal coordinates weight one and the three coordinates Ri weight two.
Form the ordered list

(fj)6
j=0, (Êifj)j=0,...,6; i=1,2,3, (ÊkÊifj)j=0,...,6; i,k=1,2,3,

with the indices ordered from left to right. Denote its members by F0, . . . , F90, and put
dcone

n = 5 for 0 ≤ n ≤ 6, dcone
n = 7 for 7 ≤ n ≤ 27, and dcone

n = 9 otherwise. Define

F h
n (p,v, τ) = τdcone

n Fn(p/τ,v/τ2).

The weighted degree bounds make these polynomials. Specialize their coefficients at (η, ζ) =
(1,−1), after taking the indicated compositions of derivations.

Over K = Q(a, κ0) choose units s1, s2, ccone satisfying

s2
1 = −q/κ0, s2

2 = −q, c2
cone = s1s2.

Use six normal coordinates n0, . . . , n5 and the formal functions

v1 = s1(1 − n4)1/2, v2 = s2(1 − n5)1/2, v3 = 1,

where both square roots have constant term one. Set

p = c−1
cone(t0 + n0,v2(t1 + n1), t2 + n2,v1t1,v2t2,v1t0),

τ = cconen3.

The off-diagonal coordinates are ordered as (12, 13, 21, 23, 31, 32). Consider the nonzero
monomials τ ℓp(e0,...,e5)v(e6,e7,e8) in the constant and linear τ terms of F h

n , so ℓ = 0 or 1. Put
dp̂ = e0 + · · · + e5 + ℓ. Their common parity is

ϵn,1 ≡ e6 + e3 + e5 + ℓ− (dp̂ − 1)/2 (mod 2),
ϵn,2 ≡ e7 + e1 + e4 + ℓ− (dp̂ − 1)/2 (mod 2).

with ϵn,j ∈ {0, 1}. These monomials have odd dp̂, and the residues are independent of the
monomial. For a zero row set both parities equal to zero. The normalized coefficient matrix
is

(Mcone)n+1,ℓ+1 = (εcone
n )−1 ∂nℓ

{
cconeF

h
n (p,v, τ)

v
ϵn,1
1 v

ϵn,2
2

}∣∣∣∣∣
n=0

, 0 ≤ n ≤ 90, 0 ≤ ℓ ≤ 5.

Here εcone
n = 1 for n ≥ 28, and the first twenty-eight row units, in order, are

(εcone
0 , . . . , εcone

27 ) = (3/56,−3q/(16κ0),−3q/(16κ0),−κ0/16,−3/32, 3/32,−3/32,
− 3/448, 3κ0/224,−57/448, 1/48,−3q/64,−1/16,−9q/(128κ0),
− 3q/(8κ0),−1/16, κ0/96,−23κ0/384, 7κ0/96,−43/768,−7/48,
203/768,−43/768, 203/768,−7/48, 9/256,−κ0/32, 3/16).

The entries lie in K[t0, t1, t2]. Thus the matrix has ninety-one rows of linear normal coeffi-
cients of the undifferentiated, once differentiated and twice differentiated relations.

On Λ = 0, elimination from the maximal minors leaves, apart from units, the two factors

κ2
0 − 1193

27 κ0 + 292
27 , κ2

0 + κ0 − 1.

The first is positive and the second negative on −1 < κ0 < 0. The coordinate axes and
b = a2 have a nonzero maximal minor.
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The chart t2Λ ̸= 0. Put

S0 = 3
2((Mcone)3,5(Mcone)2,∗ − (Mcone)2,5(Mcone)3,∗),

S1 = κ0
q2 ((Mcone)7,5(Mcone)4,∗ − (Mcone)4,5(Mcone)7,∗),

Tcone =


(Mcone)1,∗

S0
S1

(Mcone)2,∗
(Mcone)4,∗

 .

Let (Tcone)⊥ consist of columns (1, 2, 3, 5, 6) and let (Tcone)τ be column 4. Their determinant
satisfies

det(Tcone)⊥ = 2q
3κ0

Λt32.

There is consequently a unique vector wcone with wcone
4 = 1 and Tconew

cone = 0: its other
five components are −(Tcone)−1

⊥ (Tcone)τ . Put Damp = t2Λ and let f∗
1 , . . . , f

∗
84 be the nonzero

polynomials in the ordered vector DampMconew
cone. Let Acoef be their coefficient matrix in

the lexicographically ordered amplitude monomials, including the monomials of Damp, and
let b be the coefficient column of Damp in that same order. Thus

(Acoef)µj = [tµ]f∗
j , bµ = [tµ]Damp.

There are 110 coefficient rows. In the ring

A = Q[a, κ0, (aκ0qm(aq + 1))−1]

define the coefficient ideal

d = {δ ∈ A : δb ∈ im Acoef} = AnnA([b] ∈ coker Acoef).

Proposition C.5. In this ring d = (1). In particular, Damp =
∑84

j=1 njf
∗
j for coefficients

nj ∈ A.

Proof. Put P = Q[a, κ0] and K = FracP . For column j, let dj be the monic least common
denominator of its entries, gj their monic polynomial gcd after multiplication by dj , and cj

the positive rational gcd of the coefficients of dj(Acoef)∗,j/gj . Set

ccol
j = gjcj/dj , A♭

coef = Acoef diag((ccol
j )−1).

Both the numerator and denominator of every ccol
j are products of a, κ0, q,m, aq + 1 and

nonzero rational constants. Thus all column factors are units in A.
The rank of A♭

coef is 67, and the complementary columns to

Jfree = (3, 22, 23, 24, 25, 26, 27, 28, 29, 30, 40, 43, 55, 61, 73, 76, 82)

are independent. Let Jdep be their increasing list, and let Irange be the lexicographically first
list of 67 rows for which Crange = (A♭

coef)Irange,Jdep is invertible. Define the vectors by

(x0)Jfree = 0, (x0)Jdep = C−1
rangebIrange ,

(hi)jν = νi, (hi)Jdep = −C−1
range(A♭

coef)Irange,Jfree(νi)17
ν=1, i = 1, 2.

They satisfy A♭
coefx0 = b and A♭

coefhi = 0. The four rational solutions used below are

x1 = x0 − (x0)4
(h1)4

h1, x2 = x0 − (x0)4
(h2)4

h2,

x3 = x0 − (x0)32
(h1)32

h1.
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The three displayed denominators are nonzero. Let dν be the monic least common denomi-
nator of the entries of xν , and put nν = dνxν ∈ P 84, 0 ≤ ν ≤ 3. Their polynomial identities,
in all 110 coefficient rows, are

A♭
coefnν = dνb, dν = aκ2

0q
4m(aq + 1)Dν .

Here D0 has bidegree (34, 65) in (a, κ0), and D1, D2, D3 have bidegree (39, 73). These defi-
nitions fix both the four identities and their denominators from the coefficient matrix. Since
the prefactor is a unit, each Dν belongs to d.

For an independent variable v, let Gν(v, κ0) be the primitive integer polynomial propor-
tional to

κϵν
0 Dν(v/κ0, κ0), (ϵ0, ϵ1, ϵ2, ϵ3) = (2, 4, 4, 4).

Their degrees in v are 34, 39, 39, 39. The three Sylvester determinants Rν = Resv(G0, Gν)
satisfy

gcd(R1, R2, R3) = cκ188
0 q218, c ∈ Q \ {0}.

The Sylvester identities place Rν in (G0, Gν) over Q[v, κ0]; substituting v = aκ0
places them in (D0, Dν)A. The univariate Bezout identity for their gcd therefore gives
1 ∈ (D0, D1, D2, D3)A ⊂ d, as required.

It follows that the rank defect cannot occur on Damp ̸= 0.
On Λ ̸= 0, t2 = 0, and exactly one nonzero amplitude, the maximal minor ideal contains

−4q4t20
9κ4

0
, −4q4t21

9κ3
0
,

respectively. When both amplitudes are nonzero, its remaining zero locus is t0t1 = −1/chyp,
where

chyp = −4(aκ0 + κ0 + 2)
aκ0q

> 0.

The hyperbola t2 = 0. On t0t1 = −1/chyp, substitute t0 = x, t1 = −1/(chypx) in Mcone.
Multiply each row by x to the negative of the lowest Laurent exponent appearing in that
row, and denote the resulting polynomial matrix by Mhyp(x). For a row set I write ∆I =
detMhyp

I,{1,...,6}. Define
g0(x2) = x−2∆(1,2,3,5,6,7),

g1(x2) = x−2∆(1,2,3,5,6,14),

g2(x2) = x−2∆(1,2,3,5,6,22).

The right sides are polynomials in x2. The constants bhyp
0 , bhyp

1 , bhyp
2 in the identity

∑
j bjgj =

1 are determined by coefficient comparison in these three polynomials. Their common de-
nominator is

64aq6(aq + 1)d12(a, κ0),

where
d12(a, κ0) = a4(297κ8

0 + 1073κ7
0 + 703κ6

0 − 408κ5
0 − 135κ4

0)
+ a3(1073κ7

0 + 3201κ6
0 + 454κ5

0 − 3204κ4
0 − 1080κ3

0)
+ a2(703κ6

0 + 454κ5
0 − 5648κ4

0 − 9000κ3
0 − 3240κ2

0)
+ a(−408κ5

0 − 3204κ4
0 − 9000κ3

0 − 10608κ2
0 − 4320κ0)

− 135κ4
0 − 1080κ3

0 − 3240κ2
0 − 4320κ0 − 2160.

For 1 < a < b, use the positive parameters

u = b− a

a(a− 1) , v = b− a

a
, a = u+ v

u
, κ0 = − u

1 + u+ v
, b = a(1 + v).
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Under this substitution the numerator of d12 has forty-five strictly negative coefficients and its
denominator has positive coefficients. Hence d12 < 0 and the displayed common denominator
is nonzero.

The amplitude origin belongs to the four-point v family.

C.5 Two local criteria

C.5.1 Initial forms and formal arcs

Lemma C.6 (Initial forms of the compatibility ideal). Let (R,m) be a completed local ring on
a relative boundary chart, with residue field of characteristic zero. Let I be an ideal generated
by original compatibility polynomials, and let g1, . . . , gs ∈ m have positive integer weights
w1, . . . , ws. Suppose finitely many such polynomials have exact presentations fi = Pi(g) ∈ I
with no monomial of weighted degree less than di. After reduction of coefficients modulo m,
let their degree-di parts be qi. Assume that over an algebraic closure the common zero set of
the qi is just the origin, and that

τM ∈ I + (g1, . . . , gs)

for some M > 0. Then no local homomorphism R → L[[t]] annihilating I can have nonzero
image of τ .

Proof. If some gj has nonzero image, put

ν = min
j

ordt gj

wj
.

After finite ramification, all wjν are integral. Let ξj be the coefficient of twjν in the image
of gj , taken as zero when its order is larger. At least one ξj is nonzero. Higher-weight
monomials have order greater than diν, and a coefficient minus its residue value has positive
order. Thus the coefficient of tdiν in fi is precisely qi(ξ). All these coefficients vanish, a
contradiction. Hence all gj have zero image, and the target identity forces τM , and therefore
τ , to have zero image.

The ratio and horizontal parameters are elements of R.
For a linear polynomial presentation f = Ag, a full column rank residue matrix supplies

the linear forms qi. If the normal residuals lie in (n)2, their quadratic initial forms can be
used directly. Lemma C.6 applies in both cases.

Lemma C.7 (Implicit elimination with parameters). Let F (b, z, n) = 0 be equations used
for implicit elimination, satisfying F (b, 0, 0) = 0 identically in the parameters b, and assume
A = Fz(b, 0, 0) is locally invertible. Their implicit solution is z = φ(b, n), with φ(b, 0) = 0.
For another compatibility relation G vanishing on the same family, its restriction to this
graph belongs to (n)2 if

det(A)Gn −Gz adj(A)Fn = 0

identically on the whole family z = n = 0.

Proof. Implicit differentiation gives φn = −A−1Fn. The displayed identity says that the
reduced derivative Gn + Gzφn is zero. Together with the zero constant term, the Taylor
expansion in n, with all b retained as coefficients, gives the claimed ideal membership.
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C.6 Degree bounds for the homogeneous derivations

Application to the state derivations. The coordinate gauges alter only the correspond-
ing Ri component by a multiple of a necessary relation divided by one selected nonzero p̂
coordinate. For a numerator monomial of bidegree (dp̂, dR), after this division the required
degree inequalities are

dp̂ + γdR − 2 ≤ γ, p̂ components,
dp̂ + γdR − 1 − γ ≤ γ, R components,
dp̂ + γdR − 1 ≤ γ, base components.

Each difference is affine in γ; the inequalities at the endpoints γ = 1, 2 prove the bound for
every rational 1 ≤ γ ≤ 2. At the strict intermediate weights 1 < γ < 2, the principal base
minors are

ηζ2(ζ − η − 1)
(ζ − η)(ζ − 1) R1R2,

− ζη2(ζ − η − 1)
(ζ − η)(η + 1) R1R3,

ηζ(ζ − η − 1)
(ζ − 1)(η + 1)R2R3.

Their coefficients are units near (η, ζ) = (1,−1). The degree inequalities and these minors
give the hypotheses of Lemma C.3. The leading incidence relations give two available rows
on full R support and on two-R support except when only the row of the missing R coordinate
is active. Those missing-row and single-R cases remain subject to their separate argument
with the compatibility relations.
Remark C.8 (Weighted Rees models). To apply Lemma C.3 at an intermediate point of the
proper boundary modification, take a curve through the point meeting the affine locus. Its
orders n = ord τ and s0 = minj ord(v)j give γ = 2 − s0/n ∈ (1, 2). If t is a uniformiz-
ing parameter of the normalized curve, the chart identities show that tnp̂ and t2n−s0R are
regular along it. Their leading coordinates are unit multiples of the corresponding p and
R coordinates, so each group has a nonzero coordinate and retains its nonzero support.
Using t as the homogenizing parameter gives a point of the weighted Rees closure of the
state image with integer weights (n, 2n− s0). Its relative weight is (2n− s0)/n = γ. Apply
the lemma there. If two available coordinate fields give a nonzero horizontal minor, every
minimal boundary component through that point dominates the base and contradicts the
generic exclusion for that support. Thus the proper modification provides the curve, while
the weighted Rees model provides regular derivations. The ordinary and primary endpoints
retain their separate differential or local algebraic arguments.

C.7 The valuation partition of the boundary

The chart types WO,WS,WT are defined in Appendix C.2. The strata are determined by the
orders n = ord τ and s0 = minj ord(v)j . Table 3 gives the corresponding valuation regions.

Table 3: Valuation regions of the weighted boundary.

Region Valuation condition

Weighted boundary s0 = 0
Supercritical 0 < s0 < n/2
Critical s0 = n/2
Subcritical n/2 < s0 < n
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Region Valuation condition

Ordinary n ≤ s0 ≤ ∞

Support and coefficient strata. The leading incidence relations in Lemma 8.4 give 45,
21 and 7 nonempty amplitude supports when R has one, two and three nonzero entries,
respectively. The incidence relations give the same 73 possible coordinate supports in each
of the three intermediate valuation regions. On a chart with a single nonzero derivative
coordinate, R3 = 1, the amplitude coordinates and support numbers are those of Table 6. On
a two-coordinate chart, cyclically arrange R1 = 0; the incidence relations give p23 = p32 = 0
and pair p21 with p31. The seven nonempty supports are the paired support, the two axes,
the mixed support, and the paired support with either or both remaining amplitudes. On
full R support, the seven patterns are the nonempty selections of the three pairs (12, 32),
(13, 23) and (21, 31).

The columns of D(p) in Appendix C.1 have the disjoint supports (31, 32), (21, 23) and
(12, 13). Consequently its rank is the number of nonempty groups, and rank zero would
give p = 0, outside an intermediate chart. On a fixed stratum, a nonzero minor of the
linear normal matrix eliminates the corresponding normal coordinates. Substitution gives
the residual initial forms used in Lemmas C.7 and C.6. For the pure axis, Proposition C.9
instead gives I4

⊥ ⊂ I.
Table 4 records the arguments for these support classes. The calculation nodes refer to

the exact source interfaces in the accompanying Rank 3 calculation package.

Table 4: Intermediate support classes and their local argu-
ments.

Support Supercritical Critical Subcritical

One Ri; 45 patterns Unit leading coeffi-
cients (BC21)

Even equations
and normal matrix
(BC14)

Support table;
axis and conic ide-
als (BC16–BC18,
C9_ENDPOINT)

Two Ri; 21 patterns Unit coefficient com-
binations (BC21)

Full source and direc-
tion matrices; rank
one endpoint equa-
tions (BC15, BC32)

Inactive support ide-
als and finite normal
directions (BC19,
BC32); horizontal
derivations (BC06)

Three Ri, one pair;
3 patterns

Paired normal ma-
trix and kernel
quadratic (BC21,
BC33)

Original paired
normal equations
(BC21, BC33)

Canonical ideal and
amplitude walls
(BC20, BC33)

Three Ri, two pairs;
3 patterns

Original Schur ma-
trix (BC30)

Amplitude minors
and four row deter-
minant (BC30)

Generic support
equations and two
horizontal deriva-
tions (BC02, BC06,
BC30, BC32)

Three Ri, three
pairs; 1 pattern

Torus normal block
(BC21)

Amplitude rank
ideal, exceptional di-
rections and critical
line (BC31); material
resonance (BC14)

Generic support
equations and two
horizontal deriva-
tions (BC02, BC06,
BC32)

On the selected fibre in WT, normalize R3 = 1 and suppose that R1 = 0, R2 ̸= 0. Along
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an approaching arc, the affine coordinates have orders at least −n and s0 − 2n, respectively.
The auxiliary identity gives

L(p̂)R = τ−2ealg.

The factorization (Rν)31 = DCLR in Appendix C.1 and the factorization of (Hj)32 therefore
give

ord(Rν)31 ≥ −4n, ord(Hj)32 ≥ −6n+ s0.

All remaining parts except (Rν)12 and (Hj)13 have these lower bounds, by the ordinary and
weighted degree bounds. The two exceptional parts have orders at least −5n + 2s0 and
−7n + 3s0. Since 2s0 < n, these are strictly smaller bounds. Multiplying the complete
relations by τ5/(v)2

3 and τ7/(v)3
3, respectively, and taking residues gives the (1, 2) and (1, 3)

equations evaluated at (p,R). One leading compatibility relation, after multiplication by a
unit, is

p21R
3
2 = 0.

It gives p21 = p31 = 0 at the boundary point. The other leading relations give

(R2
2 + q)p12 = (R2

2 + q)p13 = 0.

Since p ̸= 0, they imply R2
2 = −q. The unit coefficient combinations in Appendix C.8.6 then

force p12 = p13 = 0, contrary to p ̸= 0 (BC21).
Coefficient zero sets refine these supports in the full local coefficient ring. In a paired

chart, put p12 = 1 and ℓ = p32. The amplitude walls are D± = mℓ2 ± k = 0. They are
disjoint because D+−D− = 2k is a unit. Each wall is intersected with the material resonance
k + q = 0 and its complement. At the canonical paired intersection, the six-generator ideal
of Appendix C.8 contains κδ, hence τ = κ2δ (BC20, BC33). In an axis chart, the identity
29D15 + 19D9 = 960q makes the D15 pivot invertible when D9 = 0 (BC19, BC32).

For critical full amplitude support, take sd = p21 and zd = p23/p32 in the normalization
p12 = R3 = 1. These parameters and the amplitudes belong to the common constant field by
Appendix C.3. On sdzd + sd + zd ̸= 0, the amplitude coefficient matrix with three columns,
acting on (1, p2

32, p
2
31)T, has kernel vector (−κ0, q, κ0qs

2
d)T. After the unit column and row

normalizations, the ideal where its rank drops on sdzd ̸= 0 is generated by

(sd − 1)2(s2
d − 13

2 sd + 1), (sd − 1)(zd − 1)(z2
d − 13

2 zd + 1),
(zd − 1)2(z2

d − 13
2 zd + 1), (sd − 1)(zd − 1)(sd − zd).

Its zero set consists of (1, 1) and (1, ω), (ω, 1), (ω, ω) for the two roots ω2 − 13
2 ω+ 1 = 0. The

amplitude matrix has rank zero at (1, 1) and rank one at the other six points. At (1, 1), two
source minors give p2

31 = −q and κ0p
2
32 = p2

31. The remaining source has zero coefficient of
δ and constant coefficient −27q2p31p32/32 on the selected ratio fibre, a unit. For the other
six points use the determinant factors in Appendix C.1. On sdzd + sd + zd = 0, the original
coefficient equations are retained; write sd = −zd/(zd + 1), with zd(zd + 1) ̸= 0. Order the
principal values as in Appendix C.1 and put Nb = aκ2

0, Λb = mq. Then

Nb > 0, Λb > 0, 1 −Nb − Λb = −κ0(a+ 1 + 2aκ0) > 0.

After removing the direction factors zd, zd + 1, the resultant of the first and third even
polynomials is, up to a nonzero rational factor,

(Λ2
b − 1)(N2

b − 1)(Nb + Λb)2(Λb −Nb)4N6
b Λ6

b

· (8NbΛb +Nb + Λb)((Nb − Λb)2 +Nb + Λb)

·
[
9(1 −Nb − Λb)(1 − (Nb − Λb)2) + 8NbΛb

]
.
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Every factor except Λb − Nb is nonzero on this parameter region. Thus a common zero
requires Nb = Λb, equivalently b = a2. On that wall, Nb = −κ0(1 + κ0) ≤ 1/4. Dividing
the first two reduced polynomials on this wall by their remaining direction factor zd gives
resultant

64N16
b (Nb − 3

2)(Nb + 9)(Nb + 1)3(Nb − 1)5(N2
b − 1

2Nb + 1
2).

It is nonzero for 0 < Nb ≤ 1/4, which excludes the material wall (BC31).
The conic is separated into w(w2 − k)(w2 + k) ̸= 0, the two walls w2 = ±k, and the

endpoint w = 0, with w = p23. On w2 = −k, its equations give p12 = p21 = 0, so the point
has support number 10. On w = 0 it has support number 7, or 13 after transposition; the
exact relative ideal is given in Appendix C.9 (BC18, C9_ENDPOINT). Vanishing of another
leading coordinate changes its support to one of the other listed patterns; that coordinate
remains a parameter in the local equations.

The original weighted charts use the cone ideal and the four-point intersection ideal
(BC10–BC13). The ordinary charts use the radical containments in Fin, followed by the
differential exclusion in Appendices C.10 and C.11. Their parameter intersections, including
the additional τ wall, are described in Appendix C.12 (BC22–BC27, BC29).

C.8 Local ideals on the boundary strata

The local ideals below are generated by finitely many compatibility relations specified
through (2.24) and their derivatives under the state derivations, after the indicated sub-
stitution. Division by an exceptional monomial is an exact polynomial division on the
entire incidence chart. These local ideals are contained in the local ideal of the saturated
closure of the state image, to which the formal transfer arguments apply. The center is
(η, ζ) = (1,−1); the principal value ratios remain arbitrary.

C.8.1 Primary, ordinary and critical strata

Table 5 gives the local conclusions for these strata, with the supports to which each applies.

Table 5: Boundary conclusions on the primary and critical
strata.

Chart Conclusion Stratum

Original weighted boundary
v ̸= 0

τ ∈ I locally All one-, two- and three-
coordinate v supports.

Original weighted boundary
nonzero p cone

τ ∈ I locally All nonzero amplitudes, in-
cluding vanishing sums.

Ordinary exceptional family Boundary contained in the
ordinary boundary family

All points on a dominant
component.

Critical single R τ ∈
√
I locally Eight roots of the auxiliary

equations; all fifteen p sup-
ports.

Critical two R τ ∈
√
I locally Rank three, rank two and

rank one coefficient strata.
Critical three R; at least two
amplitude pairs

No invariant boundary com-
ponent dominating the ratio
plane

First integrals, amplitude
coefficient equations and
their rank strata.

Critical three R; one ampli-
tude pair

τ ∈
√
I locally Paired normal equations

and the hypersurface kernel
quadratic.
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The nonzero coefficients in the original weighted boundary chart are G0 = ηζ − η + ζ
and V0 = (η + 2)(ζ − 2)(2η + 1)(ζ − 2η)(2ζ − 1)(2ζ − η), with values −3 and 729 at the
center. Three nonzero v coordinates force either p = 0 or v2

1 = −q/κ0, v2
2 = −q, v2

3 = 1.
Two nonzero coordinates have unit coefficients of the compatibility relations −8η, 8, 8 and
again force p = 0. One nonzero coordinate is covered by V0. The compatibility polynomials
vanish on the remaining p cone. On the fibre (η, ζ) = (1,−1), Mcone has rank six at every
nonzero amplitude. The amplitude origin is treated by the four-point local ideal below.

The four-point family. Use F h
0 , . . . , F

h
27 from the normal matrix construction, before

specializing the ratio parameters. On v3 = 1 choose the four pairs of units v0
1, v

0
2 with

(v0
1)2 = − q(ζ − η)2

κ0ζ2(η + 1)2 , (v0
2)2 = −qη2(ζ − 1)2

ζ2(η + 1)2 .

Put yi = 1 − (vi/v
0
i )2 for i = 1, 2, and introduce ξ = (ξ1, . . . , ξ7) by

(p, τ) = (ξ1,v2ξ2, ξ3,v1ξ4,v2ξ5,v1ξ6,v1v2ξ7).

In row n, divide by vπn1
1 vπn2

2 , where πni ∈ {0, 1} is the common parity of its linear normal
monomials. Let N(y1, y2) be the resulting 28 × 7 coefficient matrix in ξ, extracted from the
polynomials F h

n . At y1 = y2 = 0 its kernel has basis

Kε =

1 0 0 0 0 1/α 0
0 1 0 β/α 0 0 0
0 0 1 0 1/β 0 0

 .
Thus the local coordinates z1, . . . , z4, ε0, ε1, ε2 are fixed by

ξ = KT
ε ε+ (z1, z2, z3, 0, 0, 0, z4)T.

The four equations used for implicit elimination are precisely F h
0 = F h

1 = F h
2 = F h

3 = 0, that
is, the homogenizations of Q0, R0, R1, R2. Writing N0 = N(0, 0) and Ni = ∂yiN(0, 0), form

Cε =
(
(N0)∗,(1,2,3,7) | N1K

T
ε | N2K

T
ε

)
.

Its rows (1, 2, 3, 4, 5, 6, 7, 11, 12, 14) have determinant

det(Cε)(1,2,3,4,5,6,7,11,12,14),∗

∣∣∣
(η,ζ)=(1,−1)

= 9q12

481036337152κ9
0
.

The first four rows give a unit Jacobian in z. After solving them, the residuals of these
twenty-eight relations vanish on both ε = 0 and y1 = y2 = 0: the former is the p = τ = 0
family, and the latter is the canonical kernel family. They therefore belong to

(y1, y2) ∩ (ε0, ε1, ε2) = (y1εi, y2εi : 0 ≤ i ≤ 2).

The displayed determinant gives an invertible coefficient matrix on these six generators after
eliminating the four columns for the implicitly determined variables. Nakayama’s lemma
identifies the residual ideal with this intersection. The solved value of τ vanishes on the
same two families, so τ belongs to the original local ideal.
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The critical single-coordinate boundary. The leading equations reduce this case, on
the R3 = p13 = 1 chart, to

w2 = k, xz = 10m, 3(x2 + z2) = xz, k = aκ0, m = 1 + k.

These equations have eight complex solutions. Use the exact incidence coordinates

p =
(
x, 1, z, w, tz − κealg

2
β

,
xwt

β
+ κ(xealg

1 − ealg
0 )

α

)
,

R =
(
αwt

β
+ κealg

1 , t, 1
)
, τ = κ2δ,

where α = (ζ − η)/(ζ(η + 1)) and β = η(ζ − 1)/(ζ(η + 1)). Define the regularized relations
by

R0 = κ8δ4R0

(
p

κ2δ
,

R

κ3δ

)
, H2 = κ11δ5H2

(
p

κ2δ
,

R

κ3δ

)
.

The incidence substitution makes these polynomials regular. They vanish on the whole locus
t = κ = 0, with both base variables and all seven other chart coordinates unrestricted. Thus
they are exact linear combinations of t, κ in the relative local ring. On the candidate graph
their normal matrix, with columns ordered as (t, κ), has at η = 1, ζ = −1 the form 0 −64w(x+ z)2

κ0
2 zw

2(x+ z) ∗

 .
Its determinant is 32κ0zw

3(x + z)3. The candidate equations imply (x + z)2 = 70m/3;
consequently every factor of this determinant is a unit for every admissible triple of principal
values and every candidate. The coefficient matrix is therefore invertible locally, over the
coefficient ring of the base and amplitude parameters. Hence (R0,H2) = (t, κ) and τ belongs
to the local ideal of compatibility relations. This excludes every ordinary boundary arc with
τ ̸= 0, regardless of ramification.

The critical missing-row boundary. It remains to treat R = (0, t, 1) and p =
(x, y, 0, 0, 0, 0), with t ̸= 0 and (x, y) ̸= (0, 0). First take x = 1 and write y = w. The
compatibility matrix in (ealg

0 , ealg
1 , ealg

2 , δ) has zero ealg
2 column. Since δ is a unit, the minors

in columns (ealg
0 , ealg

1 , δ) and relation rows (R3, Q0, H9) and (R3, Q0, H15) must vanish. At
η = 1, ζ = −1 their inverted factors leave, with v = t2,

fA = (−8v + 152q)w + t(−232v − 392q),
fB = (392v + 232q)w + t(−152v + 8q).

The determinant of their coefficient matrix in (w, t) is 92160(v + q)2. As t ̸= 0, it follows
that v = −q. The first equation then gives w = t, so w ̸= 0.

Put E = ealg
2 /w, X = ealg

0 /w and Y = ealg
1 /w. The even equations and Q0 give

E2 = −64, X2 = 4aκ0E, Y 2 = 4aκ0
m

E, Y = tX.

Thus E and X are nonzero, and t2 = 1/m. Together with t2 = −q, this implies 1 +mq = 0,
whereas mq = (b/a)m2 > 0 for every triple of positive, pairwise distinct principal values.

The endpoint x = 0, y ̸= 0 is covered by the relation and field covariance under in-
terchange of labels 2 and 3. It exchanges the two available p coordinates and retains two
nonzero R coordinates. In the adapted variables

(η, ζ) 7−→ (−ζ,−η), (κ0, q, k,m) 7−→
(

−κ0
q
,
1
q
,− k

m
,

1
m

)
.
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The cyclic section is fixed and mq becomes 1/(mq) > 0. After projective normalization by
units, the preceding argument applies. This excludes the entire missing-row projective line.

For two nonzero R coordinates, the rank two paired chart is p = (0, 0, 1, 0, t, 0), R =
(0, βt, 1), with t ̸= 0. The coefficient determinants of (R0, R2, Q0) and (R0, R2, H6) in
(ealg

0 , ealg
1 , δ), after their nonzero monomial and unit factors are removed, are respectively

Ac = (−5η + 4ζ)t2 + q(−4η + 5ζ), Bc = 5t2 + 4q.

They satisfy the Bézout identity 5Ac − (−5η + 4ζ)Bc = 9qζ. The rank one missing-row
stratum was excluded above. For three nonzero R coordinates, D(p) has rank three when
at least two amplitude pairs survive; the remaining one-amplitude chart has a determinant
for the eliminated variables independent of its free kernel parameter, and its hypersurface
kernel has a nonzero k2 coefficient.

For the ordinary boundary the local conclusion is containment in Fin. A boundary
component dominating the ratio base meets the relative ordinary boundary family in a
nonempty open set. Its generic point is already excluded, and irreducibility rules out that
component.

C.8.2 The ordinary boundary family at the exceptional section

The family is defined in (8.3). We now specify the relative ideals used in its exclusion and
in the local containment statement at (η, ζ) = (1,−1).

On v = −2, the relative ideals generated by the compatibility polynomials contain τ . Off
mℓ2 = ±k their nine generators are

(n0 + n3, n1, n2, τ, un⊥, (v + 2)t, n2
⊥, n⊥t, t

2).

Here t = n3 and n⊥ is the remaining kernel variable. The coefficient matrices of the com-
patibility polynomials have unit minors on a nonempty base open set for every admissible
set of principal values. The residual coefficient identities give a unit k in one block and a
Bezout combination equal to one in the other; the extra factor κ0ℓ

2 + qζ2 is covered by the
extra-τ chart, treated in Section C.12. On the positive hypersurface, set µ = mℓ2 − k. The
ten generators are

(n0 + n3, n1, n2, τ, un⊥, (v + 2)t, n2
⊥, n⊥t, µt

2, t3).

The identities of the compatibility relations retain arbitrary u. Their pure t2 coefficients
are multiples of µ. The remaining determinant polynomials have highest base coefficients
containing mq and one, proving that they are not identically zero for any admissible set of
principal values. On the negative hypersurface put ν = mℓ2 + k and

y0 = n0 + n3, y1 = n1 +mt2, y2 = n2 +mℓt2, y3 = τ.

The eleven generators are

(y0, y1, y2, y3, un⊥, (v + 2)t, n2
⊥, n⊥t, νt

2, ut2, t3).

All compatibility relations belong to this ideal on the whole relative chart. The two nontrivial
coefficient blocks have cyclic determinants

detB0 = 1536k2/m3, detA0 = 2048ℓ5qa2(k + q)
3m .

If k + q = 0, use the same identities of the compatibility polynomials and evaluate at
η = 1, ζ = −2 instead. The determinants and remaining column unit are

detA0 = 64512ℓ5q4

25κ2
0

, detB0 = −155648q2

135κ3
0
, U0 = 20

189 .
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These expressions are nonzero for both amplitude roots and every admissible set of principal
values satisfying the resonance relation. Thus the coefficient functions are nonzero. Conse-
quently the original ideal of compatibility relations equals the stated generator ideal locally
on a nonempty base open set, and contains τ . This excludes the ordinary boundary family
over that base open set.

At the cyclic section, the only containment case is

u = 0, v = −2, κ0ℓ
2 + q = 0.

For either complex value of ℓ, use the material constants Nb = aκ2
0 and Λb = mq of Ap-

pendix C.7. In local normal coordinates the boundary ideal generated by the compatibility
polynomials has, off Λb = Nb, the radical of

J8 = (n0 + n3, n1, n2, un⊥, (v + 2)t, n2
⊥, n⊥t, t

2), t = n3.

Its two eight-column determinants, up to fixed row signs, are

ℓ5

42κ8
0a

3m3 (Λb −Nb)2(Nb + Λb)(5Λb − 2Nb)(5Λb + 4Nb),

− ℓ6

168κ7
0a

3qm3 (Λb −Nb)2(Nb + Λb)(11Λb − 5Nb)(5Λb + 4Nb).

At least one is a unit because 5(5Λb −2Nb)−2(11Λb −5Nb) = 3Λb. On Λb = Nb, equivalently
k + q = 0, set

y0 = n0 + n3, y1 = n1 +mt2, y2 = n2 +mℓt2, ν = mℓ2 + k.

The boundary ideal has the radical of

(y0, y1, y2, un⊥, (v + 2)t, n2
⊥, n⊥t, νt

2, ut2, t3);

its ten-generator coefficient determinant is −10240q7/(7κ6
0), a unit in the stated localization.

Both radicals define Fin in the local boundary chart.
Thus the boundary of the state image is locally contained in Fin at this exceptional

section. A lifted irreducible boundary component dominating the ratio plane that meets the
section consequently has a nonempty open subset in Fin; its generic point is in that family.
The generic ordinary boundary family exclusion gives a contradiction.

C.8.3 Subcritical single-coordinate R chart

Normalize R3 = 1. The original leading relation gives p31 = p32 = 0 for the leading
coordinates. Put (x, y, z, w) = (p12, p13, p21, p23), and number a nonempty support by the
sum of 1, 2, 4, 8 for the nonzero coordinates x, y, z, w, respectively. Cyclic permutations give
the other two coordinate charts. Table 6 covers all fifteen nonempty supports and records
the local ideal or the further equations needed in each case.

Table 6: Subcritical supports with one nonzero component.

Support Result Identity or remaining charts

1,4 τ4 ∈ I Proposition C.9.
2,8 τ ∈ I Nine generators; selected

determinants −25qk3/4032
and −544qk3/10935.
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Support Result Identity or remaining charts

3,6,9,12 1 ∈ I Units 8x2y2, 16y2z2,
16x2w2, 8z2w2.

5 τ ∈ I Eight roots; the unit factors
1+2z0 and 9+20z0 are com-
plementary.

7,13 τ ∈
√
I Both the conic and its com-

plement.
10 τ ∈

√
I w2 ̸= ±k and each hypersur-

face w2 = ±k.
11,14 1 ∈ I The odd relation has unit

coefficient of xyw or yzw.
15 τ ∈

√
I The conic and its resonance

hypersurfaces.

C.8.4 A coordinate axis on the boundary

The incidence chart and the moving horizontal family are

α = ζ − η

ζ(η + 1) , β = η(ζ − 1)
ζ(η + 1) , sh = −2η(ζ + 1)

ζ(η + 1) , (C.3)

ealg
0 = E + sh ℓ, v = (α+ κ sh)ℓ, I⊥ = (y,E, ealg

2 ). (C.4)

p =
(

1, y, z, w, tz − κealg
2

β
,
v − κealg

0
α

)
, R = (v, t, 1), vy − α

β
tw − κealg

1 = 0, (C.5)

p̂ = p

κ2δ
, R = R

κ3δ
, τ = κ2δ, σ = κδ. (C.6)

The order of the six homogeneous entries is (p12, p13, p21, p23, p31, p32). Substitution in
the state relations and the affine R relations fixes their regular representatives. The four
variables eliminated by the implicit function theorem are (z, ealg

1 , δ, w); all other variables
stay in the coefficient ring.

The four equations used for implicit elimination have invertible Jacobian

− 3qk
224κ0m2 .

Their implicit solution gives δ ∈ I⊥ = (y,E, n⊥), where n⊥ = ealg
2 . The relative Schur iden-

tity over the coefficient ring of η, ζ and the horizontal parameters places the other three resid-
uals in I2

⊥. At the cyclic boundary point, invertible row operations identify their quadratic
parts as

q1 = n2
⊥ − 4yn⊥ + 64y2,

h = 4y2 − yn⊥,

q2 = E2 − 64ky2 − 4kyn⊥ − kn2
⊥.

Proposition C.9 (Exclusion on a coordinate axis). Under these hypotheses on the compat-
ibility relations, no formal arc satisfying the compatibility relations has τ = κ2δ ̸= 0, for any
allowed triple of principal values and any finite ramification.

105



Proof. The common zero of h, q1, q2 is the origin, over any algebraically closed field of char-
acteristic zero and for every k. Indeed, if y ̸= 0, then h = 0 gives n⊥ = 4y, and q1 = 0
gives 64y2 = 0. If y = 0, then q1 = 0 gives n⊥ = 0, and q2 = 0 gives E = 0. Lemma C.6
therefore makes every normal coordinate zero along a formal arc satisfying the compatibility
equations. The implicit solution gives δ = 0 and hence τ = 0.

The ideal inclusion follows from the identities

q1 − 4h = n2
⊥ + 48y2, −h = yn⊥ − 4y2,

q2 + kq1 − 8kh = E2 − 32ky2, yq1 + n⊥h = 64y3.

They give (y, n⊥)3 = 0 in the quadratic quotient; replacing E2 by 32ky2 then gives I4
⊥ = 0.

Thus the residual multiplication matrix surjects onto I4
⊥/I5

⊥ at the point. Its unit minor
and one application of Nakayama give I4

⊥ ⊂ I, hence τ4 ∈ I.

C.8.5 Supercritical and inactive two-coordinate R charts

The columns of D have disjoint supports. Its rank is the number of nonempty coordinate
groups. For two nonzero R coordinates, the twelve exceptional configurations consist of three
paired, six pure-axis and three mixed supports. In a mixed chart put p = (1, w, 0, 0, 0, 0)
and R = (0, t, 1), with wt ̸= 0. Two coefficient minors have determinant 25/(4096 · 49) and
force ealg

0 = ealg
1 = 0. The two remaining equations in the variables being eliminated have a

unit cyclic resultant 1024a2κ2
0.

On the chart R3 = 1, put ϱ = R2. In a pure-axis chart the alternative pivots and quotient
determinants are

D9 = 29ϱ2 + 49q, D15 = q − 19ϱ2, −21ϱq
2D9

,
ϱ(ϱ2 + 16q)

4D15
. (C.7)

At D9 = 0, D15 = 960q/29 and ϱ2 + 16q = 415q/29 are units. The ideal contains
(ℓs, s2); a coefficient determinant 6aq forces s2 = 0, hence δ = 0 on any reduced formal arc
approaching the boundary. In the paired chart p = (1, 0, 0, 0, 0, ℓ), R = (αℓ, 0, 1), ℓ ̸= 0,
the determinant for the eliminated variables is −9q2ℓ/(14336κ2

0). Put D± = mℓ2 ± aκ0.
Off both hypersurfaces the two residual coefficients 5mℓ2 − 4aκ0 and 4mℓ2 − 5aκ0 have
unit determinant 9aκ0. On D− = 0, the determinant after elimination is −ℓ2/4 and the
residual determinant is −3ℓ/256. On D+ = 0, the ideal contains (ϱE,E4), with fourth-order
coefficient determinant 3/(1048576aκ0). Thus E = 0 on every reduced formal arc.

C.8.6 The remaining intermediate strata

For full R support the three original leading binomials pair (p12, p32), (p13, p23) and (p21, p31).
At least two surviving pairs provide two coordinate horizontal derivations on the original
closure. Their base minors are units in the stated localization times the corresponding
nonzero R entries. Thus a minimal prime through such a cyclic point dominates the base, and
the generic support exclusion applies there. With exactly two nonzero R entries, the twelve
exceptional configurations have the local ideal identities established above; the remaining
supports have two available horizontal derivations.

For the remaining subcritical full-R paired chart put R = (αℓ+κ(E0 +sh ℓ), ϱ, 1), ℓϱ ̸= 0,
and use

p =
(

1, (α/β)sϱ+ κealg
1

αℓ+ κ(E0 + sh ℓ)
,
βw + κealg

2
ϱ

, s, w, ℓ

)
. (C.8)
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In these incidence coordinates the normalized state is p̂ = p/(κ2δ) and R = R/(κ3δ). Let
Fj denote member j of the ordered thirty-seven relations, with indices starting at zero. The
regularized relations for the first twenty-eight members are

S0 = κ7δ3Q0, Sj = κ8δ4Fj (1 ≤ j ≤ 9), Sj = κ11δ5Fj (10 ≤ j ≤ 27),

where the stated normalized state is substituted on the right. Their regular extensions follow
from LR = κ(E0 + shℓ, e

alg
1 , ealg

2 )T and the exact factorizations of the leading relations. The
pair relation used here is P = κ9δ4R7 with the same substitution. We first compute on the
fibre (η, ζ) = (1,−1). On the family s = w = E0 = ealg

1 = ealg
2 = δ = 0, these relations

vanish identically, with κ, ℓ, ϱ free.
The matrix of linear normal coefficients of these relations can lose rank only at mℓ2 =

±aκ0 or at ℓ2 = −q/κ0, (ϱ/β)2 = −q. On the positive hypersurface a maximal minor after
implicit elimination is 8ϱ/(15m). On the negative hypersurface the additional residue has a
three-minor −96qℓϱ/(a2κ3

0). On the nonresonant canonical locus the residual ideal contains
κδ, with coefficient minor −25q3ϱ/(9216κ4

0).
At the resonance aκ2

0 = mq, fix the principal value ratios. Then α = β = 1, sh = 0 and
a = −q/κ0. Put

Wℓ = ℓ2 + q/κ0, Wϱ = ϱ2 + q.

The four equations used for implicit elimination are exactly S0 = S5 = S7 = S2 = 0,
corresponding to Q0, R1, R3, Q5. Their Jacobian in (w,E0, e

alg
1 , ealg

2 ) is invertible at the
canonical point. Denote by G = (G1, . . . ,G6) the residuals obtained from

(S1,S17,S11,S19,S13,P) = (Q̃1, H̃7, H̃1, H̃9, H̃3, R̃7)

on this implicit graph. Define the ordered monomials

(g1, . . . , g6) = (sWℓ, sκ, δWℓ, δWϱ, δκ, s
2), J = (g1, . . . , g6).

The coefficient matrix CJ has entries [gj ]G[2]
i , where degree is measured in (s, δ,Wℓ,Wϱ, κ)

after implicit elimination. Its determinant is

detCJ = − 5qϱ
1152κ5

0
.

To identify the ideal generated by these residuals, work in the completed local ring of
these five coordinates. The implicit graph is zero in (w,E0, e

alg
1 , ealg

2 ) modulo (s, δ). In each
of the two quotient rings

O
(s2,Wℓ,Wϱ, κ) ,

O
(s2,Wℓ, κ, δ)

it is exactly
(w,E0, e

alg
1 , ealg

2 ) = −s(ϱ/ℓ, 4, 2ϱ, 2ϱ/ℓ).

Substitution in the regularized relations gives zero in all three quotient rings; in the first of
the two displayed rings δ is unrestricted. Thus each Gi belongs to

(s, δ) ∩ (s2,Wℓ,Wϱ, κ) ∩ (s2,Wℓ, κ, δ)
= (sWℓ, sκ, δWℓ, δWϱ, δκ, s

2) = J.

The unit determinant of CJ gives J = (G1, . . . ,G6) by Nakayama’s lemma. In particular
τ = κ2δ ∈ J on this fibre. In each of these paired cases, pass to the ratio neighbourhood by
applying Lemma C.4 to the differential ideal of the closure of the state image and the lifted
coordinate fields. The exclusion therefore holds on a reduced formal arc approaching this
boundary stratum.
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Simultaneous vanishing of the elimination minors requires aκ2
0 = mq = 3/4, whereas

the resonance gives aκ2
0 = −κ0(1 + κ0) ≤ 1/4. Cyclic permutations give the three paired

orientations.
In the supercritical full-R inactive chart the canonical paired amplitudes obey b2

0 = −q,
c2

0 = −q/κ0. The three pivots for eliminating the auxiliary coordinates are 3/56, −5q3/(24κ2
0)

and −5q2/(12κ0). The residuals vanish on the whole line with σ = s = w = E0 = E1 =
E2 = 0, keeping the second blowup parameter free. Off aκ2

0 = mq, six normals have a
unit coefficient determinant. At that resonance elimination of five normal variables leaves a
one dimensional kernel; its quadratic coefficient after implicit elimination is −16q(κ2

0 + κ0 +
13/4)/κ0, which is nonzero since κ2

0 + κ0 + 13/4 = (κ0 + 1/2)2 + 3. The kernel vanishes
on a reduced arc and the equations used for elimination force σ = 0. Cyclic label changes
transport the two factors in the principal value ratios mq ± aκ2

0 explicitly; in an ordered
original labeling 0 < aκ2

0,mq < 1, so the transformed factors have only the one already
treated resonance.

For supercritical R support of size two the remaining two amplitudes are multiplied, up
to unit in the stated localization, by each of the following pairs: (ζ−3η, η−3ζ), (ζ−3, 3ζ−1)
or (η+3, 3η+1). Their respective unit combinations are −(3A+B)/(8η) = 1, (B−3A)/8 = 1
and (3A−B)/8 = 1. Thus both amplitudes vanish. For support of size one the compatibility
relations multiply the remaining p pairs by the six factors in V0 and force p = 0. None of
these factors vanishes at the cyclic section.

For critical full derivative support with at least two amplitude pairs, the first integrals
and coefficient equations exclude an invariant boundary component dominating the ratio
plane (Appendices C.3 and C.7). On the strata treated by local normal ideals, their radical
inclusions force τ = 0 on every reduced formal arc through such a component, excluding
an approach from the affine locus. At the ordinary exceptional family, local containment
in Fin and its generic exclusion remove the remaining dominant component. The generic
affine fibre therefore has no projective boundary. It is proper and affine, hence finite, and
dimYgen = 0 when dim B = 2.

C.9 Relative identities with one nonzero R coordinate

Work in the relative local ring of the single-coordinate boundary. Let I be the ideal of
necessary regularized equations in this ring. Put k = aκ0, m = 1 + k, q = 1 + κ0, and

α = ζ − η

ζ(η + 1) , β = η(ζ − 1)
ζ(η + 1) .

On the p13 = R3 = 1 incidence chart, the exact coordinates are

p12 = x, p13 = 1, p21 = z, p23 = w,

p31 = tz − κealg
2

β
, p32 = xwt

β
+ κ(xealg

1 − ealg
0 )

α
,

R1 = αwt

β
+ κealg

1 , R2 = t, R3 = 1, τ = κ2δ.
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The incidence matrix gives L(p)R = κealg exactly. Write s = x + z. The four boundary
graph functions are

f0 = − 2xw + 4ηζ − 2η − 4ζ2 + 2ζ
ηζ

sw,

f1 = − 2ζ(η − 1)
η(ζ − 1) w,

f2 = 2x+ 2ηζ − 2η − 4ζ2 + 2ζ
ζ

s,

d = 4κ0(η + 1)3

qη2 sw.

Let Igraph = (ealg
0 − f0, e

alg
1 − f1, e

alg
2 − f2, δ − d) denote their ideal. These functions are

substituted into the compatibility relation polynomials.
Write Rν , Hn and Qreg

j for the regularized representatives with respective factors κ8δ4,
κ11δ5, and κ7δ3 for Q0 or κ8δ4 for Q1, Q5, Q6.

Away from k +w2 = 0, put c = (3k −w2)/(k +w2). The 28 normalized relations belong
to

J9 =
(
Igraph, κs, ts, s

2, (t+ 2κ)x, x2 − cxs
)
.

In the quotient over Q(k, κ0, η, ζ, w), multiplication in the quotient gives p31 = p32 = 0,
δ2 = κδ = 0;

At the attachment w2 = −k, regard k and w as independent parameters. Let C be the
third even relation on the boundary graph. Its full polynomial is

C = 2k
m2 (x3z + xz3) + 10x2 − 4xz − 6z2

m
w2

+ k

m
(−6x2 − 4xz + 10z2).

Modulo s2 it is
C = − 4k

m2x
4 + 8k

m2x
3s

+ 8(k + w2)
m

x2 − 8(3k − w2)
m

xs.

The relative ideal is
J10 =

(
Igraph, κs, ts, s

2, (t+ 2κ)x,C, κx3).
Multiplying the congruence modulo s2 by mκ/8 and reducing modulo (κs) gives

(k + w2)κx2 ≡ m

8 κC + k

2mκx4 (mod (κs)).

Since C, κx3 and κs belong to J10, this gives (k+w2)κx2 ∈ J10. Replacing C by its displayed
remainder modulo s2 subtracts a multiple of the generator s2. The ideal remains J10, and
the coefficient matrix used in Nakayama’s lemma is multiplied by an invertible elementary
matrix.

The twenty-eight relations and the three pair relations vanish modulo J10; the third even
relation reduces to C. The incidence pullback of each pair relation has numerator divisible
by κ, so its regularized representative is polynomial. The derivative relations Hn retain their
(p̂,R) components of bidegrees (4, 1), (5, 0) and (1, 3) and the (3, 2) incidence module; their
remaining terms belong to (δ2, κδ).

For the reverse inclusion, at the cyclic base, the four rows used for implicit elimination
and six remaining relation classes give

det
10

= κ0q w
10

4032(w2 − 1) , Normw2=−k(det
10

) = κ2
0q

2k10

16257024m2 .
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This is a unit for every admissible triple of principal values and for both complex amplitude
roots. The coefficient matrix has independent columns for the six classes modulo the maximal
ideal times J10; Nakayama then gives equality with the necessary ideal of compatibility
relations. Finally,

τ = κ2(δ − d) + 4κ0(η + 1)3

qη2 wκ(κs) ∈ J10.

The ideal inclusion applies to formal arcs over the base and w.

The conic and its derivative relations. The partial gauge with active coordinate p̂21
is

D21 = p̂21Ê2 − cdiag
2 R2∂R2 .

By the definition of Ê2 in Appendix C.1,

D21Q6 = p̂21V2Q6 − (p̂21g2Q0 + cdiag
2 R2)∂R2Q6.

It vanishes on the actual state image, since Q0, R2, Q6 belong to its invariant ideal. Let G21
be the polynomial extension of κ13δ6D21Q6 under the incidence substitution. For a part
of ordinary degree d and R degree dR, the exceptional factors are κ13−2d−dRδ6−d. The two
negative κ exponents are −1,−2, and their substituted numerators are divisible by κ, κ2,
respectively. After these exact divisions the polynomial satisfies

G21 ∈ (t, κ).

On the graph Igraph with t = κ = 0, all Rν , Q
reg
0 ,Hn vanish, and the even equations

restrict to
Qreg

1 = s2
(

−2xz
m

− 6w2

k
+ 26

)
,

Qreg
5 = s2

(
−2kxz

m
+ 26w2 − 6k

)
,

Qreg
6 = C.

Consequently these sources and G21 belong to

Jconic = (Igraph, C, s
2, t, κ).

Here η, ζ are retained in the coefficient ring.
For the conic x2 = 2m(k + w2)/k, use the equation C = 0 to lift x to the dual algebra

with s2 = 0. If xs denotes its first coefficient, it is determined by

xs = − Cz

Cx − Cz
, z = −x+ s,

where the derivatives are evaluated on the reduced conic. Over Q(k, κ0, η, ζ, w), the constant
and linear coefficients of both regularized coordinate derivatives of Q6 vanish. Hence those
derivatives belong to the relative ideal of the nonreduced conic.

On the incidence chart, the two homogeneous parts of the differentiated equations of R
degrees three and two pull back to exact multiples of κ2 and κ, respectively. For the first
field its denominator is p13 = 1; for the second it is p21 = z, a unit on the conic chart in
question. At the cyclic ratio section, take the coefficient classes of

R2,R3, Q
reg
0 ,G21,H14, Q

reg
1 , Qreg

5 , Qreg
6

in Jconic/mJconic, relative to the ordered generators

(ealg
0 − f0, e

alg
1 − f1, e

alg
2 − f2, δ − d,C, s2, t, κ).
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Here m is the maximal ideal at the conic point. The norm of the determinant of this eight-
column coefficient matrix over x2 = 2m(k + w2)/k is

−9κ2
0q

2w2m7(w2 − k)4(w2 + k)11

98k11 .

It is nonzero for w(w2 −k)(w2 +k) ̸= 0 at both roots. The selected relations belong to Jconic,
and their classes span this quotient. Nakayama’s lemma gives Jconic ⊂ I in the relative local
ring. Since κ ∈ Jconic, this gives τ ∈ I. The attachment w2 = −k was treated by J10.

At w2 = k, x2 = 4m, the coefficient matrix of the 28 complete relations in the eight
generators of Jconic has rank six. Its kernel has dimension two. The two full differentiated
relations of Q6, restricted to a basis of this kernel, have coefficient matrix(

−640kw −16kw
−384kx 0

)
.

Its determinant −6144k2wx is nonzero at all four roots. The augmented normal matrix
therefore has rank eight. These relations belong to Jconic, so Nakayama’s lemma gives
Jconic ⊂ I in the local ring at this wall. In particular, τ ∈ I.

The conic endpoint. Consider the point

η = 1, ζ = −1, x = xb, z = −xb, x2
b = 2m,

with
w = ealg

0 = ealg
1 = δ = t = κ = 0, ealg

2 = 2xb.

In the algebraic local ring at this point we prove

κδ ∈ I, τ = κ2δ ∈ I.

Proof. The complete regularized sources have the relative inclusions

R2,R3, Q
reg
0 ,H6,H14,H16 ∈ (w, ealg

0 , ealg
1 , δ).

Use the six equations
R2,R3, Q

reg
0 , Qreg

1 , Qreg
6 ,G21

as implicit equations for (x, ealg
0 , ealg

1 , δ, t, κ), with s = x + z, vend = ealg
2 − f2 and w fixed.

Their Jacobian determinant at the point is

36
7 k

2qm2xb ̸= 0.

Thus the quotient of the completed local ring by these six equations is

C[[vend, s, w, η − 1, ζ + 1]].

A tilde denotes restriction to this implicit graph. Set

Bend = Qreg
0 + 27

49mqH6 − 12
49κ0m

H14 + 39xb

98mH16,

Fend = Qreg
1 − 1

k
Qreg

5 .

For the first three implicit equations, the Jacobian in (ealg
0 , ealg

1 , δ) is mq/3584. Their solution
at w = 0 is ealg

0 = ealg
1 = δ = 0. The relative inclusions above and implicit uniqueness give

δ̃ ∈ (w), B̃end ∈ (w).
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Next restrict to vend = s2 = 0. The derivative of C in x at fixed s has value −16kxb/m ̸=
0. Solving C = 0, putting ealg

i = fi, δ = d, t = κ = 0, gives a solution of the six implicit
equations over this quotient ring, by their Jconic memberships. Uniqueness of the implicit
solution gives

κ̃, B̃end, F̃end ∈ (vend, s
2).

Multiplication by w is injective modulo (vend, s
2), since this quotient is free with basis 1, s

over C[[w, η − 1, ζ + 1]]. Hence

(w) ∩ (vend, s
2) = w(vend, s

2).

There is a matrix of formal power series Aend such that(
B̃end
wF̃end

)
= wAend

(
vend
s2

)
.

Both source combinations have zero state differential at the endpoint. Restricting their
Hessians to the tangent space of the implicit graph gives the quadratic terms, with the ratio
parameters evaluated at their center,

B̃(2)
end = − 3xb

224mvendw,

F̃ (2)
end = 1

8v
2
end + 7

2vends+ 32s2.

Thus (Aend)11(0) = −3xb/(224m), (Aend)21(0) = 0 and (Aend)22(0) = 32. It follows that

det Aend(0) = −3xb

7m ̸= 0.

Inverting this matrix gives
w(vend, s

2) =
(
B̃end, wF̃end

)
.

The two memberships for κ̃ and δ̃ imply κ̃δ̃ ∈ (B̃end, F̃end). Lifting through the quotient
by the six implicit equations puts κδ in the completed necessary ideal. Faithful flatness
of completion contracts this membership to the algebraic local ring [27, Lemma 10.97.3,
Tag 00MC]. Multiplication by κ gives τ ∈ I. Since kmq ̸= 0 and x2

b = 2m, the two
determinants are nonzero at either root xb.

The horizontal conormal matrix. Put K = Q(k, κ0, η, ζ). Use the incidence chart

p =
(

1, y, z, w, tz − κealg
2

β
,
v − κealg

0
α

)
,

R = (v, t, 1), I = yv − (α/β)tw − κealg
1 , I0 = yv − (α/β)tw.

Here I = 0 is the remaining incidence equation. For each relation F we substitute

(p̂,R) =
(

p

κ2δ
,

R

κ3δ

)
.

The representatives are determined by the incidence identities LR = κ(ealg
0 , ealg

1 , ealg
2 )⊤

modulo (I): the (3, 1) part of Rν is replaced by (DC)ν,∗(ealg
0 , ealg

1 , ealg
2 )⊤, the (3, 2) part of

Hn by
∑3

i=1An,ie
alg
i−1, the (1, 2) part of Q0 by

∑3
i=1B0,ie

alg
i−1, and the (2, 2) and (3, 1) parts

of Qj by ceven
j

(
ealg

ι(j)−1
)2 and

∑3
i=1Bj,ie

alg
i−1, respectively. Here ealg = (ealg

0 , ealg
1 , ealg

2 )⊤ and the
coefficients B0,i are defined by (Q0)12 =

∑3
i=1B0,i(LR)i. For a regularizing factor κdregδereg ,
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each other part of bidegree (dp̂, dR) is multiplied by κdreg−2d
p̂
−3dRδ

ereg−d
p̂
−dR and evaluated

on the chart.
To specify the three differentiated relations, use the derivation

Daxis = p̂12Ê1 − cdiag
1 R3∂R1 , cdiag

1 = 2(η − ζ)
ηζ

.

Its coefficient derivatives include the ratio coordinates η, ζ. Let G0, G1, G2 be the regularized
representatives of DaxisQ5, DaxisR7, DaxisR8, with factors κ13δ6, κ14δ6, κ14δ6, respectively.
Their representatives are fixed as follows. Put areg = 13 for G0 and 14 for G1, G2. A part of
ordinary degree d and R degree dR has factor κareg−2d−dRδ6−d. For a nonnegative exponent
take its direct substitution. For a negative exponent start with its substituted polynomial
P reg

0 and put

Cj =
P reg

j |κ=0

I0
, P reg

j+1 =
P reg

j − CjI

κ
.

The incidence identities make these quotients polynomial; the regularized part is
δ6−dP reg

2d+dR−areg
.

For a polynomial F independent of κ, denote by rem(F ) and quo(F ) the remainder and
quotient in division by the monic polynomial I0, with leading monomial yv. Thus

F = rem(F ) + I0 quo(F ),

and no monomial of rem(F ) is divisible by yv. Define

λW =
(

1,−8m(η + 1)
3η ,

8mζ(η + 1)2

3η(η − ζ) ,
8m(η + 1)

3η

)
,

FW = (G0, wG1, vG1, yG2),

CW =
3∑

j=0
λW

j quo(FW
j |κ=0),

W =
∑3

j=0 λ
W
j FW

j − CW I

κ
.

The numerator vanishes at κ = 0, so W is polynomial.
The seven relations for the second divided relation are

F h = (tR5,H4, wH9,H11, yH13, vH16, tH17).

Let M be the finite set of monomials occurring in rem(F h
j |κ=0), and define the coefficient

matrix
Ah

µ,j+1 = [µ] rem(F h
j |κ=0), µ ∈ M , 0 ≤ j ≤ 6.

It has rank six over K, and its last six columns are independent. Consequently the equations

Ahch = 0, ch
0 = 1

define a unique vector ch ∈ K7. Put

Ch =
6∑

j=0
ch

j quo(F h
j |κ=0), h0 =

∑6
j=0 c

h
jF

h
j − ChI

κ
.

The defining kernel identity makes h0 polynomial. For the horizontal family put

sh = −2η(ζ + 1)
ζ(η + 1) , ealg

0 = E + shℓ, v = (α+ κsh)ℓ.
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Denote this substitution by Φhor. Its seven transverse coordinates are

n = (y, z, w,E, ealg
1 , ealg

2 , δ),

and its coefficient ring is T = K[t, ℓ, κ]. Set

Chor
h = (Φ∗

horCh)|n=0, h = Φ∗
horh0 + Chor

h

κ
Φ∗

horI.

Here Chor
h is divisible by κ in T . The ordered thirty relations are

Φ∗
hor(R0, . . . ,R5, Q

reg
0 ,H0, . . . ,H17, Q

reg
1 , Qreg

5 , Qreg
6 ,W ), h.

They vanish at n = 0. Let (N⊥)ij be the coefficient of the jth component of n in the ith
relation modulo (n)2, for 1 ≤ i ≤ 30, 1 ≤ j ≤ 7. The incidence conormal is

((α+ κsh)ℓ, 0,−(α/β)t, 0,−κ, 0, 0).

The products wH9 and yH13 have zero conormal because both factors vanish on the hori-
zontal family.

Set

I = (4, 7, 26, 29), R = (2, 5, 7, 3), C = (1, 4, 6), J = (27, 28, 30).

Write A = (N⊥)I,R and B = (N⊥)I,C . The relative polynomial identity is

(detA)(N⊥)J,C − (N⊥)J,R adj(A)B = 0.

At the horizontal origin the two base charts give

detA|η=1,ζ=−1 = − 3qk
224κ0m2 , detA|η=2,ζ=−1 = − 32qk

1701κ0m2 .

Both determinants are units for every admissible triple of principal values. The coefficient
denominators specialize to nonzero rational constants.

Transport to the chart with three nonzero coordinates. Let M be the ordinary
boundary 37 × 6 matrix of linear normal terms. For 1 ≤ i ≤ 28, the original rows, before
adding derivative rows, transform to the full-R chart by

Ni(κ) = di(κ)Mi(l, ϱ/κ, 1/κ)J(κ), di =
{
κ, i = 1 or i ≥ 11,
1, 2 ≤ i ≤ 10.

Here J is the Jacobian of the six transverse coordinate changes. Each transformed entry is
regular at κ = 0. The matrix of linear normal terms and its variation are N(0) and ∂κN(0).

The two short odd factors and the even determinant factor are

P = ϱ2

β2 − 5κ0l
2 − 4q, Q = ϱ2

β2 + 4κ0l
2 + 5q, (ml2 − k)(ml2 + k).

They satisfy Q−P = 9(κ0l
2 +q). On the two amplitude hypersurfaces work in the quadratic

algebras l2 = ±k/m. Elimination of the columns corresponding to the solved variables in
N(0) gives the Schur blocks, and ∂κN(0) gives the transverse variation.
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C.10 Algebraicity on the ordinary boundary family

The two Rees derivations on the ordinary projective closure annihilate ℓ and have base
components

X0η = ℓη(v − 2η)/(η + 1), X0ζ = ℓη(v + 2)/(η + 1),
X2η = −vη, X2ζ = −ηζ(v + 2)/(η + 1).

Their determinant is −ℓη2(v + 2)Θ/(η + 1)2. The sheet Θ = 0 is transverse: there X2Θ =
4(ζ − 1)η(η + 1)/(ζ − η − 1). The ordinary projective closure uses weight one for p and R.
Lemma C.3 therefore gives derivations of its invariant boundary of the state image.

The horizontal connection also has the first integral

Jin = u2

β2(v + 2)(v − 2η) .

The quantities Θ and β are those of Section 8.2.
We give the coefficient identities used in Lemma 8.7. All matrices are formed from the

relations and their normal coefficients over the rational field in a, κ0, η, ζ. The extra factor
G0 = ηζ − η + ζ is nonzero at the cyclic section. It can be inverted on the base open set
used here. The amplitude ℓ remains an indeterminate, and ℓ ̸= 0.

Near the family (8.3) use the normal coordinates

p = (1, n0, n1, n2, n3, ℓ), R = (λin(v)ℓ+ n⊥, u, v), n = (n0, n1, n2, n3, n⊥, τ). (C.9)

All forty homogenized compatibility relations vanish identically on this family, with
η, ζ, ℓ, u, v retained as parameters. Consequently each belongs to (n) in the completed
relative local ring. If a six-column minor of the matrix of linear normal terms is a unit,
the corresponding six relations generate (n): write their column of polynomials as A(n)n,
and invert A, whose constant determinant is that minor. In particular the compatibility
ideal contains τ , contrary to saturation of the closure of the state image. Every such minor
therefore vanishes at the generic point of a boundary component of the state image in this
family.

At the locus u = 0, the linear coefficient of n⊥ is divisible by u in the parameter ring.
Thus the relations belong to

J7 = (n0, n1, n2, n3, τ, un⊥, n
2
⊥).

Indeed every normal monomial of degree at least two either contains one of the first five
generators or is a multiple of n2

⊥. A unit seven-column matrix for these generators gives
J7 ⊂ I by Nakayama’s lemma, and again τ ∈ I. Thus its seven-column minors also vanish on
the saturated boundary. The coupled coefficients give necessary equations for the boundary
component.

The two normalized horizontal derivations are obtained by inverting the displayed 2 ×
2 base-component matrix of X0, X2. They commute and annihilate ℓ and Jin. Their ζ
components are

Dζv = (v − 2η)(v + 2)
Θ , Dζℓ = 0, Dζ(u/β) = v + 1 − η

Θ (u/β). (C.10)

The connection satisfies [Dη, Dζ ] = 0 and DηJin = DζJin = 0. The last identity in (C.10)
also follows from DζJin = 0 on a dense open set and hence as a rational identity on the
whole family. It specializes to Dζ(u/β) = −(u/β)/(2η) on v = 2η.

Away from u = 0 and v = −2, two six-column normal minors have the factorizations

∆j = cju(v + 2)ℓ4−jPj(ℓ, u, v), j = 0, 1,
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where cj are units in the stated base localization. The factor u comes from the normal
column whose coefficient is

ζ2G0
7(ζ − 1)2(ζ − η)u.

After replacing u2 by β2Jin(v + 2)(v − 2η), the coefficient of v5 in P0 is

km2η5(ζ − 1)4

η + 1 Jinℓ
2(mℓ2 − k)(mℓ2 + k) {A0(κ0ℓ

2 + q) +B0(Jin + q)},

A0 = − (7η2ζ + 7η2 + 17ηζ + 6η + 6ζ + 2),
B0 = 14η2ζ + 14η2 + 13ηζ + 15η + 3ζ + 4.

The coefficient determinant (−7)3 − 14(−6) = 63 shows that the final brace cannot vanish
identically in η, ζ unless κ0ℓ

2 + q = Jin + q = 0. On mℓ2 = k, two coefficient minors at the
cyclic section have primitive factors

f1 = 21622N − 989(k + q), f2 = 14006N + 377(k + q), N = aκ2
0.

The identity 377f1 + 989f2 = 22003428N prevents simultaneous vanishing. On mℓ2 = −k,
the constant coefficient in v is −565248k4Jin, which is nonzero. At the remaining possibility
κ0ℓ

2 + q = Jin + q = 0, the v4 coefficient of P1 is

− 2aq3

κ2
0

(ζ − 1)4η4(7ηζ + 7η + 3ζ + 4)(k + q)m2

· {(−8N − 5(k + q))η + (24N + 18(k + q))(ζ − 1)}.

The two coefficients in braces satisfy

18(−8N − 5(k + q)) + 5(24N + 18(k + q)) = −24N.

If k+ q = 0, this remaining possibility is already the negative amplitude hypersurface. Thus
at least one normal minor gives a nonzero polynomial equation for v over the constant field
with η, ζ adjoined, for every admissible triple of principal values.

When u = 0, retain the two coupled columns associated with un⊥ and n2
⊥, as well as the

five remaining normal columns. Their pivots are respectively

ζ2G0
7(ζ − 1)2(ζ − η) ,

2ζ2η2

(ζ − η)2(ζ − 1)2 .

The seven-column determinants factor into these pivots, a 2 × 2 normal minor, and a 3 × 3
normal minor. The two 2 × 2 minors cannot both vanish identically: off mℓ2 = −k the first
suffices, while on that hypersurface the remaining factor is −48k3(4ηζ − 4η + 3ζ − 1). The
two 3 × 3 factors have the form cj(v + 2)ℓ3−jAj(v), where Aj has degree four and leading
coefficients

mη4(3η + 2)ℓ2(5κ0ℓ
2 + 4q), 3mη4ζℓ2(4κ0ℓ

2 + 5q).

They cannot vanish simultaneously, since

5(4κ0ℓ
2 + 5q) − 4(5κ0ℓ

2 + 4q) = 9q.

All four pairings of the two 2 × 2 factors with the two 3 × 3 factors occur as seven-column
minors, multiplied by the two displayed pivots. At least one such product is therefore a
nonzero polynomial equation for v. This proves the algebraicity assertion at u = 0 away
from v = −2.

On v = 2η and u ̸= 0, expand the six-column minors along the n⊥ pivot, a unit multiple
of u. The remaining five-column minors have constant terms in u equal to the products
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of the preceding 2 × 2 and 3 × 3 minors. Their selected rows have zero first n⊥ coefficient
identically, so this is an expansion of the normal minors. After removal of their unit factors,
the relevant three-column polynomial has highest ζ coefficient

−16mq(η + 1)5ℓ2.

It is nonzero for every admissible triple of principal values and nonzero amplitude. The
minors therefore give a nonzero equation for u, and hence for u/β. At u = 0 the seven-
column factorization using the two n⊥ pivots and these same constant terms has a unit
minor; the J7 argument above excludes the component directly.

C.11 Relative ideals on the ordinary boundary

Let n be the normal ideal. If nd ⊂ J , the class of a compatibility polynomial modulo J is
determined by its normal terms of degree less than d. Indeed, the remaining terms belong
to nd. This also holds in the completed local ring over the ratio and horizontal parameters.

Use the normal coordinates (C.9) and the function λin defined in (8.3). For F ∈ F , let
F h be its ordinary homogenization and define its normal coefficient matrices by

MF,j = [(n)j ]F h, 1 ≤ j ≤ 6, CF,γ = [nγ ]F h, |γ| = 2,

after substitution of (C.9). Append the three pair relations to obtain the forty-row matrices.
Their constant terms vanish on the ordinary boundary family.

Put t = n3, w = v + 2, k = aκ0, and m = 1 + k. On the ordinary chart near the locus
where the matrix of linear normal terms has a two dimensional kernel, use the four variables
eliminated by the implicit function theorem

y = (n0 + n3, n1, n2, τ).

The relevant ideal is
J9 = (y, un⊥, wt, n

2
⊥, n⊥t, t

2). (C.11)

Every normal monomial of degree at least two is in this ideal. The linear normal coefficients
on the entire family supply the remaining divisibilities: the coefficient of n⊥ is divisible by u,
and the coefficient of t is divisible by w. These divisibilities hold in the polynomial parameter
ring in u and w. The quadratic normal coefficients determine the coefficient matrix of the
displayed generators at their common zero. A maximal minor of that matrix gives the local
equality of the ideals generated by the compatibility polynomials.

C.11.1 The two amplitude hypersurfaces

On the positive hypersurface put µ = mℓ2 − k and retain

J10 = (y, un⊥, wt, n
2
⊥, n⊥t, µt

2, t3). (C.12)

For the ten selected compatibility relations, the pure t2 coefficients at w = 0, with arbitrary
u, are 8µ in row 3, −48ℓµ in row 30, and zero in the other selected rows. Every term
of normal degree at least three is already in J10. Together with the whole first-coefficient
divisibilities, these exact identities prove membership of the compatibility relations in J10.
The cubic columns are [t3]F h after the same substitution.

For the negative hypersurface put ν = mℓ2 + k. The quadratic change of coordinates is

y0 = n0 + n3, y1 = n1 +mt2, y2 = n2 +mℓt2, y3 = τ.

Use
J11 = (y0, y1, y2, y3, un⊥, wt, n

2
⊥, n⊥t, νt

2, ut2, t3). (C.13)
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Let Mi,n1 ,Mi,n2 be the original linear normal coefficients and qi,tt the pure kernel-square
coefficient at w = 0. The shifted square coefficient is exactly

gi(ℓ, u) = qi,tt −mMi,n1 −mℓMi,n2 . (C.14)

For all forty relations, its remainder modulo ν contains only terms divisible by u. Hence
gi ∈ (ν, u) in the parameter ring. All other terms are covered by the displayed linear, mixed,
square and cubic generators.

The coefficient of νt2 at u = 0 is obtained by exact polynomial division by ν, in the
polynomial ring. Likewise the coefficient of ut2 is the linear u coefficient of the remainder.
The cubic coefficient is computed after the same quadratic change of coordinates.

At the specified hypersurface centre, with u = w = 0 and respectively µ = 0 or ν = 0,
the ten- or eleven-column matrix represents the selected relations modulo the maximal ideal
times the target ideal. A nonzero determinant makes this matrix a unit in the local ring.
Equivalently, Nakayama’s lemma applied to the finitely generated quotient J/(I ∩ J) gives
J ⊂ I; compatibility membership gives the reverse containment for the selected ideal. In
particular τ ∈ I. This is an ideal inclusion over the coefficient ring of u,w, µ or ν and the
base variables.

C.11.2 Coordinate axes and the additional normal hypersurface

LetMj(ℓ, u, v) and Cγ(ℓ, u, v) denote the reconstructed first and second coefficients, and letN
be the six ordinary boundary normals. At the axis, ℓ is itself a normal and n⊥ = R1−λin(v)ℓ.
Consequently its Taylor polynomial of degree two is∑

j

(
Mj(0, u, v) + ℓ∂ℓMj(0, u, v)

)
Nj +

∑
|γ|=2

Cγ(0, u, v)Nγ .

The omitted terms have total axis-normal degree at least three. The pure ℓ coefficients
vanish because the relations vanish on the ordinary boundary family.

For the additional normal hypersurface, write

ℓ2 = −(a− b)ĥ2
3

b(a− 1) , κ = ζ − 1
ζ

.

In this quadratic coefficient algebra substitute

N = (−t+ κℓτ, 0, 0, t, n⊥, τ)

in the reconstructed quadratic form. The matrix of linear normal terms annihilates this sub-
stitution. Include the nine mixed coefficients obtained by differentiating the matrix of linear
normal terms with respect to (ℓ, u, v). These quadratic and mixed coefficients determine the
fifteen-column coefficient matrix.

C.11.3 Nonvanishing for every triple of principal values

The matrix for J11 splits, after the unit un⊥ column is removed, into a four-column and a
six-column block. The latter has at (η, ζ) = (1,−1) the determinant

ℓ5
2048

3
qa2

m
(k + q).

The factor k + q defines a hypersurface in the principal value parameter space. On that
entire hypersurface, the base point (η, ζ) = (1,−2) gives

detA = ℓ5
64512

25
q4

κ2
0
, detB = −155648q2

135κ3
0
, U = 20

189 .

The norm over the quadratic amplitude algebra is nonzero, so these matrices are invertible
on a nonempty base open set.
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C.12 An additional hypersurface on the ordinary boundary

We exclude the additional τ hypersurface over an open set of the ratio base. Fix positive,
pairwise distinct principal values and initially order them as 1 < a < b. The conclusion holds
over a nonempty open set of the two base variables for every such fixed triple of principal
values.

Use the 37 necessary relations described above, with normal variables ordered as
(p13, p21, p23, p31, n⊥, τ). Put

κ0 = a− b

a(b− 1) , q = 1 + κ0, η = κ0ĥ2, ζ = κ0ĥ3
q

,

With λin from (8.3), their boundary family is

p = (1, 0, 0, 0, 0, ℓ), R = (λin(v)ℓ, u, v), τ = 0.

The hypersurface under consideration is

u = 0, v = −2, ℓ20 = d = −(a− b)ĥ2
3

b(a− 1) ̸= 0. (C.15)

Work over the quadratic coefficient extension containing either ℓ0. Set κ = (ζ − 1)/ζ,
g = ℓ2 −d, and w = v+ 2. The three hypersurface coordinates are W = (g, u, w); g is a local
coordinate because ℓ0 ̸= 0. Introduce the remaining normal coordinates n = (k⊥, n⊥, τ) and
coordinates to be eliminated ρ0, ρ1, ρ2 by

p13 = ρ0 − k⊥ + κℓτ, p21 = ρ1,

p23 = ρ2, p31 = k⊥,

n⊥ = R1 − λin(v)ℓ.
(C.16)

The linear module on the entire family. Let M be the 37 × 6 matrix of linear normal
coefficients of the relations along the entire ordinary boundary family. Direct coefficient
extraction and polynomial multiplication give, for every row j,

Mj5 = uAj ,

Mj4 −Mj1 = wBj ,

Mj6 + κℓMj1 = uCj + wDj + gEj ,

(C.17)

where Aj , Bj , Cj , Dj , Ej are polynomials in ℓ, u, v over Q(a, b, ĥ2, ĥ3). These identities hold
on the whole family, before setting W = 0. For example, the last identity is obtained by
polynomial division first by u,w and then by ℓ2 − d; multiplication recovers the original
coefficient exactly. Consequently the part linear in n belongs to the module generated by

J = (un⊥, wk⊥, uτ, wτ, gτ). (C.18)

Use rows 2, 18, 6 of the compatibility matrix to eliminate the three variables. At the
hypersurface, let

A = M(2,18),(2,3), dA = detA, c = M6,1, ∆ = dAc.

The sparse elimination block has M2,1 = M18,1 = M6,2 = M6,3 = 0. Writing (Cj1, Cj2) =
(Mj2,Mj3) adjA, its undivided cokernel identity is

∆Mj − cCj1M2 − cCj2M18 − dAMj1M6 = 0. (C.19)
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This identity holds in the coefficient algebra ℓ2 = d at u = 0, v = −2. The norm of ∆ is
nonzero on the specified base open set. The formal implicit function theorem therefore solves
(ρ0, ρ1, ρ2) = R(W,n), with R(W, 0) = 0. The identities on the entire family (C.17) give

Rlinear = −Arange(W )−1Brange(W )J, R ∈ (W )(n) + (n)2.

Substituting this expression in every other relation preserves the same five-generator linear
module, by the analytic Schur complement formula.

The module of quadratic normal coefficients and its nonvanishing conditions.
Take the terms of normal degree two after implicit elimination. Substitute k⊥ = ℓ0y, du =
ℓ0U , dv = ℓ0V , dℓ = D and use columns

(y2, yn⊥, yτ, n
2
⊥, n⊥τ, τ

2, Dy,Dn⊥, Dτ,

Uy, Un⊥, Uτ, V y, V n⊥, V τ).

The corresponding powers of ℓ0 are

(2, 1, 1, 0, 0, 0, 1, 0, 0, 2, 1, 1, 2, 1, 1).

Reduction modulo ℓ20 − d gives rank three on columns (1, 3, 4, 6, 12) and rank six on columns
(2, 5, 9, 11, 13, 15); the other four columns vanish. In the original coordinates the quadratic
relations have independent generators J and

Q = (n2
⊥, k⊥n⊥, n⊥τ, Phom(k⊥, τ)),

Phom(k⊥, τ) = τ2P

(
k⊥
ℓ0τ

)
.

(C.20)

Here P is the monic quadratic spanning the even block of the residual coefficient matrix in
the displayed column basis.

The maximal minors used in the preceding reduction are nonzero polynomials of (ĥ2, ĥ3)
for every admissible triple of principal values. Their highest base coefficients are nonzero
rational constants times powers of

a, b, a− 1, b− 1, a− b.

For the quadratic leading coefficient and discriminant these coefficients are respectively
nonzero constants times a(a− b)2 and ab(a− b)4. Thus the reduction and the separability of
P hold on a common nonempty base open set. Cyclic relabeling preserves this conclusion.

Choose nine analytic combinations of the equations remaining after implicit elimination
whose degree two coefficient matrix is the identity in the ordered basis (J,Q). Their exact
linear-normal coefficient matrix B(W ) satisfies B(0) = (I5, 0)⊤. Adjoining the four constant
columns (0, I4)⊤ gives an invertible analytic 9 × 9 matrix, with determinant one at W = 0.
Its inverse puts the nine equations in the form

Ji + Erem
i = 0 (1 ≤ i ≤ 5),

Qj + Erem
5+j = 0 (1 ≤ j ≤ 4),

Erem
i ∈ (W )(n)2 + (n)3.

(C.21)

Indeed, (C.17) removes the entire linear-normal part. The remaining quadratic coefficients
vary by (W )(n)2, and the higher normal terms belong to (n)3.
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The third order equations. Consider any formal or Puiseux arc in a fixed base fibre
through (C.15), with τ not identically zero. Let ν be its valuation and put

t = ν(τ) < ∞, d0 = min{ν(k⊥), ν(n⊥), t}, s0 = min ν(W ) > 0.

An infinite valuation is allowed for a zero component. The error terms in (C.21) have
valuation at least min(s0 + 2d0, 3d0) > 2d0. If d0 < t, the equation with leading term n2

⊥
forces ν(n⊥) > d0. Then ν(k⊥) = d0, and the nonzero k2

⊥ term of Phom is its unique term of
lowest valuation, a contradiction. Hence k⊥, n⊥ = O(τ).

The three equations with leading terms uτ, wτ, gτ next imply s0 ≥ 2t: if s0 < 2t, a
component with valuation s0 has leading term of valuation s0+t, strictly below both possible
error orders. Equivalently these equations have the form (I + τA)W = τ2b with bounded
coefficients; the coefficient matrix is a unit. The n⊥τ equation gives n⊥ = O(τ2). Finally,

P

(
k⊥
ℓ0τ

)
= O(τ).

At the residue root y0 of P , the derivative P ′(y0) is a unit. Thus

k⊥ = ℓ0y0τ +O(τ2), n⊥ = O(τ2),
(ℓ− ℓ0, u, v + 2) = O(τ2), P (y0) = 0.

(C.22)

The valuation argument applies after arbitrary finite ramification.
Along such an arc the linear normal matrix satisfies

M(ℓ, u, v) = M(ℓ0, 0,−2) +O(τ2).

Its variation multiplied by the third order correction to the eliminated variables is O(τ5).
Thus the coefficient of that correction in the third order system is M(ℓ0, 0,−2), which is
annihilated by the row combination in (C.19). The variation of M multiplied by the first
order normal term instead contributes at order three. These terms give the columns for the
second order corrections of ℓ, u, v. In particular,

gτ = 2ℓ0(ℓ− ℓ0)τ +O(τ5).

The mixed coefficients in the fifteen-column matrix above supply these contributions to the
third order system.

The five bounded quotients obtained by dividing the corrections in (C.22) by τ2 have
arbitrary residues. The variables eliminated by the implicit function theorem have their
prescribed quadratic correction plus O(τ3). Dividing each compatibility relation by τ3,
cancelling the ambient third order correction to the eliminated variables by (C.19), and
taking residues therefore gives the third linear system in these residue variables.

An undivided determinant and its quadratic norm. Only four rows of the necessary
third system are needed: 1, 8, 12, 14, formed from their third order coefficients and rows
2, 18, 6 used for implicit elimination. Over the quadratic algebra P (y) = 0, their k⊥,2 and du2
columns vanish identically. Use the remaining unknowns (E2, L2, dv2, 1), where n⊥,2 = ℓ0E2
and dℓ2 = ℓ0L2. Let Rj denote these third order rows. Form a 3×3 matrix, with j = 1, 12, 14
and c = E2, dv2, 1, by

Ojc = R8,L2Rj,c −Rj,L2R8,c. (C.23)
Every lift satisfies O(E2, dv2, 1)⊤ = 0, and hence detO = 0. The determinant condition
follows by cross multiplication.

Write the monic quadratic as P = y2 + P1y + P0 and reduce detO ≡ f0 + f1y (mod P ).
Its quadratic-algebra norm is

N = f2
0 − P1f0f1 + P0f

2
1 . (C.24)

If P and detO vanish at any common root, N = 0. It remains to show that N is a nonzero
rational function of the base for each admissible triple of principal values.
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Laurent expansions of the norm. Use the principal value ratios a, b. In the original
coefficient functions substitute ĥ2 = T , ĥ3 = ±T and ϵ = T−1. The two expansions of the
same norm are

N (T,±T ) = N±(a, b)ϵ−30 +O(ϵ−29). (C.25)

Their leading coefficients are

N− = 9216
49

a2(b− 1)4(b− a)14

(a− 1)18b17 C−

× (7ab− a− 6b)2(11ab− 3a− 8b)4

(5ab− a− 4b)6(2ab− a− b)2 , (C.26)

N+ = 9216
49

a2(b− 1)4(b− a)12

(a− 1)18b17 C+

× (5ab+ a− 6b)2(5ab+ 3a− 8b)4

(3ab+ a− 4b)6 , (C.27)

where

C− = 2352a3b2 + 961a2b3 − 672a3b

− 3970a2b2 − 1984ab3 + 48a3

+ 577a2b+ 1664ab2 + 1024b3,

C+ = 1200a3b2 + 1089a2b3 + 480a3b

− 2946a2b2 − 2112ab3 + 48a3

− 575a2b+ 1792ab2 + 1024b3.

Nonvanishing conditions in all three cyclic labelings. Besides a, b, a− 1, b− 1, b− a
and C−, the factors for the negative ray are

Fn,c = nab− ca− (n− c)b,

(n, c) ∈ {(2, 1), (5, 1), (7, 1), (11, 3), (53, 13), (65, 17)}.

Put s = a− 1 > 0, t = b− a > 0. In the identity orientation,

Fn,c(a, b) = ns(s+ 1 + t) + ct > 0,

and direct expansion gives

C−(a, b) = 3313s2(s+ 1)3

+ st(s+ 1)2(7587s+ 610)
+ t2(s+ 1)(5235s2 + 548s+ 49)
+ (31s− 1)2t3 > 0.

The same negative ray covers the second cyclic relabeling of the principal value ratios
(1/b, a/b), since

b2Fn,c(1/b, a/b) = −(n− c)a(b− 1) − c(b− a) < 0,

and

b5C−(1/b, a/b) = 1024s5 + 2048s4t+ 1024s3t2

+ 4800s4 + 9536s3t+ 4736s2t2

+ 6528s3 + 13504s2t+ 6977st2

+ 2752s2 + 6016st+ 3313t2 > 0.
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For the first cyclic relabeling of the principal value ratios (b/a, 1/a), use the positive-ray
expansion, whose additional factors are C+ together with

Gn,c = nab+ ca− (n+ c)b,

(n, c) ∈ {(3, 1), (5, 1), (5, 3), (27, 13), (31, 17)}.

For this orientation,

a2Gn,c(b/a, 1/a) = ca(b− 1) + n(b− a) > 0,

and

a5C+(b/a, 1/a) = 48s5 + 144s4t+ 144s3t2 + 48s2t3

+ 145s4 + 866s3t+ 1297s2t2 + 576st3

+ 146s3 + 1234s2t+ 2816st2 + 1728t3

+ 49s2 + 512st+ 2752t2 > 0.

Every factor in the original principal value ratios is nonzero under both cyclic substitutions.
The displayed identities make N± nonzero for each ordered triple of positive, pairwise distinct
principal values.

Cyclic covariance and exclusion. The even cyclic frame permutation acts by

(a, b, ĥ2, ĥ3) 7−→
(
b

a
,

1
a
,
ĥ3

ĥ2
,

1
ĥ2

)
,

p̂ 7−→ (p̂23, p̂21, p̂32, p̂31, p̂12, p̂13)/ĥ2,

R 7−→ (R2,R3,R1)/ĥ2.

It has order three. Exact compatibility identities preserve the selected generating ideal, and
the directional derivations transform by the chain rule modulo a vertical derivation multiplied
by Q0. Consequently the differential ideal is invariant, and each transported relation vanishes
on every solution arc.

On the ordinary projective compactification the map is

[p : R : τ ] 7−→ [permuted p : permuted R : ĥ2τ ].

Changing to the relevant nonzero ordinary boundary chart multiplies coordinates by a unit.
Since ℓ20 = d ̸= 0, this operation preserves both τ ̸= 0 and its valuation order. The base
change is birational with inverted denominators, so it also preserves nonzero rational base
functions.

For each fixed original triple of principal values, the negative ray in orientations zero
and two and the positive ray in orientation one prove that the three transported norms are
nonzero rational base functions. Intersect their nonvanishing sets with the finitely many
open sets defined by the elimination minors, quadratic coefficient minors and discriminants
established above. This intersection is nonempty on the irreducible base. On it any lift
through an additional τ hypersurface would satisfy (C.23) and hence force its norm to vanish,
a contradiction. This proves exclusion over a nonempty base open set in all three orientations.

Combining this exclusion with the relative ideals (C.11)–(C.13) gives the ordinary bound-
ary conclusion.
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C.13 Exceptional ratio fibres

We now consider the characteristic pencils, the balanced line, and the projective direction
and amplitude fibres used in the argument for an algebraic ratio curve. Throughout, a, b > 0,
and 1, a, b are pairwise distinct. Put

∆a = a(b− 1), ∆b = b(a− 1), ∆ab = a− b,

κ0 = ∆ab/∆a, q = ∆b/∆a = 1 + κ0.

In particular a, κ0, q, 1 + aκ0 are nonzero. Their signs are determined by the ordering of the
principal values. The dimensionless ratio coordinates are

η = κ0ĥ2, ζ = κ0ĥ3/q, ς = dζ/dη, N = dς/dη,

L = ης − ζ, K = 1 + η − ζ.

When η is used as a local coordinate, “outside finitely many values” means after fixing the
triple of principal values and any constant of the particular ratio curve.

The first tangencies Eiζ = ςEiη give the coordinate graph
p̂12 = w3, p̂13 = w2, p̂23 = w1,

p̂21 = ηw3 + ((η + 1)ς − ζ)m3
2ζ ,

p̂31 = −ζw2 − (1 + ης − ζ)m2
2η ,

p̂32 = −ζw1
η

− (1 − ς)m1
2η ,

R1 = (ζ − ης)m1
ηζ

, R2 = ςm2
ζ
, R3 = −m3

η
.

(C.28)

Ratio curve equations. The seven necessary ratio-curve equations are obtained from the
reconstructed state fields by

Ei(Ejζ) − ςEi(Ejη) −N(Eiη)(Ejη) = 0,
(i, j) = (1, 2), (1, 3), (2, 3), (1, 1), (2, 2), (3, 3),

together with the original quartic Q0. The first tangencies are inserted through the in-
vertible coordinate graph (C.28). The six additional cubic equations are obtained from the
original quartics Q15, Q18, Q13, Q19, Q10, Q11 by subtracting multiples of the three diagonal
tangencies. Their pre-substitution normal forms are

Qν = Rν + ϵp̂jk(EiRi)/ki,

k1 = −2(∆aĥ3 − ∆bĥ2)
∆abĥ2ĥ3

, k2 = 2(∆b − ∆abĥ3)
∆abĥ3

, k3 = ∆a + ∆abĥ2

∆bĥ2
.

Here Rν has degree at most three. In row order, the triples (i, p̂jk, ϵ) are

(1, p̂12, 1), (1, p̂13, 1), (2, p̂21, 1),
(2, p̂23,−1), (3, p̂31, 1), (3, p̂32,−1).

The denominators are products of the spectral, ratio and noncharacteristic factors specifying
this chart. The three additional quartics are Q1, Q5, Q6; the equations after cancellation of
their highest weighted terms include their lower degree components.

For homogeneous boundary equations the nonzero pair weights are

c1 = (aκ0)−1, c2 = 1, c3 = (1 + aκ0)−1.

After division by these explicit weights, differentiation of every coefficient with respect to
a and κ0 is zero. Hence the normalized coefficients are independent of the principal value
ratios.
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C.14 Characteristic pencils and the singular affine system

For the first characteristic pencil write ĥ3 = qĥ2 + c, T = κ0c/q and η = κ0ĥ2; thus
T (T − 1) ̸= 0. In the unnormalized state put

Lp = p33 − qp22 − cp11, Bp = p33p23 + qp22p32.

The first tangency gives Bp = 0. If p̂23 = 0, the opposite pair vanishes and the zero-
pair argument applies. Otherwise set (u, v, x, s, y) = (p̂12, p̂13, p̂21, p̂23, p̂31). Let Ψp be the
substitution into the state given by

p11 = 1, p22 = η/κ0, p33 = q(η + T )/κ0, p32 = −(η + T )s/η,

with the other five off-diagonal entries (u, v, x, s, y). Its six τj are the unique solution of
the three cubic compatibility relations together with E2Lp = E3Lp = E1Bp = 0. The
determinant of these six equations is

4qc2(1 + κ0ĥ2)(1 − κ0ĥ3/q)(1 − κ0c/q)2s

ĥ2
.

Its u0, u1 are then the unique solution of E2
2Lp = E2

3Lp = 0, whose determinant is −2q2(1 −
T )2. All derivatives here are taken before the substitution. The remaining compatibility
polynomials are

fp = sΨp(E2E1Lp)
[uvx]{sΨp(E2E1Lp)} ,

gp = sΨp(E3E1Lp)
[u2x]{sΨp(E3E1Lp)} ,

rp = sΨp(E3E2Lp).

The two normalizing coefficients are nonzero rational functions of the pencil parameters.
Define their coefficients by the identities

T0 = ux+ λpencilvy +Np,

fp = vT0 + s2(Av +By) + s(Cu+Dx),
gp = uT0 + s2(Eu+ Fx) + s(Gv + Jy).

For example A = [vs2]fp, D = [xs]fp, E = [us2]gp, J = [ys]gp and Np = [v]fp = [u]gp; the
displayed monomials determine all ten coefficients uniquely. The third residual has degree
at most one in each of x, y and satisfies

Jxy = [xys]rp = − 4qT
(T − 1)κ0

, ∂x∂yrp = Jxys.

Thus the first two equations are the affine system

M

(
x

y

)
+
(

(Np +As2)v + Cus

(Np + Es2)u+Gvs

)
= 0, M =

(
uv +Ds λpencilv

2 +Bs2

u2 + Fs2 λpenciluv + Js

)
.

Its determinant is sδ, where

δ = −Bsu2 − λpencilFsv
2 + (J + λpencilD)uv + sDJ −BFs3.

For each fixed permitted triple of principal values and T ,

λpencilABDEFGJ(J + λpencilD)Jxy ̸= 0
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outside finitely many η. This follows from its explicit polynomial coefficients in η, including
the nonzero constant coefficients 2T (1 − T ), T (T − 1), T (1 − T ), the monic cubic coefficient
of G, and

η2(J + λpencilD)
∣∣∣
η=0

= 2T 2(1 + aκ0)
a(q − 1)2 .

Where a quadratic leading coefficient T − 2 or T + 1 vanishes, the corresponding constant
or linear coefficient is nonzero. The coefficient polynomials are therefore nonzero for every
permitted T .

The singular locus δ = 0 of the affine system has fibre dimension at most one, including
zero columns and M = 0. To see this, work over C(s), the homogeneous conic matrix of δ
has determinant

(BλpencilFs
2 − (J + λpencilD)2/4)s(DJ −BFs2) ̸= 0.

Consequently δ is absolutely irreducible; its coefficient J + λpencilD also makes it primitive
over C[s, s−1]. Writing bp for the constant column in the affine system, its first Cramer
numerator divided by s is

X = s−1{M12(bp)2 −M22(bp)1}.

Comparison of its cubic coefficients shows that divisibility by δ would require

(J + λpencilD)G+ λpencilF (E −A)s2 = 0,

which is impossible. The compatible base (u, v, s) therefore has dimension at most one.
When both columns of M are nonzero, the third mixed equation cuts the affine solution line
in finitely many points: its quadratic coefficient is Jxysnxny ̸= 0, where (nx, ny) spans the
kernel. If the first column vanishes, write u = ϵs, ϵ2 = −F , v = −D/ϵ; consistency has a
nonzero degree five coefficient BϵE. The second-column case similarly has coefficient −FϵA.
Hence those compatible bases are finite even when the third equation vanishes on a solution
line. If M = 0, the equations u2 = −Fs2, λpencilv

2 = −Bs2, uv = −Ds leave at most
four base points; the remaining equation has nonzero xy coefficient. These rank cases give
the dimension bound throughout the singular locus, including the coordinate hyperplanes in
u, v, x, y.

On detM ̸= 0, put
Y = s−1{M21(bp)1 −M11(bp)2}.

The affine equations give x = X/δ, y = Y/δ. Define

P = a4κ11
0 (T − 1)4η11(η + T )6

qT 3(1 + aκ0)2
δ2

s
rp|x=X/δ, y=Y/δ ,

Q = a5κ12
0 (T − 1)5η12(η + T )6

T 2(1 + aκ0)2 δ2 Ψp(Q0)|x=X/δ, y=Y/δ .

These polynomials have degrees eight and nine in (u, v, s). The coefficient of u6 in P is a
unit times sB0B1C0, where

B0 = (T − 2)η2 + (3T − 4)η + T (T − 1),
B1 = 2(T − 1)η2 + (2T 2 − 4T + 1)η + T (1 − T ),
C0 = η3 + (−2T 2 + 4T )η2 + (−3T 3 + 6T 2 − 2T )η − T 4 + 2T 3 − T 2.

Each factor is a nonzero polynomial in η for every allowed T . Work in C[v, s, s−1][u]. Since
the leading coefficient of P is a unit, every nonunit factor of P has positive u-degree and
retains this degree under v = 0, s = 1. The restricted polynomials are cubics in U = u2. We
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take their Sylvester resultant in the order P,Q, with both degrees fixed at three. A nonzero
resultant therefore proves that P,Q are coprime on the whole chart.

The resultant is nonzero by the following four cases. The general η118 coefficient leaves
precisely

T = 2, aq + 1 = 0, Ψ = (q − 1)T (aq + 1) − 4 = 0.

More explicitly, that coefficient is

− 1024T 6q8(T − 2)13(T − 1)13 a15

× (q − 1)40(aq + 1)5Ψ2.

We consider these hypersurfaces in turn.

The hypersurface T = 2, aq + 1 ̸= 0. Write ℓ = aq + 1, t = 1/η, and divide the first
specialized cubic by the unit factor η + 1. The expansions of the resulting cubics, after
multiplication by t15 and t20, begin with

F0(U) = 16a2qκ6
0U(U − ℓ)(2κ0U − κ0ℓ+ 4),

G0(U) = −16a3q2κ7
0U(U − ℓ)2.

Their cubic leading coefficients are nonzero; hence no common algebraic root has negative
t-valuation, and its limiting value must be 0 or ℓ. Positivity gives 1 + κ0ℓ = q(1 + aκ0) =
aq2/b > 0. Thus the F -root at ℓ is simple, and the second residual coefficient in G is
−16qa3κ9

0ℓ
3 ̸= 0. At zero, the G-root is simple and its first two coefficients are −8/κ0,

24/κ0. The first residual coefficient in F is

−128qaκ3
0ℓHp, Hp = a2qκ3

0 + aκ0(κ2
0 − 12κ0 − 8) − 8q.

If M2 denotes the second residual coefficient, elimination gives

Resa(Hp,M2) = −8388608q6κ12
0 (q2 − 4q + 1)(5q2 + 508q + 27).

On the first quadratic locus the nonzero linear remainder forces a = q − 4, hence ℓ = 0,
contrary to the chart. On the second it forces a = 259q/270 + 4871/50. In its quadratic
number field the third residual coefficient has norm

107979287999067998650368
15625 ̸= 0.

The linear remainder coefficients in both fields have norm 45164265472. These nonzero
norms give the exclusion in both embeddings, also on the intersection with Ψ = 0.

The hypersurface aq + 1 = 0, including its intersections. Positivity gives q < 0,
a = −1/q, b = −q. Multiply the specialized cubics by q2, q3; their resultant is multiplied by
q15, a unit in the stated localization. For their resultant R(η), put cj = [tj ]t117R(1/t), and
set

Plin = (q2 + 6q + 1)T − 4κ2
0, Pquad = (T − 1)Plin − 8qT.

The first four coefficients vanish, and

c4 = 16384T 6q8(T − 1)9(T − 2)13κ25
0 PlinP4

quad.

Below .= denotes equality up to a nonzero rational constant. On Plin = 0, one has (q2 + 6q+
1) ̸= 0, Pquad = −8qT ̸= 0, and

c5 mod Plin
.= q12κ49

0
(q2 + 6q + 1)35 (q2 − 14q/3 + 1)8(q2 − 10q + 1)14

× (q4 − 140q3 + 150q2 − 140q + 1).
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On Pquad = 0, (q2 + 6q + 1) ̸= 0, the norm of the remainder of c8 is

ResT (Pquad, c8 mod Pquad) .= q38κ90
0

(q2 + 6q + 1)39 (q4 − 4q3/27 + 722q2/27 − 4q/27 + 1)4.

All displayed nonmonomial factors have positive coefficients after q = −s, s > 0, and have
positive constant coefficients. At (q2 + 6q + 1) = Pquad = 0, one has T = 4/3; a Bézout
identity for (q2 + 6q+ 1) and c8(q, 4/3) has right hand side one. Hence the latter polynomial
is nonzero at both roots of (q2 + 6q+ 1). Finally, at T = 2, the scaled Sylvester determinant
t102R(1/t) has zero constant and linear coefficients and quadratic coefficient

274877906944q8κ23
0 (q2 − 10q + 1)(q2 − 4q + 1)

× (q2 − 18q + 1)4 ̸= 0.

The collision hypersurface. On Ψ = 0, T ̸= 2, three resultant coefficients P1, P2, P3
satisfy the polynomial identity

g4 = A1P1 +A2P2 +A3P3,

g = qT (T − 1)(T − 2)(q − 1)((q − 1)T − 4)(T + 4).

The factors in this identity are units, since on this hypersurface (q− 1)T − 4 = −aq(q− 1)T
and T + 4 = q(1 + a(q − 1))T . The relations aq + 1 = 0 and Ψ = 0 are incompatible.
Thus for each fixed triple of principal values and pencil constant the resultant is a nonzero
polynomial in η. The regular and singular parts of the affine system give the required fibre
bound. Cyclic relabelling covers the other two characteristic pencils.

C.15 The ratio line ζ = η + 1
We now bound the dimension on the ratio line K = 1+η−ζ = 0. Use the spectral differences
defined above and the normalized curl matrix p̂, whose diagonal is (1, ĥ2, ĥ3). Define

Bbal
1 = ĥ3p̂23 + qĥ2p̂32,

Bbal
2 = p̂31 + (κ0/q)ĥ3p̂13,

Bbal
3 = ĥ2p̂12 − κ−1

0 p̂21.

The normalized fields give, modulo (K),

E1K = −2(∆ab/∆b)Bbal
1 , E2K = 2Bbal

2 , E3K = 2(∆ab/∆a)Bbal
3 .

Thus K = 0 on a solution open set forces all three Bbal
i to vanish there. Equivalently,

diag(∆ab,∆a/ĥ2,−∆b/ĥ3)p̂

is symmetric.
First we prove that an opposite pair cannot remain zero on this line. By a signed cyclic

relabeling it suffices to consider p̂13 = p̂31 = 0. Write y = p̂12 and w = p̂23. Then p̂21 =
∆abĥ2y/∆a and p̂32 = −∆aĥ3w/(∆bĥ2). The four coordinate tangencies in directions one
and three have coefficient determinant ∆b/(2∆a) in the normalized variables (τ̂0, τ̂1, τ̂2, τ̂4).
Substitution in the remaining tangencies gives

y2 = Y (ĥ2, ĥ3) = − NY

4ĥ2b∆ab

,

where
NY = ab(ab− 1) − 2ab(b− 1)ĥ2 − b∆abĥ

2
2 + 2ab(a− 1)ĥ3 − 3a∆abĥ

2
3.
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The same compatibility equations give

E3ĥ2 = 2ĥ2(1 − ∆abĥ3/∆b)
∆a

y(∆a + ∆abĥ2),

E3ĥ3 = 2ĥ2(1 − ∆abĥ3/∆b)
∆a

y∆abĥ3,

E3y =
(

1 − 2∆2
abĥ2ĥ3

∆a∆b

)
y2 + N3

4b∆a
,

N3 = ab(ab− 1) + 2ab(b− 1)ĥ2 + 3b∆abĥ
2
2

− 2ab(a− 1)ĥ3 + a∆abĥ
2
3.

Where y ̸= 0, differentiating y2 = Y consequently gives

2
(

1 − 2∆2
abĥ2ĥ3

∆a∆b

)
Y + N3

2b∆a
− 2ĥ2(1 − ∆abĥ3/∆b)

∆a
{(∆a + ∆abĥ2)Y

ĥ2
+ ∆abĥ3Yĥ3

} = 0.

Multiplication of this identity by 8(b − a)ĥ2(b − 1)(a − 1)ab2 clears its denominators. On
K = 0, namely ĥ3 = ∆b(∆a+∆abĥ2)/(∆a∆ab), the numerator becomes a nonzero polynomial
in ĥ2: its constant coefficient is

4a3(b− 1)3(a− 1)b2

b− a
̸= 0.

Hence ĥ2 is locally constant, contrary to the displayed nonzero E3ĥ2. If y = 0 on an open set,
there are two opposite zero pairs. The pressure identities then force the third pair to vanish:
for example dϕ2 = −h1p̂23α1 and dϕ3 = h1p̂32α1, whose transverse exterior derivatives are
−h1p̂23h1 and h1p̂32h1. When all off-diagonal entries vanish, the diagonal flatness equations
are h2

i − (hj − hk)2 = 0, which imply h2h3 = 0 and contradict the assumption that all three
abnormalities are nonzero. Together with the y ̸= 0 case, this excludes a persistent zero
opposite pair. Cyclic signed relabeling covers the other two opposite pairs.

It remains to work on the dense open set with all three opposite pairs nonzero. Write

p̂ =

 1 u/∆ab v/∆ab

ĥ2u/∆a ĥ2 ĥ2ω/∆a

−ĥ3v/∆b −ĥ3ω/∆b ĥ3

 , ĥ3 = ∆b(∆a + ∆abĥ2)
∆a∆ab

, uvω ̸= 0.

The three cubics and the three tangencies EiBbal
i = 0 reconstruct all six normalized second

jets. Their coefficient determinant is

−4∆bĥ
2
2(∆a + ∆abĥ2)2uvω

∆5
a∆ab

,

which is a unit in the stated localization on this chart. Define the two remaining polynomials
by

f0 = uvω E2Bbal
1
∣∣
graph, f1 = uvω E3Bbal

1
∣∣
graph.

They have degree five in (u, v, ω). Put

ϵ = b− 1, φ = a− 1, cb = bĥ2(∆a + ∆abĥ2)
2a2∆3

abϵ
3 ,

Ub = ∆abϵu
2, Vb = ∆abφv

2, Wb = ϵφω2.
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The leading forms are

in(f0) = cb

φ
u{(Vb −Wb)2 − Ub(Vb +Wb)},

in(f1) = −cb

ϵ
v{(Ub +Wb)2 − Vb(Ub −Wb)}.

Every displayed prefactor is nonzero for every admissible triple of principal values and ratio
value on this line. The first quadratic in (Ub, Vb,Wb) has symmetric-matrix determinant −1,
hence is irreducible; the second has a nonzero U2

b coefficient and is not a scalar multiple.
Their common zero set has dimension one. The map (u, v, ω) 7→ (Ub, Vb,Wb) is finite, so
the pulled-back quartics have no common polynomial factor. The extra factors u, v are also
coprime to the opposite quartic, as is seen by setting u = 0 or v = 0. Thus the two displayed
degree five forms are coprime, and the polynomials f0, f1 are coprime as well.

For each fixed permitted ĥ2 their common zero set in three variables has dimension at
most one. Allowing ĥ2 gives dimension at most two, and the rational jet reconstruction
recovers the complete state from this set. Hence this branch has state rank at most two. On
a hypothetical rank three chart, K ̸= 0 may therefore be selected on a dense open subset.

Tangency and flatness at zero pair coordinates. The tangencies of a coordinate are
used on a patch where that coordinate vanishes identically. In the pressure identities above,
evaluation on (e2, e3) eliminates derivatives of the two coefficients. With all six off-diagonal
entries zero, the Koszul formula, with the nine formal derivatives Dihj , gives

2 Ricii = h2
i − (hj − hk)2.

Flatness and h1 ̸= 0 imply h2 ̸= h3. Subtracting the last two equations gives h1 = h2 + h3,
and the first then gives 4h2h3 = 0. This is incompatible with the branch under consideration.
For the nonzero pair coordinates, the two opposite axis restrictions of the leading quartics
are Wb(Wb +Vb) and Wb(Wb −Ub). Thus the two prefactors u, v are coprime to the opposite
quartics.

C.16 Direction supports and finite amplitude fibres

Put L = ης − ζ and K = 1 + η − ζ. We first consider the noncharacteristic chart

ηζ(η − ζ)(ζ − 1)(η + 1)K(ς − 1)(1 + ης − ζ)((η + 1)ς − ζ) ̸= 0.

Write the leading mixed equations as v⊤
i Bijvj = 0, where vi = (wi+1,mi+1)⊤, 0 ≤ i < j ≤ 2.

Their coefficient matrices Bij are nonzero. With J =
( 0 −1

1 0
)
, an invertible block induces a

projective map between its two directions. The composition around the three pairs is the
monodromy. Three invertible blocks admit a positive-dimensional direction fibre only when
the monodromy is scalar. Two invertible blocks give at most two directions. With at most
one invertible block, a positive-dimensional fibre requires the corresponding product to have
zero trace, including the case of a nonzero nilpotent product.

Scalar monodromy is equivalent to B12 = λmonB
⊤
01JB02. The exceptional Cramer factors

are
L1 = η(η − 1)ς + 2η + ζ,

L2 = (η + 2ζ)ς − ζ(ζ + 1), (B⊤
01JB02)00.

The projection polynomials. Let

g = ηζ(η − ζ)(ζ − 1)(η + 1)(1 + η − ζ)(ς − 1)(1 + ης − ζ)((η + 1)ς − ζ).

For a nonzero polynomial g and a rational function with rational coefficients, let ngg denote
its reduced numerator after all irreducible factors dividing g have been removed. Normalize
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the remaining polynomial to have leading coefficient one in graded lexicographic order η >
ζ > ς > N . This specifies the operation uniquely. All factor families below consist of monic
irreducible factors; repeated occurrences in different projections retain their projection index.

Put Dmix = B⊤
01JB02 and

Mmon = JB02JB
⊤
12JB

⊤
01.

The four equations (B12)ij−λmon(Dmix)ij = 0 are ordered by (i, j) = (0, 0), (0, 1), (1, 0), (1, 1).
Their coefficient matrix on (1, λmon, N, ξmon), where ξmon = λmonN , is

Lr,: =
(
(B12)ij |N=0,−(Dmix)ij |N=0, ∂N (B12)ij ,−∂N (Dmix)ij

)
.

Its coefficients are independent of N ; Lr2 = 0 for r = 0, 1, 2, and L32 = −2ηζ(η − ζ). On
the regular Cramer chart define

λmon = −L00
L01

, ξmon = −L10 + L11λmon
L13

, N = −L30 + L31λmon + L33ξmon
L32

.

The two remaining equations are the reduced numerators of

L20 + L21λmon + L23ξmon, L32ξmon + L31λ
2
mon + L33λmonξmon + L30λmon,

after this substitution. Reduce with respect to gL1L2(Dmix)00, where L1, L2 are the displayed
Cramer factors. Substitute ς = (ζ+ ℓ)/η into these two polynomials and reduce with respect
to η, obtaining p0, p1 ∈ Q[η, ζ, ℓ]. The scalar-monodromy projection family is specified by
the nonvertical irreducible factors of Resℓ(p0, p1) other than the factors of ηζ(η − ζ)(ζ −
1)(η + 1)(1 + η − ζ).

Two singular mixed blocks. For a ∈ {01, 02, 12} set

da = ngg(detBa).

For the three ordered pairs

(a, b) = (01, 02), (01, 12), (02, 12),

write da = AaN + Ca and set Na = −Ca/Aa. The coefficient Aa is a nonzero unit times L1
for a = 01, and a nonzero unit times L2 for a = 02. On its nonzero chart put

pab = nggLa

(
db(η, ζ, ς,Na)

)
, tab = nggLa

(
tr Mmon(η, ζ, ς,Na)

)
,

where L01 = L1 and L02 = L2. Let Pab be the monic irreducible factors f of Resς(pab, tab)
satisfying

∂ζf ̸= 0,
f ∤ ηζ(η − ζ)(ζ − 1)(η + 1)(1 + η − ζ).

Factors depending only on η cannot contain a curve on which η is a coordinate. For f ∈ Pab,
with d = degς pab, the tangency polynomial is

Tab,f = (∂ζf)dpab

(
η, ζ,−∂ηf

∂ζf

)
(mod f).

For each such factor, gcdQ(η)[ζ](f, Tab,f ) = 1. The zero charts of Aa are the separate L1, L2
pivot cases.

For a scalar-monodromy projection factor f , homogenize p0, p1 at ℓ = −ηfη/fζ − ζ
on fζ ̸= 0 and reduce their cleared numerators modulo f . If the results are T0, T1, then
gcdQ(η)[ζ](f, T0, T1) = 1. The compatibility and tangency equations on the three exceptional
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Cramer divisors exclude a persistent ratio curve there. It follows that the mixed direction
fibre has at most two points over the generic point of a nonconstant ratio curve.

For one nonzero pair, the two pure cubic coefficients have the unit combinations

(ζ − η)(ς − 1), (ζ − 1)(ης − ζ + 1), (η + 1)((η + 1)ς − ζ),

respectively. Thus none of the three projective pair lines is a boundary component. For two
nonzero pairs, an active bilinear block determines one direction from the other. A positive
dimensional direction fibre has a nonconstant projection to at least one of the two projective
direction lines. In that orientation, the coefficient minors below vanish for infinitely many
directions and hence vanish identically as binary forms. Their values at (1, 0) therefore
vanish.

Let Camp
0 , . . . , Camp

5 be the six normalized homogeneous cubic equations, in the order of the
quartic equations (Q15, Q18, Q13, Q19, Q10, Q11). Their odd pair indices are (0, 0, 1, 1, 2, 2).
For a missing pair m, let (a, b) be the remaining indices, first in increasing and then in
decreasing order; use B = Bab in the first orientation and B = B⊤

ba in the second. On the
dense direction chart substitute

va = x(t0, t1)⊤, vb = yJB⊤(t0, t1)⊤, vm = 0.

The four active cubics, after removal of their odd amplitudes, define a 4 × 2 matrix M(t0, t1)
on (x2, y2). Its six two-row minors are homogeneous binary forms of degree six. A positive-
dimensional direction set has nonconstant projection to at least one of the two projective
lines. In that orientation the minors vanish at infinitely many directions and therefore vanish
identically. They consequently vanish at (t0, t1) = (1, 0), even if JB⊤(1, 0)⊤ = 0. For a block
of rank one, the two orientations together cover its direction components. Thus the endpoint
equations below are necessary for a positive-dimensional direction fibre.

At (t0, t1) = (1, 0), substitute

va = x(1, 0)⊤, vb = yJB⊤(1, 0)⊤, vm = 0.

Keep the four cubics whose odd pair is a or b, in their stated order. If a cubic has odd
pair a, write its pullback as x((Mpair)r1x

2 + (Mpair)r2y
2); if it has odd pair b, write it as

y((Mpair)r1x
2+(Mpair)r2y

2). These coefficient extractions define the endpoint matrix Mpair =
M(1, 0).

Take its six two-row minors in the order (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), reduce their
nonzero numerators by g, and keep those independent of N . For each of the six choices of
missing pair and orientation, this leaves three polynomials. Exactly one of them has three
distinct irreducible factors; denote it by q∗, and denote the other two, in their stated order,
by q1, q2. For each irreducible factor u of q∗ define

Gm,or,u = gcd (Resς(u, q1),Resς(u, q2)) ∈ Q[η, ζ],

with the same monic normalization. Their factor families consist of the irreducible nonver-
tical factors of Gm,or,u outside the plane localization factors. For such a factor f , apply
the same homogenized tangency substitution ς = −fη/fζ to u, q1, q2. If the three resulting
polynomials are T0, T1, T2, the polynomial identity is

gcd
Q(η)[ζ]

(f, T0, T1, T2) = 1.

For the six factors of highest degree, primitive integer representatives of these polynomials
and reductions preserving their degrees establish this coprimality in characteristic zero.

For fixed directions of two nonzero pairs, quartic combinations give ±4x2y2. Their twelve
axis configurations are excluded by unit coefficients except on ς = N = 0 and L = N = 0. On
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these families the highest weighted terms cancel, leaving quadratic necessary equations. For
constant ζ, their coefficients in η admit a Bezout combination equal to a nonzero constant.
For ζ = cη, one coefficient is 32(1 − c). The localization gives c ̸= 1, so the quadratic
equations remain nonzero for every permitted curve constant, including c = −1.

For three nonzero pairs, let Aamp be the 6 × 3 matrix of coefficients in their squared
amplitudes, after division of each cubic by its single odd amplitude. Restricting the cubics
to the ith pair gives two forms wimi(Bi,r1wi + Bi,r2mi), r = 1, 2; this defines Bi. Up to
units,

detB1 = L(L+ ς + 1), detB2 = ς(L+ ς − 1), detB3 = L− ς + 1.

The axis equations reduce rank zero to these five hypersurfaces. The three remaining direc-
tion charts have representatives

((1, θdir
1 ), (0, 1), (0, 1)),

((0, 1), (1, θdir
2 ), (1, 0)),

((1, 0), (1, 0), (1, θdir
3 )), θdir

i = −Bi,11/Bi,12.

The pure cubic equations make each denominator and each θdir
i a unit on the corresponding

hypersurface. Tangency to the five hypersurfaces gives respectively ηN, (η + 1)N,N, (η +
1)N, (η − 1)N = 0. On the last hypersurface, η = 1 would force ζ = 1, which is inverted.
Thus N = 0 on each persistent branch. Table 7 gives the coefficients that exclude rank zero
on the forced linear directions.

Table 7: Coefficients on the exceptional direction hypersur-
faces.

Hypersurface Nonzero coefficient or consequence

L = 0 (Aamp)31 = 2(η − ζ).
ς = 0 (Aamp)12 = 2(ζ − 1).
L− ς + 1 = 0 The mixed coefficient is −4η2((η− 1)ς + 1)2/[ς(ς − 1)]; here (η−

1)ς + 1 = ζ.
L+ ς + 1 = 0 The mixed coefficient is 4η(η + ζ)2/(ζ − 1). Its vanishing gives

ζ = −η, ς = −1, and (Aamp)31 = 4η.
L+ ς − 1 = 0 The mixed coefficient is −4η4(ζ+1)2/(η−ζ). Its vanishing gives

ζ = −1, ς = 0, and (Aamp)12 = −4.

Rank at least two leaves finitely many projective amplitudes. At rank one the kernel is
a projective line, and a positive-dimensional amplitude fibre requires that line to divide all
three quartics. If its defining linear form has a zero coefficient, the pure quartic coefficients
xy(x + y)2 and xy(x2 + y2) force xy = 0. For the six configurations, let i ∈ {1, 2, 3} and
ϵ ∈ {0, 1}, and set (wi,mi) = (ϵ, 1 − ϵ). Take column i of Aamp after this substitution. For
each other pair j, the two rows with odd amplitude in pair j are linear in (wj ,mj); write
them as

Bi,ϵ;j

(
wj

mj

)
, di,ϵ;j = detBi,ϵ;j .

Order the other pairs increasingly as j0 < j1. The determinant di,ϵ;jϵ is linear in N with unit
coefficient. Define

ni,ϵ = −di,ϵ;jϵ |N=0
∂Ndi,ϵ;jϵ

, Pi,ϵ = ngg pp num di,ϵ;j1−ϵ(N = ni,ϵ).
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Here pp takes the primitive polynomial numerator, and ngg removes the factors that are
units on the displayed direction chart. Apart from the factors ς and L, which give the two
straight branches, Pi,ϵ has a unique irreducible factor Fi,ϵ. Put

Di,ϵ = ∂η + ς∂ζ + ni,ϵ∂ς .

Over the localization of Q(η)[ζ, ς] at the displayed direction factors, the following polynomial
identities hold:

Γi,ϵ ∈ (Fi,ϵ,Di,ϵFi,ϵ,D2
i,ϵFi,ϵ),

where, in the order (1, 0), (1, 1), (2, 0), (2, 1), (3, 0), (3, 1),

Γ1,0 = ης − ζ + 1,
Γ1,1 = (ς − 1)ζ,
Γ2,0 = ς − 1,
Γ2,1 = (ης − ζ + 1)ζ,
Γ3,0 = (η − ζ)((η + 1)ς − ζ)3ζ3,

Γ3,1 = (ζ − 1)((η + 1)ς − ζ)3ζ3.

Each Γi,ϵ is a unit in this localization. Clearing the coefficient denominators multiplies the
right side by a nonzero polynomial in η and a product of the displayed direction factors. Since
η is nonconstant on B, these identities exclude all six configurations at its generic point.
The amplitude line with three nonzero coefficients is treated by P1,P2 in Appendix C.20.

The distinguished direction with full support is

(w1,m1) =
(
ς

2ζ , 1
)
, N = ςL/(ηζ),

(w2,m2) = (w3,m3) =
(

− L

2ηζ , 1
)
.

For these amplitude conics, put kdir = ης/ζ. The three amplitude conics have determinants

−4(kdir − 2)(kdir − 1
2)kdir(kdir − 1)2,

−4(kdir − 1)(kdir − 1
2)(kdir + 1)k2

dir,

2(kdir − 2)(kdir − 1)kdir(kdir + 1).

The y2, z2 coefficient minor of the first two conics is −2(kdir − 1)2. Thus a nondegenerate
conic and a nonproportional second conic exist for every kdir ̸= 0, 1, including kdir = 2, 1

2 .
Their common projective zero set is finite, as is its inverse image under the squaring map
on pair amplitudes. At ς = 0 the cubic amplitude row is (0, (ζ − 1)/(4η3), 0); at L = 0 it is
((η − ζ)/(4η3), 0, 0). Both contradict full support. For the seven patterns with at least one
mi = 0, the necessary equations are the homogeneous cubic and quartic equations. On their
straight branches the amplitude rows are(

0,− (ζ − 1)ζ2

ζ − η − 1 , 0
)
,

(
− (η − ζ)ζ2

η3(ζ − η − 1) , 0, 0
)
.

On each of ς = 0 and L = 0, the distinguished direction and the direction with a vanishing
mi satisfy the mixed equations. The latter has m2 = 0 and m1 = 0, respectively, so these
directions are distinct. The mixed direction bound makes them exhaustive. The displayed
amplitude rows exclude full support on both graphs.
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C.17 The quadratic hypersurface

Write the quadratic eliminant in the form

P0 = ηζ(η2 − 1)ς2 + 2(ζ2 − η2)ς − ηζ(ζ2 − 1).

The polynomial Q(w) has roots

α = − L

2ηζ , β = (ς − 1)(L+ ς)
2ζK , β − α = L2 + ης2 − ζ

2ηζK .

If M(w) is invertible, its equations give U = V = Q(w) = 0. At w = β, the mixed equations
force L2 + ης2 − ζ = 0, so β = α. On P0 = 0 the determinant at α is zero. Thus every
admissible direction lies on the determinant zero set, also when the two roots coincide.

The four cubic direction equations are ordered as the cubic part of Q0, followed by the
diagonal second tangencies (1, 1), (2, 2) and (3, 3). We use the row normalizations defining M
in Appendix C.19. Let µ12, µ13, µ23 denote the quadratic mixed rows obtained from (C.32),
after the direction substitution and m1 = m2 = m3 = 1, normalized so that their coefficient
of N is −1. Set

f0 = µ13 − µ12, f1 = µ23 − µ12.

Thus the six direction equations, in their specified order, are f0, f1 and the four cubic rows.
For η ̸= ±1, let

EP0 = Q(η, ζ)[ς]/(P0).
For u, v ∈ Q(η, ζ) its norm is

NmP0(u+ vς) = u2 − 2(ζ2 − η2)
ηζ(η2 − 1)uv − ζ2 − 1

η2 − 1v
2.

We use num for the numerator after cancellation and pp for its primitive polynomial part.
Put

aM = [w2] detM(w), bM = [w] detM(w).
On aM ̸= 0, the second determinant root is

γM = − bM

aM
− α

since detM(α) = 0.
The two plane polynomials arising from the leading coefficient and the separation of the

determinant roots are

Plc = pp
( num NmP0(aM )
η11ζ(η − 1)4(η + 1)8(ζ − η)3(ζ − 1)3(ηζ − η + ζ)

)
,

Psep = pp
(num NmP0(γM − α)

(ζ − η)(ζ − 1)

)
.

Both displayed quotients are polynomials. Their total degrees are 19 and 20, respectively,
and both have bidegree (12, 14).

At w = α, define the matrix

Mα = M(α){1,2,3,4}, {1,2,3}.

Its columns correspond to (UV,U, V ). For each I ⊂ {1, 2, 3, 4} with |I| = 3, put

dα,I = det(Mα)I, {1,2,3},

cα = gcd
|I|=3

num(dα,I),

pα,I = num(dα,I)
cα

.
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The common numerator factor cα is a nonzero rational multiple of

(ζ − η)(ζ − 1)ζ2η2(η + 1)2.

Reducing each pα,I modulo P0, write

pα,I ≡ aα,I + bα,Iς (mod )P0,

Πα,I = num NmP0(aα,I + bα,Iς).

The degree nine polynomial in the rank drop argument is

Pα = pp
(

gcd|I|=3 Πα,I

(ζ − η)3(ζ − 1)3

)
.

The quotient is a polynomial of total degree nine.
For the other determinant root use w∗ = w − α, as in (C.30). Express the six direction

equations in these coordinates and denote them, in order, by

(ψ1, . . . , ψ6) = (f0, f1, F
mom
1 , Fmom

2 , Fmom
3 , Fmom

4 ),

where Fmom
1 , . . . , Fmom

4 are the four cubic rows used in M∗. Define the six by four matrix
Msix(w∗) by

(Msix)i,∗ =
(
∂U∂V ψi|U=V =0 , ∂Uψi|U=V =0 , ∂V ψi|U=V =0 ,

ψi(0, 0, w∗)
w∗

)
, 1 ≤ i ≤ 6.

The last entry is a polynomial, since every ψi vanishes at U = V = w∗ = 0. The direction
equations are

Msix(w∗)(UV,U, V, w∗)⊤ = 0.

Let

dsix(w∗) = det
(
Msix(w∗){1,2,3,4}, {1,2,3,4}

)
, Psix = pp

(
num NmP0

(
dsix(γM − α)

)
(ζ − 1)(ζ − η)2

)
.

Its norm numerator has bidegree (60, 69), and the displayed quotient is a polynomial. Its
primitive part Psix has bidegree (58, 66) and constant coefficient content when considered as
a polynomial in ζ over Q[η].

For a plane polynomial f , put

ΘP0(f) = ηζ(η2 − 1)f2
η − 2(ζ2 − η2)fηfζ

− ηζ(ζ2 − 1)f2
ζ .

On a nonvertical irreducible curve f = 0, differentiation gives ς = −fη/fζ at its generic
point. Substitution in P0 = 0 and multiplication by f2

ζ give ΘP0(f) ≡ 0 (mod f). A Bézout
identity for f and ΘP0(f) with right hand side 1 over Q(η)[ζ] then excludes such a curve
with nonconstant η.

The norms of the leading coefficient and root separation of the determinant of the coef-
ficient matrix have, besides localization factors, the factor (η + 1)ζ − η, Plc and Psep. For
f = Plc or Psep, gcdQ(η)[ζ](f,ΘP0(f)) = 1. Their primitive integer coefficients retain their
degrees under reduction, so Bezout identities imply coprimality over Q(η). The remaining
factors ζ + 1 and ζ + η give ς = 0 and L = 0, respectively. The finite levels η = ±1 are
excluded over the function field of a nonconstant ratio curve.

On the Möbius curve the derivatives are

ζ = η

η + 1 , ς = 1
(η + 1)2 , N = − 2

(η + 1)3 .
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On the full support chart m1 = m2 = m3 = 1, the seven specialized direction equations
generate the unit ideal over Q(η). Clearing denominators gives a polynomial identity whose
right side is a nonzero polynomial of degree twelve in η. It excludes a nonconstant ratio
curve on this branch.

At w = α, a nonzero auxiliary vector requires a rank drop of a 4 × 3 matrix. After
removal of localization factors, the polynomial Pα is coprime to ΘP0(Pα) over Q(η). The
distinguished direction gives N = ςL/(ηζ). Differentiation of P0 = 0 therefore yields

FP0 = ηζ((P0)η + ς(P0)ζ) + ςL(P0)ς = 0.

The resultant is

Resς(P0, FP0) = − 12(ζ − η)(ζ − 1)(ζ + 1)(η − 1)(η + 1)
× (η + ζ)ζ5η5(η2 + ζ2 + 1).

The last factor is positive for real η, ζ. The other nonunit factors give finite η-levels or the
two straight branches already treated. The differentiated equation holds on the discriminant
as well.

For the other determinant root, put w∗ = w − α ̸= 0 and use the six compatibility rows
in (UV,U, V, w∗). The polynomial Psix is coprime to both (Psix)ζ and ΘP0(Psix) over Q(η).
The corresponding Bezout identities hold under a reduction preserving the degree 66 in ζ,
and Gauss’s lemma gives characteristic zero coprimality. Thus the other root cannot carry
a persistent direction.

The remaining amplitude lines have three nonzero coefficients and are subject to the
eliminants below. A finite family of algebraic branch conditions permits restriction to a
persistent branch. Since η is nonconstant, a nonzero polynomial in η cannot vanish on such
a branch.

C.18 The direction equations

The localization and the preceding branches cover the factors that may vanish identically on
B. On the remaining curve chart we may invert

g∗ = ηζ(η − ζ)(ζ − 1)(η + 1)(1 + η − ζ)
· (ς − 1)(ης − ζ + 1)((η + 1)ς − ζ)ς(ης − ζ).

(C.29)

The compatibility relations constrain the generic fibre of Y → B. Since η is nonconstant
on the algebraic curve, every derivative ς = dζ/dη, ς ′, ς ′′, . . . used by these relations belongs
to C(B). On the nonempty solution open set where dη ̸= 0, the chain rule identifies these
with the derivatives of the ratio functions. The curve reconstruction expresses R1,R2,R3
rationally in the six off-diagonal coordinates by (C.28). Each necessary relation therefore
holds on that open set and, by analyticity, on the connected solution chart. After clearing
denominators it belongs to the invariant prime p. Consequently the generic fibre Ygen is
contained in the necessary variety with six coordinates over C(B). The argument below
makes its projective boundary finite. Rational reconstruction transfers the dimension bound
to all nine fibre coordinates of the algebraic closure, as required by Lemma 8.3.

At the projective boundary, each nonzero pair (wi,mi) has direction (wi : mi) ∈ P1.
After representatives of the three directions are chosen, their scalar amplitudes are defined
up to a common multiplier. Full support means (wi,mi) ̸= (0, 0) for all three pairs. The
seven patterns with at least one mi = 0 are treated separately in Appendix C.16. On the
remaining charts set ti = wi/mi for the direction coordinates. The derivatives τ̂j are the
state coordinates in (3.2). The distinguished direction is

t1 = ς

2ζ , t2 = t3 = − L

2ηζ .
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The cubic and quartic equations give finitely many projective amplitudes for this direc-
tion. The corresponding conics, and all vanishing pair or mi patterns, are treated in
Appendix C.16. We may therefore concentrate on the remaining directions on the charts
m1m2m3 ̸= 0. Define U, V,w∗ by the invertible affine change

t1 = V − ηw∗
L

+ ς

2ζ , t2 = U + w∗
ς

− L

2ηζ , t3 = w∗ − L

2ηζ . (C.30)

Thus the distinguished direction has U = V = w∗ = 0. With cm = L/(2ηζ) and w∗ = w+cm,
set

Q∗(w∗) = 2ζw∗{2ηζKw∗ − (L2 + ης2 − ζ)},
Q(w) = (2ηζw + L){2ζKw − (ς − 1)(L+ ς)}.

(C.31)

Then Q(w) = Q∗(w+ cm). This change makes the six direction equations linear in the aux-
iliary coordinates (UV,U, V,Q∗(w∗)). These coordinates also satisfy the quadratic relation
Q∗ξ2ξ3 − ξ1ξ4 = 0, where ξ = (UV,U, V,Q∗). Five linear combinations form the 5 × 4 matrix
M∗(w∗); the four trilinear equations form M(w) after this translation. In polynomial matrix
formulas a single indeterminate w denotes the argument of either matrix. The auxiliary
vector of any other direction is nonzero, including at a double root of Q∗. The coefficient
extraction and the translation identity are given in Appendix C.19, equations (C.33)–(C.34).
The row factors in these formulas determine the matrices uniquely.

On an algebraic ratio curve with nonconstant η, use ς = dζ/dη, N = dς/dη and (C.28).
Differentiating the tangencies Vjζ = ςVjη gives

Vi(Vjζ) − ςVi(Vjη) −N(Viη)(Vjη) = 0, (C.32)

for (i, j) = (1, 2), (1, 3), (2, 3), (1, 1), (2, 2), (3, 3). Together with Q0 = 0, these equations de-
termine the homogeneous direction equations after substitution of the coordinate graph. On
full support, choose representatives with m1 = m2 = m3 = 1. After multiplication by units,
each mixed row has coefficient −1 at N . Its two differences eliminate N . These differences
and the four cubic rows, including Q0, give six polynomials independent of a, κ0, N . Their
coefficient contents are units in the stated localization.

Use w∗ from (C.30). Each direction equation has the form

A(w∗)UV +B(w∗)U + C(w∗)V +D(w∗)w∗.

For the four cubic rows, D is divisible by Q∗/w∗. The same holds for (L+ 1) times the first
mixed difference plus (ς − 1) times the second. These five rows are coeffξ(Fmom

i ) in (C.33).
Their polynomial coefficients and row factors are given in Appendix C.24.

C.19 The linear representation

Use L,K, cm, Q∗, Q from (C.31). The coefficient matrices satisfy

M(w) =
(
M∗(w + cm)

)
1:4, 1:4, Q(w) = Q∗(w + cm).

Substitution of w∗ = w + cm in (C.30) gives

t1 = V − ηw

L
+ ς − 1

2ζ , t2 = U + w

ς
− (ς − 1)L

2ηζς , t3 = w.

The first four rows represent the same trilinear equations. Uniqueness of their coefficients in
(UV,U, V,Q) gives the matrix identity.

Let A(w) be the polynomial matrix specified in Appendix C.24. With the row factors

drow
1 = 421654016

ςζ2L
, drow

2 = drow
3 = drow

4 = 6588344
ςζ2L

,

drow
5 = 1

2ηςζ2(η + 1)(η − ζ)(ζ − 1)L,
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we have
M∗(w) = diag(drow

1 , . . . , drow
5 )A(w),

M(w) = diag(drow
1 , . . . , drow

4 )A(w + cm)1:4, 1:4.

These factors are units in the localization and are independent of w. The five maximal
minors of M∗ use its fifth row as well as the four rows of M . The translation w 7→ w + cm
extends to an automorphism of P1 fixing infinity. Thus it preserves ranks, multiplicities, and
degree drops.

The coordinates ti = wi/mi describe the pair directions. The six equations consist of
four trilinears and two mixed differences f0, f1. The fifth row of M∗ is their combination
(1 + ης − ζ)f0 + (ς − 1)f1. The auxiliary vectors are (UV,U, V,Q∗) and (UV,U, V,Q). If
the first vector vanishes, then U = V = Q∗ = 0. At the second possible root the mixed
differences are −(ς − 1)(L2 + ης2 − ζ)/(ηζK) and (1 + ης − ζ)(L2 + ης2 − ζ)/(ηζK). They
force L2 + ης2 − ζ = 0, so the roots coincide with the distinguished direction. Every other
admissible direction therefore has a nonzero auxiliary vector, including when Q∗ has a double
root.

Let Fmom
1 , . . . , Fmom

4 be the cubic direction equations in centered coordinates, with the
row normalizations of Appendix C.18, and put Fmom

5 = (L + 1)f0 + (ς − 1)f1. For the
auxiliary vector ξ = (UV,U, V,Q∗), define

coeffξ(F ) =
(
∂U∂V F |U=V =0 , ∂UF |U=V =0 , ∂V F |U=V =0 ,

F (0, 0, w)
Q∗(w)

)
. (C.33)

The quotient in the last entry is a polynomial in Q(η, ζ, ς)[w], so it is defined at every root
of Q∗. We have

Fmom
i = coeffξ(Fmom

i ) (UV,U, V,Q∗)⊤, (M∗)i,: = coeffξ(Fmom
i ), 1 ≤ i ≤ 5. (C.34)

Indeed, the six equations have bidegree at most (1, 1) in (U, V ), and the constant coefficient
of each of these five rows is divisible by Q∗. This proves reconstruction and uniqueness of
the rows.

C.20 The two eliminants

Any other direction gives a nonzero auxiliary vector in the kernel of M∗. The first condition
on (η, ζ, ς) expresses this common kernel. The second imposes the quadratic relation on the
kernel of the four rows. Eliminating the direction parameter w produces the polynomials P1
and P2 below. On g∗P0 ̸= 0, an admissible full support direction with m1m2m3 ̸= 0, distinct
from the distinguished direction, gives P1 = P2 = 0.

For a rational polynomial in w, let pp denote the primitive polynomial numerator af-
ter clearing coefficient denominators. Let ngg∗ remove only irreducible factors of g∗ and
normalize the remaining polynomial to leading coefficient one in graded lexicographic order
η > ζ > ς. Use the matrices with the row normalizations specified in Appendix C.19, and
define

Cij = [wj−1] pp det(M∗ with row i omitted), 1 ≤ i ≤ 5, 1 ≤ j ≤ 3, (C.35)

P1 = ngg∗ gcd
|I|=3

det CI , deg P1 = 38, degς P1 = 11. (C.36)

The five maximal minors have degree at most two in w. A common root of the maximal
minors makes C(1, w, w2)⊤ = 0, hence all ten minors of order three vanish. The following
residual identity then gives P1 = 0.
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Let ∆i, 0 ≤ i ≤ 9, be the ten minors of order three of the coefficient matrix. Their
factorizations and a polynomial identity for the residual factors are

∆i = P1εiri, d(η)ς2(ς − 1)2 =
∑

i

Airi,

where εi are units in the previous localization, d ̸= 0, and only the first six polynomial
multipliers Ai are nonzero. In the ring localized at the previously inverted factors and d(η),
these identities give

(∆0, . . . ,∆9) = (P1).

Indeed one inclusion follows from the first identities. Multiplying the second identity by P1
expresses P1 as a linear combination of the ∆i, after division by a unit. Let N = MP∗, where
the determinant-one column transformation P∗ is given by (C.41). Its column degrees are
bounded by (1, 0, 1, 0), so columns two and four are constant in w. The six minors of these
two columns are unit multiples in the previous localization of the same first six residuals.
The same identity therefore proves that those two columns have rank two. Thus P1 = 0,
and the six minors of the constant columns define an open cover.

For the second condition, use the four rows. Where M has rank three and determi-
nant zero, every nonzero adjugate column spans its kernel. Substitution into the quadratic
form gives the polynomial fj below; its resultant with the determinant eliminates w. These
columns are local generators of the kernel line, on which the quadratic has the norm con-
structed below.

Set D = pp detM and let aj be the jth column of adjM . Define

fj = pp(Q(w)(aj)2(aj)3 − (aj)1(aj)4), Rj = Resw(D, fj), j = 1, 2, (C.37)

P0 = η3ζς2 − ηζ3 − ηζς2 − 2η2ς + 2ζ2ς + ηζ, (C.38)

P2 = ngg∗

(
gcd(R1, R2)/P0

)
, deg P2 = 48, degς P2 = 14. (C.39)

The quotient is polynomial up to a nonzero rational scalar. The zero sets of P1,P2
are unchanged by primitive rescaling of the rows. The resultant identities have the form
Rj = εjP0P2J

2
j , where εj is a unit in the previous localization and gcd(J1, J2) = 1. The

factor P0 corresponds to the branch treated by the direction equations in Appendix C.17.
The norm argument below gives the necessary condition P0P2 = 0.

The coefficient identities for the lower rank and identically zero determinant cases intro-
duce a second nonzero polynomial δ(η). Both d(η) and δ(η) are units in C(B) when η is
nonconstant. Thus they apply at the generic point of the ratio curve. If η is constant, cyclic
relabeling gives a nonconstant ratio coordinate. Characteristic directions, proper supports,
and the distinguished direction are treated in Appendices C.14 and C.16.

C.21 Reduction of the determinants

Write
Q(w) = aQw

2 + bQw + cQ, aQ = 4ηζ2(1 + η − ζ). (C.40)

Since aQ is a unit on the direction chart, the determinant-one column transformation

P∗ =


1 η(w + bQ/aQ) −w η/aQ

0 1 0 0
0 −η 1 0
0 −aQw 0 1

 . (C.41)
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is defined there. For x = P∗y, multiplication gives

Qx2x3 − x1x4 = w(aQy1y2 + bQy2y3 + y3y4) + cQy2(y3 − ηy2) − y1y4

− η

aQ
y4(bQy2 + y4). (C.42)

The coefficient of yiyj has degree at most (1, 0, 1, 0)i + (1, 0, 1, 0)j . These bounds define a
quadratic form with the corresponding column weights on the projective line.

Put N = MP∗. Then degw Nij ≤ (1, 0, 1, 0)j and P∗ adj N = adjM . For each three-
element row set I ⊂ {1, 2, 3, 4} and j ∈ {1, 3}, form

PI,j(w) = pp det NI,{2,4,j} = aI,j + bI,jw.

Division by units of the stated localization gives the eight pencils, which have a common
projective root precisely when the 8 × 2 coefficient matrix (aI,j , bI,j) has rank at most one.
Let Irank be generated by its twenty-eight 2 × 2 minors, and let Idet be generated by the
three coefficients of D(w), of degree at most two. The coefficient identities are

δ(η)ς(ς − 1)P0 ∈ Irank ∩ Idet, δ ̸= 0.

Over C(B) these exceptional loci therefore reduce to ς = 0, ς = 1, or P0 = 0.

Lemma C.10 (Reduction to a 2×2 pencil). Suppose the constant columns N{2,4} have rank
two over the base. Their six 2 × 2 minor charts cover the base. On one chart put its pivot
rows and constant columns first:

Ñ(w) =
(
A0 B0(w)
C0 D0(w)

)
, ∆ = detA0.

Here A0, C0 are constant in w, B0, D0 have degree at most one, and ∆ is a unit. Define

RSchur(w) = ∆D0 − C0 adj(A0)B0, LSchur(w) =
(

− adj(A0)B0
∆ Id2

)
.

Then RSchur is a 2 × 2 linear pencil and

det RSchur = ∆ det Ñ, ÑLSchur =
(

0
RSchur

)
, (C.43)

LSchur adj(RSchur) = ∆ adj(Ñ){3,4}. (C.44)

With E0 = adj(A0) and J0 = adj(RSchur), the adjugate satisfies

∆2 adj(Ñ) =
(

(det RSchur)E0 + E0B0J0C0E0 −∆E0B0J0
−∆J0C0E0 ∆2J0

)
. (C.45)

On det Ñ = 0, rank three is equivalent to rank RSchur = 1. The two columns in (C.44) generate
the kernel locally. Substitution of either column in the transformed quadratic relation gives
a polynomial of degree at most four in w.

Proof. Block elimination with the invertible A0 proves (C.43) and changes rank by two.
Block inversion followed by multiplication by the determinant gives (C.44) and (C.45); these
identities are polynomial before localization. A 2 × 2 matrix of rank one has a nonzero
adjugate, whose columns generate its kernel wherever an adjugate entry is a unit. This is
local on the determinantal scheme and holds at a multiple root.

Put yc = (y2, y4) and yl = (y1, y3). In the column order (yc,yl), the upper and lower
blocks of LSchur adj(RSchur) have degrees at most two and one. The coefficient degree bounds
in (C.42) therefore give degree at most four for the substituted quadratic.
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Remark C.11 (The six minor charts). Over the localization at d(η), the six minors are unit
multiples of r0, r1, r3, r2, r4, r5. The identity

d(η)ς2(ς − 1)2 =
5∑

i=0
Airi

makes their ideal the unit ideal. Hence these charts cover the function field of a ratio
curve with nonconstant η. A curve with constant η is treated after cyclic relabeling. For
permutation matrices U, V with Ñ = UMP∗V ,

adj(M) = (detU)(detV )P∗V adj(Ñ)U.

The determinant and substituted quadratic form are homogenized with degrees two and
four. This includes their roots at infinity when a leading coefficient vanishes. The matrix
P∗(w) gives an affine change of presentation; the displayed adjugate identity relates it to the
homogenized polynomials defining the resultants.

Lemma C.12 (Norm of the fixed degree resultant). Let

d(w) = d2w
2 + d1w + d0, f(w) =

4∑
i=0

fiw
i,

with resultant defined at the fixed degrees (2, 4). Put

af = d3
2f1 − d1d

2
2f2 + d2(d2

1 − d0d2)f3 + (−d3
1 + 2d0d1d2)f4,

bf = d3
2f0 − d0d

2
2f2 + d0d1d2f3 + (d2

0d2 − d0d
2
1)f4.

Then the universal polynomial identity is

det
(
bf −d0af

af d2bf − d1af

)
= d3

2 Res2,4(d, f). (C.46)

The determinant is divisible by d3
2 in the universal coefficient ring, and its quotient is the

fixed degree resultant. In particular, the identity holds at d2 = 0.

Proof. The remainder is d3
2f ≡ afw + bf (mod d). Where d2 ̸= 0, let α, β be the roots with

their multiplicities. The norm of afw+ bf is b2
f − (d1/d2)afbf +(d0/d2)a2

f . Multiplication by
d2, together with Res2,4(d, f) = d4

2f(α)f(β), proves (C.46) on a dense coefficient open set. It
is therefore an identity in the universal polynomial ring. Its quotient by d3

2 specializes to the
fixed degree resultant under every specialization, including d2 = 0 and repeated or infinite
roots.

C.22 The norm on the determinant divisor

The scalar form of (C.46) is

d2b
2
f − d1afbf + d0a

2
f = d3

2 Res2,4(d, f).

It lies in the polynomial ring in the eight coefficients of d, f . Thus it applies to nonreduced
quadratic algebras as well.

On the remaining regular open set of the parameter space, the homogeneous determinant
defines a finite flat divisor of degree two in the relative projective line. The rank three matrix
has a kernel line on this divisor, including at a double point. The coefficient degree bounds
in (C.42) define a global quadratic form on that line.
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Its finite flat norm is a nonzero section. Indeed, if it vanished identically, both adjugate-
column resultants would vanish identically, contrary to their nonzero factorizations. Its zero
set is therefore a Cartier divisor on the regular parameter space. Each irreducible component
of that divisor is contained in both R1 = 0 and R2 = 0 and hence divides their gcd. Its
support consequently lies in P0P2 = 0. An admissible direction lies in this support; after
the preceding exclusion of P0 = 0, it follows that P2 = 0. The norm is constructed on the
ambient parameter open set, and its equation is then restricted to B; the curve may be
contained in its zero divisor.

C.23 Intersection orders and slope elimination

On B, ς = dζ/dη. Differentiating P1 = P2 = 0 along the curve gives

(P1)η + ς(P1)ζ + (P1)ςς
′ = 0,

(P2)η + ς(P2)ζ + (P2)ςς
′ = 0.

Cross multiplication eliminates ς ′ and gives C∗ = 0. Eliminating ς gives

C∗ = (P1)ς
(
(P2)η + ς(P2)ζ

)
− (P2)ς

(
(P1)η + ς(P1)ζ

)
,

R = Resς(P1,P2), T = Resς(P1, C∗).
(C.47)

The fixed Sylvester degrees are (11, 14, 25) for (P1,P2, C∗). Set

D0 = ζ12(ζ + 1)20(ζ + η)20(ζ − η)25(ζ − 1)25

· (ζ − η − 1)26((η + 1)ζ − η)6.
(C.48)

Lemma C.13 (Elimination of the slope). The polynomial D0 divides both R and T , and

gcd(R/D0, T/D0) = 1 in Q(η)[ζ].

Proof. Over Q(η), the relevant intersections in (ζ, ς) are the points

(0, 0), (−1,−2/η), (−η, 1), (η, 1),
(1, 0), (η + 1, 1), (η/(η + 1), (η + 1)−2),

respectively. The first three order columns refer to the maximal ideal at each point; the last
is a common lower bound for the intersection multiplicities of (P1,P2) and (P1, C∗). Table 8
records these orders and the resulting lower bounds for both resultants.

Table 8: Intersection orders on the exceptional lines.

Line in ζ Order of P1 Order of P2 Lower order of
C∗

Common resul-
tant order

ζ = 0 4 3 6 12
ζ = −1 4 5 7 20
ζ = −η 4 5 7 20
ζ = η 5 5 8 25
ζ = 1 5 5 8 25
ζ = η + 1 4 5 8 26
ζ = η/(η + 1) 2 3 4 6

At (ζ, ς) = (η+1, 1), the two common exceptional tangents are α = (2η+1)/(2(η2+η+1))
and β = (2η + 1)/(3η(η + 1)). They contribute additional intersection orders at least four
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and two. At the first tangent the implicit slope is −(η − 1)(4η2 + 7η + 4)/(8(η2 + η + 1)3);
the cubic initial form of the other equation vanishes on this slope. Hence the common order
is at least 4 · 5 + 4 + 2 = 26. The other entries follow from the displayed orders and the local
intersection lower bound. Thus D0 | R, T .

To estimate the degree at infinity, put t = 1/ζ in the fixed 25 × 25 Sylvester matrix for
R. The weight of row r is 13 − r for 1 ≤ r ≤ 14 and 30 − r for 15 ≤ r ≤ 25; column j has
weight j − 1, 1 ≤ j ≤ 25. Their sum is 487. The weighted matrix therefore has determinant
t487R(1/t) and entries regular at t = 0. The first 23 rows and columns form a unit block,
leaving a 2 × 2 Schur matrix S(t) = t2S2 + t3S3 + O(t4). The identities detS2 = 0 and
(S2)11(S3)22 + (S3)11(S2)22 − (S2)12(S3)21 − (S3)12(S2)21 = 0 give ordt=0 detS(t) ≥ 6. Hence
degζ R ≤ 487−6 = 481. Under reduction modulo 32003 and specialization at η = 3, we have

p∗ = 32003, η = 3 : degζ R = 481, degζ D0 = 134,
gcd(R/D0, T/D0) = 1.

(C.49)

All coefficient denominators are units at this reduction, and the fixed ς-degrees 11, 14, 25 are
preserved. Since D0 is primitive over Z(p∗)[η], Gauss’s lemma gives the quotients in that ring.
The first quotient has ζ-degree at most 481 − 134 = 347 and reduced degree 347; its leading
coefficient is therefore a unit at the specialization. A primitive common factor of positive
ζ-degree would retain that degree in the reduction and divide both reduced quotients. The
displayed gcd, equivalently a Bezout identity equal to one, excludes such a factor. Hence the
quotients are coprime in Q(η)[ζ].

A nonconstant ratio curve therefore lies in one of the seven factors of D0. Four factors are
units on the current chart. The lines ζ = −1 and ζ = −η give ς = 0 and L = 0, respectively.
The Möbius curve (η + 1)ζ = η gives P0 = 0. The preceding branch arguments bound their
generic state fibres by one and therefore give state rank at most two.

C.24 Coefficients of the linear equations

Supplement S8 gives the twenty entries of A(w) and the row factors relating it to M∗ and
M . These are the coefficient expansion of (C.33)–(C.34).

D Calculations for common Euclidean isometries
This appendix gives the calculations used in Section 6. We use the metric convention, state,
and fixed data introduced there.

D.1 Translation fibres

With the reconstruction (6.10), the inverse planar flux is G−1∇υ = (τ/d0)(C0n − Gntt).
Write

D2υ =
(
aH bH

bH P − aH

)
n,t

, N = d(E − 2K)τ2 +Kτ6 − 2d2.

With u,w as in (D.2), the inverse flux residual is

div(G−1∇υ) −Q = uaH + wbH + C0P/d0 −Q =: E , w = −τG′
nt/d0.

The second equation in (6.9), after multiplication by Gntd0τ
4, is

−2Gntdτ
2aH +NbH +GntKPτ

4 +GntPdτ
2 −GntQd0τ

4 = 0. (D.1)
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Its direction is (N, 2Gntdτ
2). At a point align fixed Cartesian axes with (n, t) and set

cH = υxxx, eH = υxxy; then υxyy = −cH and υyyy = −eH . Differentiating the second
equation of (6.9) in both directions yields a system for (cH , eH) with matrix

M =
(
u w

−w u

)
, u = − 2d

d0τ2 , w = N

Gntd0τ4 , detM = 4G2
ntd

2τ4 +N2

G2
ntd

2
0τ

8 > 0. (D.2)

For d ̸= 0 the first numerator term is positive; for d = 0 the second isK2τ12. The determinant
is therefore positive.

The differential rules are

nτ = aH , tτ = bH , naH = cH + 2b2
H/τ,

taH = eH + 2bH(P − aH)/τ,
nbH = eH + (P − 2aH)bH/τ,

tbH = −cH + (P − 2aH)(P − aH)/τ,
Vn = A′aH +G′

ntbH + (A− C0)(P − aH)/τ − 2GntbH/τ,

Vt = G′
ntaH + C ′

0bH + (A− C0)bH/τ + 2Gnt(P − aH)/τ,
curl divG = nVt − tVn + VnbH/τ + Vt(P − aH)/τ.

Here G′
nt = (AC0 − d0)′/(2Gnt). These rules and the two derivatives of (D.1) determine

a quadratic residual after the adjugate solution of (D.2), after multiplying the substituted
curl residual by the determinant of that third derivative system. This determinant is strictly
positive on the chart. Parametrize the affine line (D.1) by its stated direction and a scalar
sH . The coefficient of s2

H is

−Gntτ
6H(τ)

d2
0D(τ)3 , D = −τ4G2

nt, degH = 24, [τ24]H = −K6. (D.3)

To obtain this coefficient, take the homogeneous Hessian part of the residual, set P = Q = 0,
substitute (aH , bH) = (N, 2Gntdτ

2), replace G2
nt using (6.10), and collect powers of τ . Since

K > 0, only finitely many τ levels can annul this coefficient. Away from them there are at
most two Hessians at fixed τ .

To fix the normalization, write the differentiated inverse flux equations as M(cH , eH)⊤ +
r = 0 and denote the planar curl residual by C. The residual used in (D.3) is

Ĉ = detM C|cH=eH=0 − (∂cH C, ∂eH C) adj(M)r. (D.4)

It is detM times the substituted curl residual. Since detM > 0, its zero set is the zero set
of the substituted curl residual.

D.2 Translation and rotation

We use Nb = b⊤b as in Section 6. The harmonic reduction follows from the identity below.
In coordinates (q, υ) let

Ediv = div(vG−1a), Etr = tr{G−1(K + vaa⊤)} + v − I1, Ephase = (da)qυ + 2p/v2,

and j = vG−1a. Put EC = d divG(K + vaa⊤) and EL = d divG(vK). An identity before
imposing any equation is

(EC − v−1EL)qυ + 4∆Gzf/v = aυ∂qEdiv − aq∂υEdiv + v−1∂υEtr

+ 2EphaseEdiv + (∂qEphase)jq + (∂υEphase)jυ. (D.5)
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The proof expands

(divG T )b =
∑
i,j

∂i((G−1)ijTjb) + 1
2
∑
i,j

Tij∂b(G−1)ij .

All first and second jets of the three entries of G−1 and the two entries of a are independent
in this expansion. For the phase function, Ephase = 0, and the constant spectral and vertical
equations give Etr = 0, Ediv = KCf

. Equation (D.5) therefore gives ∆Gzf = 0.
On the remaining chart write

aq = U, aυ = QLU/v, U2 = Nb

Q(v + L2) , P = v3 − I1v
2 + I2v − j, (D.6)

and define the signed reconstruction variables

A = j

v
− P

vNb
, R0 = I2 −A− j(1 + Nb)

v
, T 2 = vAR0 − jv2. (D.7)

Here Nb, A,R0 > 0 and T ̸= 0, with signed variables T,U . The spectral identities give
equivalently

T 2 = − 1
vN 2

b

3∏
i=1

(
(v − λj)(v − λk) + λjλkNb

)
, {i, j, k} = {1, 2, 3}.

The metric reconstruction is

r = (−K−1
22 aυ,K

−1
11 aq), s0 = I2/j − (1 + Nb)/v,

Gij = A

j
Kij + v

Nb
(s0 − 2A/j)aiaj − T

jNb
(airj + riaj). (D.8)

Then G−1 = j adjG. This gives detG−1 = j and the two trace identities. Substitution in
the vertical equations and harmonicity gives the affine system below.

The case U = 0. Before using L, suppose ψq = 0 and write w = ψυ. The inverse vertical
equation is

(1 + p2/(2q))wυ = −KC−1
f
.

For p ̸= 0, differentiation in q gives wυ = 0 andKC−1
f

= 0. For p = 0, write wυ = β = −KC−1
f

.
If β ̸= 0, (v, w) are coordinates. Harmonicity and the forward vertical equation give

Tq = T/q + βAw, T = − v

2w (KC−1
f
A+KCf

), A = j

v
− P

v2w2 .

Substitution into T 2 = vAR0 − jv2, followed by multiplication by 4v3w6, gives a polynomial
in w with leading term −4j2v3w8. It cannot vanish on an open (v, w) rectangle. Thus w is
constant in both cases. Both metrics then depend only on v, and Lemma 6.6 excludes the
branch.
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The reconstruction system. Subscripts v,Nb in what follows hold I1, I2, j fixed. Put
D = v + L2 and

ANb
= (j/v −A)/Nb,

TNb
= {v(R0 −A)ANb

− jA}/(2T ),
Av = −j/v2 − (vPv − P )/(v2Nb),
Tv = {I2A−A2 − 2jv + v(R0 −A)Av}/(2T ),
F = A− TL/v, G0 = AL+ T,

S = Q{T (v − L2) − v(R0 −A)L}
v2D

,

R1 = vR0 +AL2 + 2TL
vD

.

Let

b0
q = 2Nb/Q+ 2Nb/D, bq = (2Nb, 0, 2NbL/D, 0), bυ = (0, 2Nb, 0, 2NbL/D).

For y = (Uq/U,Uυ/U,Lq, Lυ)⊤, the four rows of M are

M1 = (QL/v,−1, Q/v, 0),
M2 = (Q,L, 0, 1),
M3 = Q{(F, 0, FL, 0) + FNb

bq} + (0, G0, 0, (G0)L) + (G0)Nb
bυ,

M4 = SNb
bq + (0, 0, SL, (R1)L) + (R1)Nb

bυ.

The equations are

My + r0 +
KCf

U
rC +

KC−1
f

U
rinv + 1

U
r−1 +KCf

rC0 + UrU = 0, (D.9)

where

r0 = (2p2L/v2, 2, 2F +Q(2Fv + FNb
b0

q), 2Sv + SNb
b0

q)⊤,

rC = (0, 0,−1, 0)⊤, rinv = (0, 1, 0, 0)⊤,

r−1 = (2p/v2, 0, 0, 0)⊤, rC0 = (0, 0, 0, p/v)⊤,

rU = (0, 0, 0,−2pQF/v2)⊤.

The rows are phase closedness, inverse vertical equilibrium, forward vertical equilibrium, and
harmonicity with its forward-equilibrium part subtracted. Its determinant is

detM = −2N 2
b Q

2

vD
W, W = αL+ β, (D.10)

with

α = 2TANb
+ (R0 −A)TNb

vNb
, β = 2A2

Nb
+ 2T 2

Nb
/v + j(2j/v −A)/(vNb).

The matrix follows by substituting the derivatives of (D.6) in the four equations.

The determinant zero set. Set C0 = 2TANb
+(R0 −A)TNb

and D0 = 4T 2 +v(R0 −A)2.
Direct expansion gives

β = jA

vNb
+ 2j2AR0

vD0
+ 2C0(C0 + 2jT/v)

D0
.
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Thus α = 0 implies β > 0, so every physical point of W = 0 has α ̸= 0 and L = −β/α.
Partition M =

(
E F0
G1 H0

)
after its first two rows and columns. Its upper-left determinant is

QD/v > 0. Write

N = H0 −G1E
−1F0, r̂ = rbottom −G1E

−1rtop.

On the determinant zero setW = 0, detN = 0, and every solution satisfiesN11r̂2−N21r̂1 = 0.
This identity remains necessary when the first column or the matrix N vanishes. Apply this
cofactor to the six displayed right-hand columns and multiply by U to obtain a0U + d1 = 0.
Consequently

NU = d2
1 − U2a2

0 = 0.
This formula, the Schur complement above and (D.9) specify NU . Substitute L = −β/α and
the algebraic relations. At Nb = ∞ its coefficients are

[N 2
b ]NU =

j2QK2
Cf

v5 , [N 3/2
b ]NU = 0, [Nb]NU

∣∣
KCf

=0 = −36j2Q2

v4 . (D.11)

They can be obtained by the binomial expansion of T specified below. One of these coeffi-
cients is nonzero for every real pressure pair. Moreover

T 2 = −j2

v
Nb +

(
2jI2 − jI1v − 3j2/v

)
+ P (3j/v − I2)

Nb
− P 2

vN 2
b

(D.12)

has an odd-order pole, so it is not a square in C(Nb). The T -norm of the nonzero element
NU is a nonzero rational function of Nb. There are finitely many possible Nb at fixed v; then
T, L, U also have finite fibres. Lemma 6.6 excludes the open part of the determinant zero
set.

Regular Frobenius equations. On W ̸= 0 define y by the adjugate solution of (D.9).
The total derivatives on algebraic functions of (v,Nb, L, U) are specified by

Dqv = 2, Dυv = 0,
DqU = Uy1, DυU = Uy2,

DqL = y3, DυL = y4,

DqNb = b0
q + 2Nby1 + 2NbLy3/D, DυNb = 2Nby2 + 2NbLy4/D.

Derivatives of A, T use the displayed v,Nb formulas. The two necessary compatibilities, with
all pressure terms combined, are

F1 = Dqy2 −Dυy1 = 0, F2 = Dqy4 −Dυy3 = 0. (D.13)

D.2.1 The projective boundary

Fix the principal values and both real pressures first. Put v = w2, Nb = τ−2, and choose

T = ij

wτ
(1 + c2τ

2 + c4τ
4 + c6τ

6)1/2,

c2 = 2 − vI2/j − P/j + v3/j, c4 = vPI2/j
2 − 3P/j, c6 = P 2/j2.

The square root has constant term one. The second T sheet is obtained by conjugation, and
U has two signs.

First consider L → 0, for arbitrary p. Let r0 =
√
Q and U = ϵ(wr0τ)−1(1 + L2/v)−1/2,

ϵ = ±1. For 0 < a = ordL/ ord τ < 1, the six pressure groups 1,KCf
,KC−1

f
,K2

Cf
,KCf

KC−1
f
,

K2
C−1

f

in F2 have least weights

2, 2 − a, 3, 4 − 2a, 3 − a, 5 − a.
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The coefficient of the unique lowest KCf
term is

−7v
j

(
2p+ ϵi

v − 2p2

r0

)
.

The squared modulus of the parenthesis is v2/Q > 0. Therefore KCf
= 0, after which the

constant group has unique lowest term with coefficient

6I1
j

(v − 2p2 − 2ϵipr0) ̸= 0.

Its parenthesis has squared modulus v2. Each monomial weight is affine in a; the endpoint
inequalities give the stated minimum throughout the interval.

For L = τℓ, ℓ ̸= −iw, the first nonzero coefficients of F1 are, successively,

−
w2KCf

j(w − iℓ)2

(
p(3v − 4p2)

Q
+ ϵi

v − 4p2

r0

)
,

and, after KCf
= 0,

− 6w3τ

j(w − iℓ)2

(
i(v − 4p2) + ϵ

p(3v − 4p2)
r0

)
.

The two squared moduli are v3/Q2 and v3/Q, respectively. Near the remaining root use the
zero set W = 0:

Lwall = −β/α = −iwτ +O(τ3), x = (L− Lwall)/τ.

After extracting powers of τ , the denominators consist of units and x3. Hence N1 = x3F1,
N2 = x3F2/τ are regular at (x, τ) = 0. For KCf

̸= 0 their matrix on (x, τ) is(
a0KCf

b0K
2
Cf

−iwa0KCf
iwb0K

2
Cf

)
, a0 = ϵiw2(r0 − ϵip)3

jr2
0

, b0 = w8(r0 − ϵip)2

j2r2
0

.

Its determinant is a unit. For KCf
= 0 both equations are divisible by τ ; their quotients lie

in (x, τ2) and their matrix on those generators is(
c0 d0

−iwc0 iwd0

)
, c0 = 6iw3(r0 − ϵip)3

jr0
, d0 = 36w10(r0 − ϵip)2

j2 .

Again the determinant is a unit because |r0−ϵip|2 = v. The constant and linear coefficients in
τ vanish at x = 0, giving membership in (x, τ2). Thus the saturated ideal of these equations
contains τ or τ2, respectively. Hence there is no reduced incoming arc.

For p ̸= 0 and finite L ̸= 0, D ̸= 0, write Y 2 = −v/(QD) for the product of the two
leading reconstruction roots. Set

M0 = p2L2 + 2vp2 − v2,

bE = −p(p2L2 + 4vp2 − 3v2),
bO = −Q(3p2L2 + 4vp2 − v2).

The leading coefficients of F1 + LF2/D and of F2|KCf
=0 are

KCf
(bE + bOY )
jL2Q

, −6I1(M0 + 2pQDY )
jv

.
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The polynomial identities

QDb2
E + vb2

O = Q(p2L2 + v2)3, M2
0 + 4p2QvD = (p2L2 + v2)2

leave only L = ±iv/p, Y = −p/Q. Near L = iv/p put Nb = −j2/(vz2) and δ = L − iv/p.
The regular equation satisfies

F2/z
2 = κδ2 +O(δ3, zδ, z2), κ = −

vp2(6I1 + 7iKCf
)

j3(p2 − v) ̸= 0.

Thus δ = O(z) for every possible incoming arc. Set

δ = v(p2 − v)
p2j

(vn− 1)z.

After removing nonzero monomials, the coefficients of z4 in F2 and z5 in F1 + LF2/D are a
quadratic Qf (n) and a cubic Rf (n). These coefficients define Qf and Rf . The first is

6Qf = −j(6I1 + 7iKCf
)n2

+ (2ijI1KC−1
f

− 2jKCf
KC−1

f
− 12j)n

+ 2I2
1 + 5iI1KCf

− 2K2
Cf

+ 2ijKC−1
f

+ 4I2.

Their resultant has degree two in v and leading coefficient −j2F G/27, where the two non-
vanishing factors are given below. Hence only finitely many v levels remain exceptional. On
D = 0, use the double cover σ2 = D. The normalized equation F2/τ

2 is regular and has
constant term 6I1Q/j > 0; the odd-U coefficients carry the necessary factor D. At L = ∞,
put s = 1/L. The expression s2F2/τ

2 is regular, with constant

−6I1p
2

jv
±

7iKCf
p2

j
√
vQ

,

whose squared modulus is positive.
For p = 0, finite L ̸= 0 gives, with e2

0 = v(v + L2),

[τ2]F1 = −6I1vL

jD
+
iw(v + 7L2)e0KCf

jL2D
, [τ2]F2 = 6I1v

j
−

7iwe0KCf

jL
.

Their combination first forces KCf
= 0 and then I1 = 0, impossible. At D = 0 the second

equation remains regular and the pressure part is of higher order, so the same contradiction
holds.

The expansions at infinity for p = 0 are as follows. Write Cp = KCf
, Dp = KC−1

f
and

L = ℓτ−a. For 0 < a < 1 the lowest term of F2 is v(6I1 − 7iCp)τ2/j ̸= 0. For a > 1 it is
2ℓ2H2(v)τ4−2a/j2, where

H2(v) = v2(I2
1 − 5iI1Cp/2 − C2

p − ijDp + 2I2)
+ v(−ijI1Dp − jCpDp − 6j) + j(−3I1 + 7iCp/2).

Its constant coefficient is nonzero. For a = 1, put ℓ = iwx and take the leading coefficients
of F2 and F2 + DF1/L. They are a quadratic and a cubic in x whose resultant is divisible
by v4 and has degree-six coefficient −8j2FG. The two factors are

F = jI1C
2
pD

2
p + 2j2CpD

3
p + 4ijI2CpD

2
p + 4I2

1C
2
p + 4iI1C

3
p − C4

p

− 24jI1CpDp + 24ijC2
pDp − 36j2D2

p + 48iI1I2Cp − 24I2C
2
p

+ 432jI1 − 144I2
2 − 432ijCp,

G = j(I1 − iCp)3D2
p + j(−4iI2

1 − 17I1Cp/2 + 19iC2
p/4)Dp

+ 4I4
1 − 20iI3

1Cp − 141I2
1C

2
p/4 + 205iI1C

3
p/8 + 25C4

p/4
+ 8I2

1I2 − 20iI1I2Cp − 25I2C
2
p/2 + 9jI1 − 27ijCp/2.
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For positive, pairwise distinct principal values,

I1I2 > 9j, I2
2 > 3jI1, 0 < I2/I2

1 ≤ 1/3, 0 < j/I3
1 ≤ 1/27.

The two factors are nonzero on this domain. Indeed

Im F = 4Cp

{
I1(Cp + 3jDp/I1)2 + j(I2 − 9j/I1)D2

p + 12(I1I2 − 9j)
}
.

The brace is strictly positive. At Cp = 0, F = −36{j2D2
p + 4(I2

2 − 3jI1)} < 0. For G, put
x = I2/I2

1 , y = j/I3
1 , z = C2

p/I2
1 . The resultant of its real and imaginary parts in Dp is

64j2I14
1
∑7

m=0 qm(x, y)zm, with

q0 = y + 2xy + 9y2/4,
q1 = 1 − x+ x2/4 + y(−9 + 179x)/16 + 3141y2/256,
q2 = 193/32 − 425x/64 + 29x2/16

+ y(−8619/512 + 3565x/128) + 3375y2/128,
q3 = 60673/4096 − 8661x/512 + 1241x2/256

+ y(−77465 + 71745x)/2048 + 5625y2/256,
q4 = 38519/2048 − 2633x/128 + 725x2/128

+ y(−128995/4096 + 36125x/2048),
q5 = 52789/4096 − 6025x/512 + 625x2/256 − 36125y/4096,
q6 = 4575/1024 − 625x/256, q7 = 625/1024.

Since 0 < x ≤ 1/3, 0 < y ≤ 1/27, these are positive: dropping positive terms gives for
q1, . . . , q7 the respective lower bounds

31
48 ,

14719
4608 ,

859649
110592 ,

1192727
110592 ,

477689
55296 ,

11225
3072 ,

625
1024 .

Thus G ̸= 0. The inequalities between monomial weights on each side of a = 1 establish that
there is no other positive breakpoint.

From bounded projection to the second common direction. Lemma 6.7 now gives
finitely many Nb values at each nonexceptional fixed v. Continuity implies ∂υNb = 0. For
all pitches the latter expression has the form

∂υNb = feven(L) + Ufodd(L), U2 = Nb/[Q(v + L2)].

This quadratic extension of C(L) is nonsquare because its two poles are simple. Hence an
L-free component would require feven ≡ 0. Its numerator is n0 +n1L+n2L

2 +n3L
3 using the

explicit matrix. The combinations n0 −vn2, n1 −vn3 are pressure independent. Divide them
respectively by the factors nonzero on the stated domain A3QT and A3QT 2, and reduce by
(D.7). Their Nb resultant is

524288j6v16P 2(5v3 − 3I1v
2 + I2v + j)3G−1(v), (D.14)

where, writing S0 = I2
2 − 4jI1,

[v8]G−1 = 20S2
0 , [v7]G−1 = −132I1S

2
0 − 1804jI2S0 − 14112j3.

Either the first or the second coefficient is nonzero, also when S0 = 0. Outside finitely many
v levels the U -norm of ∂υNb is therefore a nonzero rational function of L. Hence L, then
T,U , have finite fibres. This proves Lemma 6.10. The excluded v levels cannot contain an
open solution because vq = 2.
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D.3 Compactness transverse to the source axis

We prove Lemma 6.4 using the state and data of Definition 6.2.

Proof. In a largest component chart write n = (s, t, 1) and set

S[wZ
3 ] = (wZ

3 p, (wZ
3 )2τ , (wZ

3 )3u).

For an escaping sequence introduce a signed inverse size ε, and put

S[εwZ
3 ] = (εp[wZ

3 ], ε2τ [wZ
3 ],

ε3u[wZ
3 ]).

Write the principal value ratios of the reciprocal metric as (1, a, b); thus the metric called
Cf in this section has principal value ratios (1, a−1, b−1). The only divisors involving these
ratios are ab(a− 1)(b− 1)(a− b).

The common field equations are

Hj =
∑

i

niQj
i (S[εwZ

3 ]) + djσεS
[εwZ

3 ]
j = 0, σ = 0.

The curvature equations and differentiated compatibility equations are independent of σ.
Write τ

[ℓ]
⊥0 = (τ [ℓ]

1 , . . . , τ
[ℓ]
5 ). First the weight-two variables other than τ

[εwZ
3 ]

0 are solved by
the rows (1, 3, 6, 7, 8) of the weight-one equations; their axis minor is (a− b)/(a(b− 1)). The
rows (1, 3) of the weight-two equations have identity coefficient block on the two weight-three
variables. The weight-four compatibility polynomial E6 has coefficient 8 on (τ [εwZ

3 ]
0 )2 at the

axis. These facts give

|τ [wZ
3 ]| ≤ C(1 + |p[wZ

3 ]|)2, |u[wZ
3 ]| ≤ C(1 + |p[wZ

3 ]|)3.

The angular and pressure equations and a nonzero quadratic compatibility polynomial
rule out escape away from principal axes. On a direction chart with one zero component,
n = (0, v, 1) or (v, 0, 1), the respective nonzero leading coefficients are

−vb(a− 1)
a− b

,
vab(b− 1)(a− 1)

(a− b)2 ,

with weight-two minors 2(a − b)v4/(a(b − 1)) and −2v4. Thus an escaping subsequence
approaches a principal axis. At n = (0, 0, 1) write Jij for the standard matrix units, (Jij)kℓ =
δikδjℓ. The limiting homogeneous state is

p[εwZ
3 ] = pJ13 + qJ23, τ

[εwZ
3 ]

0 = pq, τ
[εwZ

3 ]
⊥0 = 0, u[εwZ

3 ] = 0, (p, q) ̸= (0, 0). (D.15)

For example, the kernel of the data map initially allows a diagonal term proportional to
(1, a(b − 1)/(a − b), b(a − 1)/(a − b)); the weight-one equation forces its square to vanish.
The remaining weight-four equation is 8(τ [εwZ

3 ]
0 − pq)2 = 0.

Near (D.15), use normal variables (s, t, h, z) with h = p
[εwZ

3 ]
33 and z = τ

[εwZ
3 ]

0 − pq. Rows
of the data equations (1, 2, 3, 6, 7, 8), namely (A1, A2, A3, B∗3,K1,K2), together with rows
(1, 3, 6, 7, 8, 10, 12) of H solve thirteen state variables, with nonzero combined minor −(b −
a)(a − 1)/(4a2(b − 1)). Pull back the eight data equations, seventeen H equations, three
cubic, twenty-one quartic and twenty-seven quintic compatibility equations. With Λ =
diag(1, a−1, b−1), the angular equations are the three components of each of

εA = ((p[εwZ
3 ])⊤ − tr(p[εwZ

3 ])I/2)n, εB∗ = ((p[εwZ
3 ])⊤Λ − tr(Λp[εwZ

3 ])I/2)n, (D.16)
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and two independent components of εK = P(p[εwZ
3 ])n, where P is the pressure matrix in

(E.6). The angular components are bounded, with fixed physical norms and pitches; the
pressure data are fixed. The thirteen solved variables are all state components except p[εwZ

3 ]
13 =

p, p
[εwZ

3 ]
23 = q, p

[εwZ
3 ]

33 = h, τ
[εwZ

3 ]
0 = pq+ z. For the kernel of the data map away from the axes,

relabel so 0 < b < a < 1 and write a nonzero direction as (s, t, 1) with st ̸= 0. The
eight-by-nine matrix of the data map has a nonzero minor on the stated domain

(b− a)s(b− 1)
4a2b3 {b(a− 1)s2t2 + a(b− 1)s2 − (a− b)t2} ̸= 0.

Normalize its one dimensional homogeneous kernel by p
[εwZ

3 ]
13 = 1. Solve the six weight-two

variables from rows (1, 2, 3, 4, 6, 7) of the weight-one common-field equation; their minor is
2(a − b)s2t/(a(b − 1)). The three remaining quadratic equations on the line forming the
kernel of the data map have a simultaneous zero leading coefficient only if

(X + Z)G∗ = 0, F∗ = 0,

where
X = b(a− 1)s2t2 < 0, Y = a(b− 1)s2 < 0, Z = (a− b)t2 > 0,

F∗ = X2 + 2XY + Y 2 − 2XZ + 2Y Z − 3Z2,

G∗ − F 2
∗ = −8(−X + Y − Z)Z(Y − Z)(X + Y + Z).

If X + Z = 0, then F∗ = Y 2 > 0. Otherwise G∗ = F∗ = 0 implies −X + Y − Z = 0
or X + Y + Z = 0; these give respectively F∗ = 4XY > 0 and F∗ = 4Y Z < 0. Thus
at least one quadratic coefficient is nonzero for every admissible triple of principal values
and nonzero direction. This conclusion is independent of the angular and pressure data.
After the Cartesian Hessian change of variables, it gives the nonzero

(
H3

12
)2 coefficient used

below. The cubic and quartic equations follow from the bracket construction, and the precise
twenty-seven derivative rows of weight five are indexed in (E.7); these equations are also used
in Section 7. These seventy-six equations, in the order just specified, form G. Their linear
normal terms are εL(O). Its kernel conditions are

A1 = A2 = B∗1 = B∗2 = 0, (D.17)
2apq(bB∗3 −A3) − a(b− 1)p2(K1 + σ) − (a− b)q2(K2 + σ) = 0. (D.18)

Here A,B∗ are the two angular vectors and K1,K2 the independent pressures in this labeling.
The σ column equals the sum of the two pressure columns. Hence the projection annihilating
the first order forcing image is independent of σ. To specify the projection, order the forcing
columns as the six angular components followed by the two pressure components and the
scale. In the nonresonant chart take rows (4, 5, 10, 12, 28) and columns (1, 2, 3, 4, 5) of the
forcing matrix L. At the p = 1, q = 0 endpoint use rows (4, 5, 10, 23, 28) and columns
(1, 2, 4, 5, 7); at p = 0, q = 1 use rows (4, 5, 12, 22, 28) and columns (1, 2, 4, 5, 8). For any such
invertible block LI,J define PG = G −L:,J(LI,J)−1(G)I . At any further rank-chart boundary
the same definition with a nonzero maximal minor gives the projection; (D.17) keeps the
rank equal to five. Transversality makes |L(O)| bounded away from zero at the limit, since
the first two source angular components cannot both vanish.

Let G(σ) denote the seventy-six residuals after solving the range equations for common
dilation factor σ, using the same normal coordinates and data. The systems σ = 0 and σ = 1
have the same range chart at ε = 0. The projection P annihilates their first order forcing
images. For N = |(s, t, h, z)|, the projected residuals therefore satisfy

P
(
G(0) − G(1)) = O(|ε|(N + |ε|)). (D.19)
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Indeed the difference is divisible by ε, and its normal constant term of the quotient vanishes
because P annihilates the forcing image. At p = 1 the purely quadratic normal row space is

s2 + b− a

a(b− 1) t
2, sh, th, h2, z

(
s+ (a− b)q

a(b− 1) t
)
, zh, z2. (D.20)

The generic seven-row minor is −49152(b− a)(b− 1)2a2q5((b− a)q2 + a(b− 1))/(b4(a− 1)4).
At q = 0 replace it by 41472(b − a)(b − 1)4a4/(b5(a − 1)5). On the remaining real zero set
(b− a)q2 + a(b− 1) = 0, put a = bq2/(q2 + 1 − b); a replacement minor is 2048q10(7q2 − 4b+
3)/(b(q2 + 1)3). On the further zero set 7q2 − 4b+ 3 = 0, it is −49152q9/((q2 + 1)2(3q2 − 1)),
with 0 < q2 < 1/7. The p = 0 endpoint is covered by interchanging the two transverse labels.

If N/|ε| → ∞, division by N2 in the projected equations and (D.19) gives (D.20). At
either extreme principal axis its first form is positive definite, an immediate contradiction.
At the middle axis put

t = r0δ + d, s = δ, b = a(1 + r2
0)/(a+ r2

0).

Then ε, d, h, z = o(|δ|). The next coefficient matrices, obtained by the Taylor coefficients of
the same seventy-six equations, have nonzero minor on the stated domains

1024r0q
3p3(pr0 + q)3

1 + r2
0

, −96r4
0, −96/r0

in the nonresonant region and its two moving endpoints. The columns are (ε, d, h, z) and the
respective equation rows are (47, 21, 49, 13), (12, 13, 17, 48) and (10, 13, 17, 47). The endpoint
blocks are evaluated in the p = 1, q = 0 and p = 0, q = 1 charts with their whole moving-
parameter neighbourhoods. In each norm contradiction the unprojected term εL(O) forces
the normalized ε component to zero; the three remaining columns are independent. Thus
first (ε, d, h, z) = O(δ2) and then

ε, d, h = o(δ2), z = −2r0p
2q(1 + r2

0)
pr0 + q

δ2 + o(δ2).

Subtracting this centre and repeating the argument gives an O(δ3) remainder and ε = o(δ3).
The fourth order terms now give, respectively, the strictly positive remainders

8r2
0p

4(1 + r2
0)2, 20r2

0(1 + r2
0), 20(1 + r2

0).

For the first expression the preceding equation gives q = pr0.
When q + pr0 → 0, use the derived variables

(ε, d, h,X, Y ), X = z2/δ, Y = (q + pr0)z.

The five-column minor on rows (47, 21, 13, 22, 35) is 4096r6
0p

7(r2
0 + a)/a. The same unpro-

jected forcing removes the first column after each norm normalization. One obtains a centre
(0, 0, 0, 0,−2r0p

2q(1 + r2
0)δ2) and then the bound

|W | ≤ C(|δ||z| + |δ|3)

for the remainder W in these five derived variables. Its X component gives z = O(δ2),
whereas its Y component gives Y/δ2 → 2r2

0p
3(1 + r2

0) ̸= 0, contradicting q + pr0 → 0.
If N = O(|ε|), the unprojected equations read 0 = εL(O)+O(ε2) and again contradict the

nonzero forcing. Escape is impossible. Finally 1 ≤ µ/|wZ
3 | ≤

√
3 on the largest component

chart, so boundedness of (p[wZ
3 ], τ [wZ

3 ],u[wZ
3 ]) is equivalent to the asserted weighted bound

using µ. This proves the lemma.
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D.4 Variations of a cylindrical deformation

Normalize a reference cylinder to

R = r, ψ = ω log r, zf = γz, E = γ2,

∆ = E2 − E(1 + ω2 + k2) + k2 ̸= 0.

For arbitrary first variations set x = δR/r, y = δψ and w = δzf/γ. In cylindrical orthonor-
mal bases, the variation of the gradient is

δFf =

 x+ rxr 0 rxz

ωx+ ryr kx ryz

γwr 0 γwz

 .
Let Ff,0 be the gradient of the reference cylinder and put Cf,0 = F⊤

f,0Ff,0, Ċf = F⊤
f,0δFf +

δF⊤
f Ff,0. The three linearized spectral equations are

tr Ċf = tr(Cf,0Ċf ) = tr(C−1
f,0Ċf ) = 0.

Since E is separated from the two planar eigenvalues, they give wz = 0. For ω ̸= 0, the
remaining equations give

x = A(z)/r2, y = −γ−A(z)/(2r2) +B(z),
w = w(r), γ± = (1 ± ω2 − k2)/ω.

The angular curl residuals of Ċf and −C−1
f,0ĊfC

−1
f,0 are

RCr = 2krB′′, RIr = −2rB′′/(Ek),
RCz = −kγ−A

′′′/2 + kr2B′′′, RIz = γ+A
′′′/(2Ek) − r2B′′′/(Ek).

The two angular curl equations give B′′ = 0 and γ−A
′′′ = γ+A

′′′ = 0. Since γ+ − γ− = 2ω,
A′′′ = 0. The horizontal equations give (w′′ + w′/r)′ = 0. After removing target constants
the kernel is

A = A0 +A1z +A2z
2, B = bz, w = vr2 + h log r. (D.21)

The pressure variations are δKCf
= −kγ−A2 and δKC−1

f
= γ+A2/(Ek), so fixed pressures

force A2 = 0. At ω = 0, the distinct principal values give x = 0 while y(r, z) is initially
arbitrary. Its two angular pressure expressions are

k{r2(yrr + yzz) + 3ryr}, −{Er2yrr + r2yzz + 3Eryr}/(Ek).

Their constancy and E ̸= 1 make both r2yzz and r2yrr + 3ryr constant. Integration, with
the development constants removed, gives

y = Γ log r + bz + (A0 +A1z +A2z
2)/r2, w = vr2 + h log r.

The pressure matrix on (Γ, A2) has determinant 4(E − 1)/E ̸= 0, and fixed pressures again
leave exactly five modes.

The reconstruction and radial weights are used in Lemma 6.12.
For the second-order obstruction, use the cylindrical orthonormal frame, for an axisym-

metric symmetric tensor Q,

dr = ∂rQrr + ∂zQrz + (Qrr −Qθθ)/r,
dθ = ∂rQrθ + ∂zQθz + 2Qrθ/r,

dz = ∂rQrz + ∂zQzz +Qrz/r.
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Write the three closedness residuals as

(Rr(Q), Rz(Q), Rh(Q)) =
(
∂r(rdθ), ∂z(rdθ), ∂zdr − ∂rdz

)
.

Closedness is equivalent to their simultaneous vanishing. For the second variation set R/r =
1 + ϵx + ϵ2x2, ψ = ω log r + ϵy + ϵ2y2 and zf/γ = z + ϵw + ϵ2w2. Expansion gives Cf =
Cf,0 + ϵĊf + ϵ2Cf,2. The inverse coefficient is C−1

f,0ĊfC
−1
f,0ĊfC

−1
f,0 −C−1

f,0Cf,2C
−1
f,0 . The second

order spectral equations are

trCf,2 = 0, 2 tr(Cf,0Cf,2) + tr((Ċf )2) = 0, tr(C−1
f,0Cf,2) − 1

2 tr{(C−1
f,0Ċf )2} = 0.

The second-order axial spectral equation solves

(w2)z = −{Qzz + ((Ċf )rz, (Ċf )θz)(EI − Cf,0,plane)−1((Ċf )rz, (Ċf )θz)⊤}/(2E),

where Q is the quadratic part from the first variation. The Jacobian and trace then solve

r(x2)r + 2x2 = x2 + rxzwr − (w2)z,

ωr(y2)r = −(1 + ω2 + k2)x2 − r(x2)r − E(w2)z − trQ/2.

Integrate these Euler equations to obtain a particular solution; the free part has the same
three arbitrary functions as the first-order kernel for constant principal values. Denote the
triples obtained by applying (Rr, Rz, Rh) to the particular second-order coefficients of Cf

and C−1
f by (RCr, RCz, RCh) and (RIr, RIz, RIh), respectively. Define

Bvar = −RCr/(2kr), Avar = −(RCz + Ek2RIz)/(kω), Wvar = Avar/(Er) −RIh.

The compatibility conditions are

RCr + Ek2RIr, ∂rBvar, ∂rAvar,

− kγ−Avar/2 + kr2∂zBvar +RCz,

RCh + ERIh − ωγ−Avar/(2r) + ωr∂zBvar, ∂zWvar.

The r−7 coefficient of ∂rBvar is

−12{(k2 + ω2 − 1)2 + 4ω2}A(z)2/ω3.

Therefore A0 = A1 = A2 = 0. The remaining compatibility is (6.19), where

P(b, v) = (E − 1)Zb2 + 4EωZbv + 4ET v2,

Z = 3(E − 1)(k2 − 1) − (E + 1)ω2,

T = (E − 1)(k2 − E)(k2 − 1) + ω2{(5E + 1)k2 − E(E + 5)}.

The coefficient denominators divide powers of Ekω∆. The identity is

(E − 1)T + ∆H∗ = Eω2Z, H∗ = (E − 1)(k2 − 1) + (E + 1)ω2. (D.22)
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D.5 Connection fibres for two rotations

We use the physical chart (6.22) on the normalized set N introduced in Section 6. Thus
µ = |Zs| = 1 at the base point, and the adapted Cartesian axes give Zs = ∂x3 and Zt = γ∂y3 .
Write ∂a = ∂/∂xa. At projective infinity the angular vectors are null and perpendicular to
the rotation values, so write

Ωaxial
s = α(1, i, 0), Ωaxial

t = β(1, δi, 0), δ = ±1.

The opposite sign in the reference configuration is obtained by conjugation. Differentiating
equivariance gives

Ha3 = Ωaxial
t × Ff∂xa − Ff (Ωaxial

s × ∂xa), Hab = ∂a∂bf. (D.23)

The nine components of H11, H12, H22 satisfy eight linear rows: the Cartesian ∂1, ∂2 deriva-
tives of trCf , tr(C2

f )/2, log detFf , and the third components of divCf and divC−1
f at

homogeneous infinity. Solve the first seven leaving H3
11 and H3

12. The last coefficient on H3
11

is
−2(t2p2 + s2q2)
s2t2γ(s2 − t2) ̸= 0.

Thus the Hessian is a linear function of (α, β,H3
12).

The next equivariance derivative is

Tab3 = Ωaxial
t ×Hab −HΩaxial

s ×∂xa ,b −Ha,Ωaxial
s ×∂xb

, Tabc = ∂a∂b∂cf. (D.24)

Order the twelve remaining components by T111, T112, T122, T222 and target component. The
fifteen equations consist of the (11), (12), (22) second derivatives of the same three spectral
functions, followed by the (12), (13), (23) curl-div components of Cf and then of jC−1

f . Their
entries follow from

∂aFf = (H1a, H2a, H3a),
∂a∂bFf = (T1ab, T2ab, T3ab),
∂aCf = (∂aFf )⊤Ff + F⊤

f ∂aFf ,

∂a∂bCf = (∂a∂bFf )⊤Ff + F⊤
f ∂a∂bFf + (∂aFf )⊤∂bFf + (∂bFf )⊤∂aFf ,

j∂a∂bC
−1
f = (∂a∂bCf )Cf + Cf (∂a∂bCf )

+ (∂aCf )(∂bCf ) + (∂bCf )(∂aCf ) − I1∂a∂bCf .

The last identity is used modulo the displayed spectral derivative rows. A curl row (i, j)
is
∑

a{(∂i∂aCf )aj − (∂j∂aCf )ai}. These formulas specify the matrix M and the quadratic
inhomogeneous term b(H,Ωaxial

s ,Ωaxial
t ).

Its first twelve rows M0 are invertible throughout the real chart. For an explicit deter-
minant nonzero on the stated domain put D0 = s2 − t2,

L0 = t2(D0 + p2) − s2q2 −D0γ
2, R0 = L0 +D2

0,

P10 = p2L2
0 + q2R2

0 + p2q2{(s2 + t2)2(p2 + q2) + 2D2
0(s2 + t2)} > 0.

Using the second derivatives of detFf gives detM0 = 128pqst(s2−t2)γ5P10. Using J2d2 log J
multiplies the three determinant rows by J = stγ. The principal symbol gives the same
conclusion: the spectral equations for a transverse cubic displacement imply δfi = di((ν ×
ei) · x)3; the remaining columns are proportional to ν − νiei, whose determinant is 2ν1ν2ν3.
If M1 comprises the last three rows, the necessary quadrics are

(Q0, Q1, Q2)⊤ = (−M1M
−1
0 | I3)b(H,Ωaxial

s ,Ωaxial
t ), (D.25)

after the Hessian substitution.
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D.6 The resultant for fixed principal values

For δ = +1 set p = q = e, γ = 1, with 1 < s < t, substitute H3
12 = e−1x, and use the

invertible row changes

f0 = e4Q0, f1 = e7Q1, f2 = e5
(
Q1 + s2 − 1

t2 − 1Q2

)
.

Their coefficients are analytic in h = e2. Complete the square in f1 and remove the square
from f2. The resulting system is

f0 = Ml +A1, f1 = Gl2 +B1, f2 = Nl + C1. (D.26)

M,N are linear and A1, B1, C1 quadratic in (α, β). At h = 0,

l = x+ (1 − i)(s2 − 1)(t2 − 1)
s2 + t2 − 2 α+ i(s+ it)(s2 − 1)(t2 − 1)

s2 + t2 − 2 β,

G0 = − (s2 − t2)(s2 − 1)(s2 + t2 − 2)5

8(s2 + t2)2((s2 − 1)2 + (t2 − 1)2) ̸= 0.

The expansions give A1, C1 = O(h) and B1 = O(h2) throughout a neighbourhood of the
principal value ratios. Form

MC1 −NA1 = hD1 +O(h2), GA2
1 +B1M

2 = h2H2 +O(h3).

These are polynomial consequences of (D.26). This coefficient-extraction rule defines the
binary cubic D1 and quartic H2 from (D.25). The primitive forms are obtained by clearing
coefficient denominators and dividing by their polynomial gcd. The real zero sets of the
cleared denominators and removed common factors are contained in the union of the zero
sets of the following polynomials:

s, t, s2 − 1, t2 − 1, s2 − t2, s2 + t2, s2 + t2 − 2, (s2 − 1)2 + (t2 − 1)2.

They are nonzero on both t > s > 1 and t < −s < −1.
The resultant of the primitive forms equals factors nonzero on the stated domain times

a degree-twenty-four complex factor R(s, t). Its real part is symmetric, and

ImR = −2(t− s)(s+ t)3(st− 1)S(s, t)

with S real symmetric. Put y = st, z = (s − t)2. To express the symmetric polynomials in
these variables, use

U0 = 2, U1 = z + 2y, Um = (z + 2y)Um−1 − y2Um−2 (m ≥ 2),

so that Um = s2m + t2m. This rewrites ReR,S as R0(z, y), S0(z, y) of respective z degrees
eight and six. Their resultant is a nonzero constant times y6(y + 1)32(y − 1)33P23(y). The
integer coefficients of P23, in descending powers, are

(649478266,−11416123738,−12417964938,
187068269041, 3941270024906,−28179287609472,
48074729011126, 68083917662805,−308529862356652,
243011868068132, 320451262838796,−720927035777550,
412914037204036, 186244893175800,−452434890841540,
333508333383970,−132678789329678, 29745956846182,
− 3615699456706, 264797910237,−12968149454,
436200536,−9000882, 82377).
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Over Q[y]/(P23), the monic gcd of R0, S0 is linear in z. It determines z = z(y) uniquely.
The polynomial P23 is irreducible. Sturm isolation gives exactly the following seven real
roots with |y| > 1, together with rational boxes for z(y). Every interval entry in the table is
divided by 106:

y interval z interval exclusion
1 (−1651383,−1651382) (3036882, 3036883) z < −4y
2 (−1453650,−1453649) (5292554, 5292555) z < −4y
3 (−1148067,−1148066) (4508485, 4508486) z < −4y
4 (1216589, 1216590) (701933, 701934) z > (y − 1)2

5 (3476033, 3476034) (52178050, 52178051) z > (y − 1)2

6 (4762576, 4762577) (−6509531,−6509530) z < 0
7 (16921450, 16921451) (−40125866,−40125865) z < 0

The allowable regions are y > 1, 0 < z < (y − 1)2, and y < −1, −4y < z < (y − 1)2. Each
box is disjoint from the corresponding region. In the other target null chart the complete
differential ideal transforms as

Q−(s, t, p, q, γ;α, β,H3
12) = Q+(s,−t, p, q, γ;α,−β,H3

12).

The sign on β is the axial-vector transformation law under reflection.
If a projective root approached e = 0, normalize [α : β : l]. The initial square forces

l = 0, so (α, β) ̸= (0, 0). The two polynomial consequences divided by h, h2 then give
D1 = H2 = 0, contrary to the nonzero resultant. To keep the principal values fixed, start at
diag(

√
λ2,

√
λ3,

√
λ1) and set p = q = ϵ. The spectral Vandermonde is the nonzero Jacobian

of the three spectral equations in (s, t, γ), so their solutions have O(ϵ2) changes. Divide all
target lengths by γ(ϵ) and put e = ϵ/γ(ϵ). Since the preceding coefficient vanishings hold
throughout a neighbourhood of the principal value ratios, this drift leaves the same leading
D1, H2. Thus every fixed triple of principal values has a good direction. Projective projection
is closed, so the bad-direction set E is a proper algebraic subset of the direction surface and
has real dimension at most one.

D.7 The exceptional direction fibres

We impose the direction equation (6.23). For I = ν⊤Cfν and II = ν⊤C2
fν, differentiate

both the tensor and the unit common field direction:

∂aν = Ωaxial
s × ∂xa − ν{ν · (Ωaxial

s × ∂xa)},
∂aI = ν⊤(∂aCf )ν + 2(∂aν)⊤Cfν,

∂aII = ν⊤{(∂aCf )Cf + Cf (∂aCf )}ν + 2(∂aν)⊤C2
fν.

These derivatives determine (dI ∧ dII)(∂x1 , ∂x2). Substitute the Hessian graph into its ho-
mogeneous expression Dphys and into the equation Pax, the multiple by a factor nonzero on
the stated domain of Q0. Precisely, with I = ν⊤Cfν and II = ν⊤C2

fν, use

Dphys = (dI ∧ dII)(∂x1 , ∂x2),
Pax = Ωaxial

t · ∆f + (detFf )Ωaxial
s · div(C−1

f )
= Q0/(4stγ).

The derivatives and the Laplacian in this formula are evaluated from the Hessian graph
(D.23). Both are linear in H3

12:

Dphys = d1H
3
12 + d0, Pax = p1H

3
12 + p0.
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Their elimination is the binary cubic Pdir = d1p0 − p1d0. Only its two extreme coefficients
are needed. Write S = s2, T = t2, P = p2, Q = q2, C0 = γ2, ∆0 = S−T . Their numerators,
over respectively pqst(t2p2 + s2q2) and pq(t2p2 + s2q2), are

4iγ5(pf0 − iqf1), −4iγ2(ptf2 − iqsf3).

The displayed Hessian matrix gives

f2 − f0 = ∆0{T∆0P + TP 2 + 5S∆0Q

+ 5(S + T )PQ− 3SQ2 − ∆0(P + 5Q)C0},
f1 − f3 = ∆0{−5T∆0P − 3TP 2 − S∆0Q

+ 5(S + T )PQ+ SQ2 + ∆0(5P +Q)C0}.

Hence
(P + 5Q)(f1 − f3) + (5P +Q)(f2 − f0) = 2∆0Ψ,

Ψ = TP 3 + (15S + 8T )P 2Q+ (8S + 15T )PQ2 + SQ3 + 12(S − T )2PQ > 0.

If Pdir were identically zero, realness and pqst ̸= 0 would imply f0 = f1 = f2 = f3 = 0, a
contradiction. Reflection covers the second null chart. Thus there are at most three projective
ratios [α : β]. For each ratio, a nonzero d1 or p1 determines H3

12. If both vanish, the three
Qj cannot all have zero

(
H3

12
)2 coefficient: this is the same calculation for the kernel of the

data map underlying the estimate away from the axes in Lemma 6.4, performed directly in
(D.23)–(D.25). Therefore H3

12 has at most two values. The pure H3
12 point α = β = 0 is

excluded by the same coefficient. The strengthened projective set at infinity is finite. Each
strengthened affine fibre has dimension at most one, since a component of dimension at least
two would meet the hyperplane at infinity in positive dimension.

D.8 Two screws

We give the linearized pitch equations and the analytic normalization used in Lemma 6.17.
The matched reference cylinder has R = r, ψ = ω log r, zf = γz, with γ = q/p. At a
normalized base point the common generators are

Zs,e = ∂θ + e∂z, Zt,e = k∂Θ + γe∂Z .

The reference cylinder intertwines these fields for every e. Differentiate equivariance with
respect to a variation parameter at e = 0:

∂θδf − kJaxisδf = δe(γeZ −Dfcez) = 0.

After subtracting the derivative of that reference curve, the first variation satisfies the (R,R)
system. The reference pressure potentials have zero axial derivative, so δKi = ∂θδϕi. The
five modes already derived in (D.21) remain, and the independent pitch mode is added.

At ω = 0 the potentially extra Γ log r and A2z
2/r2 terms are removed by the two pressure

equations
δKCf

= 2k(Γ +A2), δKC−1
f

= −2(Γ +A2/E)/k,

whose coefficient determinant is 4(E − 1)/E ̸= 0.
The pitch variation is consequently an independent eigenvector of weight −1, and its

angular pressure variation is zero.
For the stable normal form, the three weight −1 coordinates are denoted by x and the

weight −2 coordinate by a, as in (6.29), with Q2 a homogeneous quadratic form. A finite
quadratic coordinate change removes every nonresonant quadratic monomial; its divisors are
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nonzero integers. Only the x2 terms in the a equation resonate. Write the transformed field
as N + E3, E3 = O(|(x, a)|3), where N is the right side of (6.29). Its flow is

Ψt(x, a) = (e−tx, e−2t(a+ tQ2(x))).

If Φt is the flow of N +E3, for any small δ < 1/3 it satisfies |Φt(y)| ≤ Ce−(1−δ)t|y| in a fixed
small complex neighbourhood. Set Ht(y) = Ψ−t(Φt(y)). Differentiation gives

dHt

dt
= DΨ−t(Φt(y))E3(Φt(y)),

bounded by C(1+t)e−(1−3δ)t|y|3, uniformly in the initial value. Thus Ht converges uniformly
holomorphically; its limit is H(y) = y + O(|y|3) and conjugates the two flows. This proves
the analytic normal form.

E Similarity identities and dilation equations
This appendix gives the coefficient calculations used in Sections 5 and 7 and in the compact-
ness estimate of Section 6. The defining equations are reconstructed from flatness of the two
metrics and closedness of the pressure forms.

E.1 Similarity identities before the restriction to constant principal values

Use the tensors and Jacobian of Section 5. In the following identities, quantities involving
Ff−1 are evaluated at f(x). With ℓ = ∇x log |J |,

divxCf = F⊤
f ∆xf + 1

2∇x trCf , divxC
−1
f = (∆yf

−1) ◦ f − C−1
f ℓ. (E.1)

These identities use only invertibility and equality of mixed second derivatives. For the first,
expand ∂j((Ff )ai(Ff )aj) and replace ∂j(Ff )ai by ∂i(Ff )aj . For the second, write (C−1

f )ij =
(Ff−1)ia(Ff−1)ja and use ∂xj = (Ff )bj∂yb

. The derivative of the first factor gives ∆y(f−1)i;
that of the second gives (Ff−1)ia∂ya log | detFf−1 | = −(C−1

f ℓ)i. Exchanging f and f−1 gives
the other two formulas in the main text.

Differentiating the inverse and the two metric products gives

DjFf−1 = −Ff−1(DjFf )Ff−1 ,

DjCf = (DjFf )⊤Ff + F⊤
f DjFf ,

DjC
−1
f = (DjFf−1)F⊤

f−1 + Ff−1(DjFf−1)⊤,

The first identity follows from differentiating FfFf−1 = I; the other two follow from the
product rule.

Here λi denote the eigenvalues of Cf = F⊤
f Ff . For constant positive, pairwise distinct

principal values, J , trCf and trC−1
f are constant. Thus the two gradient pressures are

exchanged by composition with f−1. The labelled pressures are recovered using

det

 1 1 1
λ1 λ2 λ3
λ−1

1 λ−1
2 λ−1

3

 = −(λ1 − λ2)(λ1 − λ3)(λ2 − λ3)
λ1λ2λ3

. (E.2)

If ᾱi is the transported unit principal form, then f∗ᾱi =
√
λiαi, and consequently h̄i ◦f =

(λi/J)hi.
The constant-factor Killing equation implies D2Z = 0 by its three cyclic derivatives. A

skew matrix in three dimensions has eigenvalues 0, iω,−iω, hence det(σI+ Ω) = σ(σ2 +ω2).
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For σ ̸= 0 there is exactly one centre; for σ = 0 the translation splits uniquely into axial
and perpendicular parts, and only the latter can be removed by shifting the origin. Equality
of the two scales follows by differentiating the constant positive trace of the relative metric.
Differentiating the orbit formula gives

Df(Φt
sx0) = etΩt [Zt(y0), y0,u, y0,v][Zs(x0), x0,u, x0,v]−1e−tΩs .

The invariant pressure forms have coefficients independent of the orbit parameter. Their
closedness is exactly ∂uat = ∂vat = 0 and ∂uav − ∂vau = 0; thus their orbit coefficients are
arbitrary real constants.

E.2 State equations and pure dilation

For the coefficient calculations, the fixed ordering of the state is
Λ = diag(1, a−1, b−1),

S = (p11, p12, . . . , p33, τ0, . . . , τ5, u0, u1).
These are the coordinates of (2.21). The nine entries of p are ordered by rows and have
weight one; the entries of τ have weight two and those of u have weight three. The coordinate
weights dj are those of Section 2. The state convention is

pij = ej · curl ei, [ei, ej ] = Ck
ijek, Ck

ij = −ϵijℓpkℓ, DiS = Qi(S). (E.3)

Write wZ = (wZ
1 , w

Z
2 , w

Z
3 ), where wZ

i = αi(Zs). On a chart where wZ
3 ̸= 0, put

n = (s, t, 1) = wZ/wZ
3 , S[wZ

3 ] =
(
wZ

3 p, (wZ
3 )2τ , (wZ

3 )3u
)
.

The coordinate t = n2 is distinct from the state block τ . Weighted homogeneity and LZsαi =
αi give

Hj :=
3∑

i=1
niQj

i (S[wZ
3 ]) + djS[wZ

3 ]
j = 0. (E.4)

The angular vectors and projector pressure constants are

A = ((p[wZ
3 ])⊤ − 1

2 tr p[wZ
3 ] I)n,

B∗ = ((p[wZ
3 ])⊤Λ − 1

2 tr(Λp[wZ
3 ])I)n,

K = P(p[wZ
3 ])n,

∑
i

Ki = 0,
(E.5)

where

P(p[wZ
3 ]) =


p

[wZ
3 ]

23 − p
[wZ

3 ]
32 p

[wZ
3 ]

13 −p[wZ
3 ]

12

−p[wZ
3 ]

23 p
[wZ

3 ]
31 − p

[wZ
3 ]

13 p
[wZ

3 ]
21

p
[wZ

3 ]
32 −p[wZ

3 ]
31 p

[wZ
3 ]

12 − p
[wZ

3 ]
21

 . (E.6)

The vector A gives the source angular vector in the principal frame; the target angular vector
has components

√
ΛB∗/ det

√
Λ. Their norms are controlled by the fixed angular speeds. The

components Ki are constant.
Use the cubic compatibilities C1, C2, C3 and the ordered quartic compatibilities

E0, . . . , E20 of Appendix A.2. Define Gquint
0 , . . . , Gquint

26 as follows. In the ordered list

(E0, E1, E3, E5, E6, E10, E11, E12, E13, E15, E18, E19)

take the three derivatives Q1,Q2,Q3 of each entry, in this order, and retain the positions

1, 2, . . . , 19, 21, 22, 23, 26, 28, 31, 32, 35. (E.7)

This finite list supplies necessary differential consequences. Reconstruction and continuation
use their full differential closure.

The six-column coefficient block for τ in rows (1, 2, 3, 4, 6, 7) of the first homothety equa-
tions has determinant 2(a− b)s2t/[a(b− 1)].
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E.2.1 Pure dilation

We prove the algebraic step in Lemma 7.2 on the dense direction chart established there.
Relabel and normalize the principal values so that 0 < b < a < 1, and put

κ = a(b− 1)
a− b

< −1, ℓ = κ+ 1 = b(a− 1)
a− b

< 0.

Both angular vectors in (E.5) are zero. Their six equations solve the six off-diagonal entries
of p[wZ

3 ] using only s, t and spectral differences. The first nine equations in (E.4) solve the
six τ [wZ

3 ] variables with the row indices 1, 2, 3, 4, 6, 7 and determinant

2(a− b)s2t

a(b− 1) .

After substituting these six coordinates and the zero angular vectors, the remaining rows
H5, H8, H9 satisfy

H5 − κ

ℓ
H9 = Hdil := κp

[wZ
3 ]

11 + p
[wZ

3 ]
22 − κ

ℓ
p

[wZ
3 ]

33 . (E.8)

Here p[wZ
3 ]

ii = wZ
3 hi.

The identity Hdil = 0 holds on a solution open set, and its directional derivatives vanish
there. With D

[wZ
3 ]

i = wZ
3 Di, the scaled directional derivatives are

D
[wZ

3 ]
i p[wZ

3 ] = (Qpjk

i (S[wZ
3 ]))j,k +

(
δi3 +

∑
k

C3
ki(p[wZ

3 ])nk

)
p[wZ

3 ],

D
[wZ

3 ]
i nj = δij +

∑
k

Cj
ki(p

[wZ
3 ])nk − nj

(
δi3 +

∑
k

C3
ki(p[wZ

3 ])nk

)
.

Writing Hu = p
[wZ

3 ]
11 , Zu = p

[wZ
3 ]

33 and eliminating p[wZ
3 ]

22 by (E.8), the three derivatives are

D
[wZ

3 ]
1 Hdil = κHu

ℓt
[ℓ2t2Hu + (κ− ℓt2)Zu], (E.9)

D
[wZ

3 ]
2 Hdil = −p

[wZ
3 ]

22
ℓs

[Zu − ℓ2s2Hu],

D
[wZ

3 ]
3 Hdil = κZu

ℓ2st
[t2Zu − ℓ(κs2 + t2)Hu].

All the prefactors being nonzero, these imply

Zu = ℓ2s2Hu, t2 = κs2

ℓs2 − 1 , p
[wZ

3 ]
22 = κ(ℓs2 − 1)Hu. (E.10)

Set z = ℓs2 < 0. Then z2 − z + 1 > 0. The remaining equations are Ej = Hu(Aj + BjHu),
j = 0, 1, where

A0 = 2κℓs2, B0 = (2κt/s)(z2 − 1)(z2 − z + 1),
A1 = ℓt, B1 = κℓs(2z − 1)(z2 − z + 1)/(z − 1).

Their necessary determinant is

A0B1 −A1B0 = 2κ2ℓs(z2 − z + 1)2

z − 1 ̸= 0. (E.11)

The determinant is nonzero for every z < 0, so the two equations are inconsistent when
Hu ̸= 0.
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E.3 Normal estimates at principal directions

Lemma E.1 (Normal estimate at a principal direction). For each fixed triple of positive,
pairwise distinct principal values and bounded angular and pressure data, an unbounded
normalized state can approach only a principal direction. Its homogeneous limit belongs to
the plane (E.14). Let ε be the signed inverse size of p[wZ

3 ] and let (s, t, h, z) be the normal
coordinates defined below. Then N = (s2 + t2 + h2 + z2)1/2 = O(|ε|).

Proof. We prove the lemma from the homothety equations and the angular and pressure
equations. The estimate includes every principal label and every limiting point of the pro-
jective cylindrical circle.

Nonaxial directions and the higher jets. Use a maximum component chart n =
(s, t, 1), |s|, |t| ≤ 1, and the weighted state S[wZ

3 ]. For st ̸= 0, the eight component func-
tions in (E.5) define a linear map of rank eight on the nine entries of p[wZ

3 ]. In the ordering
0 < b < a < 1, a minor is

(b− a)s(b− 1)
4a2b3 {b(a− 1)s2t2 + a(b− 1)s2 − (a− b)t2}. (E.12)

The expression in braces is strictly negative. The remaining affine line is controlled by
the quadratic residuals of the first nine homothety equations. For their quadratic leading
coefficients, put

X = b(a− 1)s2t2 < 0, Y = a(b− 1)s2 < 0, Z = (a− b)t2 > 0,

and
F∗ = (X + Y )2 − 2XZ + 2Y Z − 3Z2,

G∗ − F 2
∗ = −8(−X + Y − Z)Z(Y − Z)(X + Y + Z).

Their simultaneous vanishing would require F∗ = 0 and (X +Z)G∗ = 0. If X +Z = 0, then
F∗ = Y 2 > 0. Otherwise the factored identity forces −X + Y − Z = 0 or X + Y + Z = 0,
which respectively give F∗ = 4XY > 0 and F∗ = 4Y Z < 0. Both are impossible. Thus the
state is bounded on compact sets of directions with all components nonzero.

At n = (0, v, 1), v ̸= 0, the minor of the data matrix and the six-τ [wZ
3 ] minor can be

chosen as
(a− b)3v4

4a3b3 ,
2(a− b)v4

a(b− 1) ;

a nonzero quadratic coefficient on the kernel of the data map is −vb(a − 1)/(a − b). At
n = (v, 0, 1) the corresponding three quantities are

(b− a)(b− 1)2v4

4ab3 , −2v4,
vab(b− 1)(a− 1)

(a− b)2 .

Permutation of the principal labels gives the remaining direction charts with one zero com-
ponent. Only principal axis directions can therefore support unbounded p[wZ

3 ].
Write τ

[ℓ]
⊥0 = (τ [ℓ]

1 , . . . , τ
[ℓ]
5 ) for the last five entries of the weight-two block. Near n =

(0, 0, 1), the first homothety block solves τ [wZ
3 ]

1 , . . . , τ
[wZ

3 ]
5 with minor (a− b)/(a(b− 1)). The

second block solves u[wZ
3 ]

0 , u
[wZ

3 ]
1 with an identity coefficient block. With R0 = 1 + |p[wZ

3 ]|
these equations give

τ
[wZ

3 ]
⊥0 = aτ (n)τ [wZ

3 ]
0 + bτ (n,p[wZ

3 ]),

aτ (0, 0, 1) = 0, |bτ | ≤ CR2
0, |u[wZ

3 ]| ≤ C(R0|τ [wZ
3 ]| +R3

0).
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The quartic compatibility polynomial E6 has coefficient 8(τ [wZ
3 ]

0 )2 when p[wZ
3 ] = u[wZ

3 ] =
τ

[wZ
3 ]

⊥0 = 0; every u[wZ
3 ] term has a factor p[wZ

3 ]. On a smaller axis neighbourhood its equation
consequently gives

c|τ [wZ
3 ]

0 |2 ≤ C(R2
0|τ [wZ

3 ]
0 | +R4

0).

It follows that

|τ [wZ
3 ]| ≤ C(1 + |p[wZ

3 ]|)2, |u[wZ
3 ]| ≤ C(1 + |p[wZ

3 ]|)3. (E.13)

This prevents a higher jet from escaping faster than the weighted compactification of p[wZ
3 ].

The limiting plane at a principal axis. Take a sequence with |p[wZ
3 ]| → ∞ and n →

(0, 0, 1). Choose a signed inverse size ε and form S[εwZ
3 ] = (εp[wZ

3 ], ε2τ [wZ
3 ], ε3u[wZ

3 ]). In the
limiting state the kernel of the data map is

diag
(
p

[εwZ
3 ]

11 ,
a(b− 1)
a− b

p
[εwZ

3 ]
11 ,

b(a− 1)
a− b

p
[εwZ

3 ]
11

)
+ pJ13 + qJ23.

The leading first homothety block gives τ [εwZ
3 ]

1 = · · · = τ
[εwZ

3 ]
5 = 0 and a(b− 1)(p[εwZ

3 ]
11 )2/(a−

b) = 0. The next block gives u[εwZ
3 ] = 0, and E6 then gives 8(τ [εwZ

3 ]
0 − pq)2 = 0. Thus every

leading state has the form

p[εwZ
3 ] = pJ13 + qJ23, τ

[εwZ
3 ]

0 = pq,

τ
[εwZ

3 ]
1 = · · · = τ

[εwZ
3 ]

5 = u[εwZ
3 ] = 0, (p, q) ̸= (0, 0).

(E.14)

An analytic range system and its normal equations. Use this compactified state. In
the chart p[εwZ

3 ]
13 = 1, write p[εwZ

3 ]
23 = q, p[εwZ

3 ]
33 = h, τ [εwZ

3 ]
0 = q + z, n = (s, t, 1). The weighted

homothety equations now read

Ĥj =
∑

i

niQj
i (S[εwZ

3 ]) + djεS
[εwZ

3 ]
j = 0. (E.15)

If O(p[εwZ
3 ], n) denotes the six angular expressions and the first two pressure expressions in

(E.5), the eight rescaled data equations are

O(p[εwZ
3 ], n) − εO = 0.

Thus all angular and pressure data carry the factor ε. The rows of the data equations
(1, 2, 3, 6, 7, 8), namely (A1, A2, A3, B∗3,K1,K2), together with the rows 1, 3, 6, 7, 8, 10, 12 of
(E.15), solve the other thirteen state coordinates by the analytic implicit-function theorem.
The product of the three successive pivots is

(a− 1)(a− b)
4a2(b− 1) . (E.16)

The determinant is nonzero. The chart with p[εwZ
3 ]

23 = 1 covers the other projective endpoint.
For general p, q, the identities are written in homogeneous coordinates on the plane (E.14);
either p = 1 or q = 1 gives the corresponding analytic range chart.

To obtain the normal equations, pull back, in order, all eight data equations, the seventeen
equations (E.15), the three C’s, the twenty-one quartic compatibilities, and the twenty-seven
derivatives (E.7); this gives a vector G of seventy-six analytic equations, in the order

G = (O − εO, Ĥ1, . . . , Ĥ17, C1, C2, C3,

E0, . . . , E20, G
quint
0 , . . . , Gquint

26 ).
(E.17)
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Its coefficient of ε is an affine map L(O) of the eight data

O = (A1, A2, A3, B∗1, B∗2, B∗3,K1,K2).

Its image has rank five. For general (p, q) its zero set is

A1 = A2 = B∗1 = B∗2 = 0, (E.18)
2apq(bB∗3 −A3) − a(b− 1)p2(K1 + 1) − (a− b)q2(K2 + 1) = 0.

Let M0 be the Jacobian of the thirteen selected range equations in their thirteen dependent
state entries. Given their Taylor coefficients of degrees less than m, the coefficient of degree
m is −M−1

0 times the degree-m coefficient of those equations after substitution of the lower
terms. This recursion determines every coefficient used below. For the forcing projection,
regard L as a 76 × 9 matrix in the eight data and the constant 1. On the pq ̸= 0 chart take
its rows (4, 5, 10, 12, 28) and columns (1, 2, 3, 4, 5), write the resulting invertible block as L0,
and set

P = I − L:,{1,2,3,4,5}L
−1
0 I(4,5,10,12,28),:.

Here I is the 76 × 76 identity matrix. At a projective endpoint the same construction
uses an invertible five-row block. For (p, q) = (1, v) use rows (4, 5, 10, 23, 28) and columns
(1, 2, 4, 5, 7); for (p, q) = (v, 1) use rows (4, 5, 12, 22, 28) and columns (1, 2, 4, 5, 8). Their
endpoint determinants are specified below. This defines the projection onto the quotient by
imL. The quadratic coefficients in (s, t, h, z) then span

s2 + b− a

a(b− 1) t
2, sh, th, h2, z

(
s+ (a− b)q

a(b− 1) t
)
, zh, z2. (E.19)

The quadratic terms follow by expanding the range equations using (E.16) and reducing
their coefficient matrix in the columns (s2, sh, th, h2, sz, hz, z2). The pivots are

q ̸= 0, T∗ ̸= 0 −49152(b− a)(b− 1)2a2q5T∗
b4(a− 1)4

q = 0 41472(b− a)(b− 1)4a4

b5(a− 1)5

T∗ = 0 2048q10(7q2 − 4b+ 3)
b(q2 + 1)3

T∗ = 0, 7q2 − 4b+ 3 = 0 − 49152q9

(q2 + 1)2(3q2 − 1)

(E.20)

In the order of the four rows of (E.20), the seven equation rows are, respectively,

(13, 17, 19, 21, 35, 47, 74), (12, 13, 19, 22, 35, 48, 76),
(13, 17, 19, 22, 35, 47, 74), (13, 17, 19, 23, 35, 47, 74).

More explicitly, let Mquad consist of these rows in the coefficient matrix of the projected
quadratic terms, and let D be the coefficient matrix of the seven displayed genera-
tors in (E.19). If I selects the seven monomials above, the row identity being used is
D[:,I](Mquad)−1

[:,I]Mquad = D. Here T∗ = (b − a)q2 + a(b − 1). Relabel so that a < 1.
The real zero set T∗ = 0 is parametrized by a = bq2/(q2 + 1 − b), with a < b < 1. On
the further zero set 7q2 − 4b + 3 = 0, b = (7q2 + 3)/4, a = q2(7q2 + 3)/(1 − 3q2) and
0 < q2 < 1/7, so the replacement pivot in the last row is nonzero. The p = 0 chart has pivot
4608(a− b)5q10/[b4(a− 1)4(b− 1)a].

At either extreme principal axis, the first quadratic form in (E.19) is positive definite. If
N = (s2 + t2 + h2 + z2)1/2, analytic remainders give

N2 ≤ C{N3 + |ε|N + ε2},

and hence N = O(|ε|). The middle axis requires a further argument because that quadratic
form is indefinite.
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The middle principal axis. Suppose N/|ε| were unbounded. By (E.19), after passing to
a subsequence,

δ = s, t = r0δ + d, b = a(1 + r2
0)

a+ r2
0
, r0 ̸= 0, ε, d, h, z = o(|δ|).

The signed variable δ may have either sign. In what follows p, q and all moving data are
allowed to vary along the sequence. The Taylor estimates are uniform on compact parameter
neighbourhoods.

First suppose pq(pr0 + q) ̸= 0 at the limiting projective point. Put u = (ε, d, h, z). Four
rows of the projected residual vector have the expansion

(PG)(47,21,49,13) = δM4(O, p, q)u+ δ3c4(p, q) +O(δ4 + δ2|u| + |u|2). (E.21)

On the compatibility set (E.18),

detM4 = 1024r0q
3p3(pr0 + q)3

1 + r2
0

,

and the last three columns of M4 are independent of the data. The unique solution of
M4u2 + c4 = 0 is

u2 =
(

0, 0, 0,−2r0p
2q(1 + r2

0)
pr0 + q

)
. (E.22)

Substituting this vector cancels the cubic coefficient of the residual vector G before projection.
Eliminating the four next coefficients from the same rows leaves, in residual rows 17 and 35,
respectively,

8pq(pr0 − q)(1 + r2
0)2

pr0 + q
= 0, 8r2

0p
4(1 + r2

0)2 = 0 when q = pr0. (E.23)

The latter is impossible.
To estimate the remainders, suppose m = |u| ≫ δ2. The equations give

G = εL(O) +O(|δ|m+m2 + |δ|3).

If ε/m has a nonzero limit, division by m forces (E.18). If that ratio tends to zero, the first
column of M4 disappears and its other three columns may be evaluated at any compatible
set of data. Division of (E.21) by δm contradicts the invertibility of M4 in either case. Thus
u = O(δ2), and its limit is (E.22). Set w = u− δ2u2 using the moving p, q. The cancellation
of the cubic coefficient of G gives

G = εL(O) +O(|δ||w| + |w|2 + δ4).

The same division, now by |w| and δ|w|, proves w = O(|δ|3). The quartic limit therefore
gives (E.23).

At the projective endpoints use (p, q) = (1, v) or (v, 1), with v variable. The forcing pro-
jection is regular there: its pivots at v = 0 are (r2

0 +a)2/r4
0 and (r2

0 +a)2/(a2r2
0), respectively.

The four-column determinants use rows (12, 13, 17, 48) and (10, 13, 17, 47) and are −96r4
0 and

−96/r0. Formula (E.22) is analytic near either endpoint, since its denominator tends to r0
or 1. The preceding two estimates therefore apply in these endpoint neighbourhoods. The
remaining quartic equations at the endpoints are respectively

20r2
0(1 + r2

0) = 0, 20(1 + r2
0) = 0,

again impossible. These are residual rows 22 and 23: if M is the coefficient matrix with four
columns, I is the selected set of four rows and b4 is the vector of quartic constant terms, the
displayed residual is (b4)j −Mj,:M

−1
I,: (b4)I at the endpoint.
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When ∆res = q + pr0 → 0 and p, q are nonzero, arrange the equations in the derived
variables

V = (ε, d, h,X, Y ), X = z2/δ, Y = ∆resz.

Five rows of the projected residual vector have the form

(PG)(47,21,13,22,35) = δM5V + δ3c5 + rrem, detM5
∣∣
∆res=0 = 4096r6

0p
7(r2

0 + a)
a

. (E.24)

The corresponding unprojected equations have the additional term εL(O). The last four
columns and the constant vectors are independent of the data. With C∗ = −2r0p

2q(1 + r2
0),

the projected system satisfies

M5(0, 0, 0, 0, C∗)⊤ + c5 = 0 (E.25)

for the moving parameter q. The unprojected system has the same centre, since the additional
forcing affects only the first column.

Writing v = (ε, d, h), the unprojected and projected remainders obey

|rrem| ≤ C{δ2|v| + |v|2 + |v||z| + |z|3 + |δ|z2 + δ2|z| + δ4}. (E.26)

The quadratic z2 term is included in X, the δ∆resz term in Y , and all δv terms, including
the δε term that depends on the data, are included in M5. These assignments give (E.26)
directly by Taylor’s formula.

If |V | ≫ δ2, the bound z2 ≤ |δ||V |, together with v, z = o(|δ|), makes the remainder
o(|δ||V | + |δ|3). The same compatibility dichotomy for the unprojected equations and the
determinant in (E.24) force a contradiction. Hence V = O(δ2) and, by (E.25),

W := V − (0, 0, 0, 0, C∗δ
2) = o(δ2).

Now |v|, |X| ≤ |W |, so division of (E.26) by |δ| gives

rrem/δ = O(|δ||z| + |δ|3) + o(|W |).

Repeating the invertible-matrix estimate yields

|W | ≤ C(|δ||z| + |δ|3), z2 ≤ Cδ2|z| + Cδ4.

Thus z = O(δ2). But then ∆resz/δ
2 → 0, whereas (E.25) requires it to tend to 2r2

0p
3(1+r2

0) ̸=
0. Hence

N = O(|ε|). (E.27)

The unprojected equations have the expansion

G = εL(O) +O(N2 + |ε|N + ε2). (E.28)

Equation (E.27) and the nonzero forcing pivots therefore give A1, A2 = O(|ε|) in each prin-
cipal axis chart. The direction is also within O(|ε|) of that axis, so

|p[wZ
3 ]| |A× n/|n|| ≤ C.

The other projective chart and a finite cover of the projective circle make the constant
uniform. This is the forcing estimate used in the proof of Lemma 7.3.
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E.4 The cylindrical Jacobian and its invariant subspaces

All state entries in this subsection are coordinates of S[r]; the induced principal operators
are D[r]

i = rDi. Their action on the normalized cylindrical state is

D
[r]
i (S[r])j = Qj

i (S[r]) + djvi(S[r])j , D
[r]
i a0 = −Γi(S[r])a0, D

[r]
i v = wiw − Γi(S[r])v.

(E.29)
With the axial principal label 3, the reference circle is

p[r] = pJ13 + qJ23, τ
[r]
0 = pq, τ

[r]
1 = · · · = τ

[r]
5 = u

[r]
0 = u

[r]
1 = 0,

v = (q,−p, 0), a0 = (0, 0, 1), p2 + q2 = 1, ϵ = 0.
(E.30)

We use the fields (E.29) and the reference circle (E.30), with its axial principal label 3.
Substitution in (E.29) makes every D

[r]
i zero. Let Li = DD

[r]
i at this point, and let J0 be

the Jacobian of the ordered list

(C1, C2, C3, E0, . . . , E20, G
quint
0 , . . . , Gquint

26 , |v|2 − 1, |a0|2 − 1, v · a0).

The precise 23×23 formula for Li is obtained by differentiating (E.29); for its first seventeen
rows,

(Li)jk = ∂kQj
i + djviδjk, 1 ≤ k ≤ 17, (Li)j,17+k = dj(S[r])jδik. (E.31)

Their axial-frame columns are zero. The last six rows are the derivatives of wiw − Γi(S[r])v
and −Γi(S[r])a0, with w = a0 × v. These derivatives determine the matrices from the state
fields and cross products.

Since all three fields vanish at the reference point, the Jacobian of every differentiated
compatibility constraint E obeys

D(D[r]
i E) = DE Li. (E.32)

The Jacobian of (7.9) is [DT , 0], because R = A = 0 on the circle. Form the matrix

J∗ =
[
DT
J0

]
.

It has 77 rows and 23 columns. The following table gives the selected rows and columns and
the corresponding determinants:

Igen = (1, 2, 3, 4, 6, 7, 8, 10, 12, 18, 26, 75, 76, 77),
Jgen = (1, 2, 7, 8, 11, 12, 13, 14, 15, 16, 17, 18, 20, 23),
Ip=0 = (1, 3, 4, 6, 7, 8, 10, 12, 14, 19, 26, 75, 76, 77),
Jp=0 = (1, 4, 7, 8, 11, 12, 13, 14, 15, 16, 17, 18, 20, 23),
Iq=0 = (1, 2, 3, 6, 7, 8, 10, 12, 15, 18, 26, 75, 76, 77),
Jq=0 = (1, 2, 7, 8, 11, 12, 13, 14, 15, 16, 17, 19, 20, 23).

(E.33)

In order, the determinants are

2p4q2(a− 1)2

a(b− 1)2 ,
2(a− 1)2

a2(b− 1)2 ,
2(b− a)(a− 1)2

a(b− 1)3 . (E.34)

The endpoint entries use (p, q) = (0, 1) and (1, 0); the opposite signs are obtained by orien-
tation preserving principal-frame sign changes.
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The kernel has the following description. For pq ̸= 0 choose the nine free increments

(x1, . . . , x9) = (δp[r]
13, δp

[r]
21, δp

[r]
22, δp

[r]
23, δp

[r]
33, δτ

[r]
0 , δv2, δ(a0)1, δ(a0)2).

Put g = b(a− 1)/[a(b− 1)], d = (a− b)/[a(b− 1)]. The dependent increments are

δp
[r]
11 = −x3 + x5 + 2px8 + 2qx9, (E.35)

δp
[r]
12 = d

q2

p2x2 − g
q

p
x3 + q

p
x5

+ q(1 − gq2)
p2 x8 + 1 + gq2

p
x9,

δτ
[r]
1 = pqx8 − p2x9, δτ

[r]
3 = q2x8 − pqx9,

δu
[r]
0 = 2pq2x8 − 2p2qx9,

δv1 = (p/q)x7, δv3 = −qx8 + px9.

The remaining dependent entries δp[r]
31, δp

[r]
32, δτ

[r]
2 , δτ

[r]
4 , δτ

[r]
5 , δu

[r]
1 , δ(a0)3 are zero. At p =

0, q = 1, take instead the free entries (δp[r]
12, δp

[r]
13, δp

[r]
22, δp

[r]
23, δp

[r]
33, δτ

[r]
0 , δv2, δ(a0)1, δ(a0)2);

the nonzero dependent entries are

δp
[r]
11 = −x3 + x5 + 2x9, δp

[r]
21 = x8, δτ

[r]
3 = x8, δv3 = −x8.

At p = 1, q = 0, use the same free list as in (E.35), with δv1 replacing δv2; the nonzero
dependent entries are

δp
[r]
11 = −x3 + x5 + 2x8, δp

[r]
12 = x9, δτ

[r]
1 = −x9, δv3 = x9.

These formulas define a 23 × 9 matrix Nker with identity in its free rows. Substitution in the
explicitly defined matrices yields

J∗Nker = 0, J∗LiNker = 0 (i = 1, 2, 3), (DT )Nker = 0. (E.36)

Together with (E.34), they prove that the kernel has dimension nine and is invariant un-
der the linearized derivations. By (E.32), the same kernel is obtained after adjoining all
differential consequences.

Let Pf select the nine free rows of Nker and define the restricted matrices by

R0 = Pf

(∑
i

viLi

)
Nker, A0 = Pf

(∑
i

wiLi

)
Nker. (E.37)

Equations (E.31) and (E.35) give the following finite polynomial identities:

det(xI −R0) = x(x+ 2)(x− 1)2(x+ 1)5, (E.38)
R0(R0 − I)(R0 + 2I)(R0 + I)2 = 0,

[R0, A0] = 0,
A0PHermite(R0) = 0, PHermite(R0)2 = PHermite(R0),
tr PHermite(R0) = 3,

where the single scalar polynomial is

PHermite(x) = 1 + 5
3x− x2

12 − 7
6x

3 − 5
12x

4. (E.39)

The polynomial satisfies PHermite(0) = PHermite(1) = 1, PHermite(−2) = PHermite(−1) =
P ′

Hermite(−1) = 0. In particular R0(R0 − I)PHermite(R0) = 0; the positive eigenspace is
semisimple, even when the negative −1 block is not. The unique centre is the tangent of
the explicit equilibrium circle (E.30). Adding ϵ gives one further radial eigenvalue 1, with
zero angular linearization. The characteristic polynomial on the augmented tangent space is
therefore

x(x+ 2)(x− 1)3(x+ 1)5. (E.40)
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E.5 Pressure forms

With ϕ1 + ϕ2 + ϕ3 = 0, substitution of the three rows of P(p) gives the structure equation
(2.16), including the off-diagonal cancellations. Exterior differentiation and Cartan’s formula
give (7.23) and (7.24) for the coefficients κi and ℓi = ϑi(Z). The strict pressure interval
−1 < Ki < 2 is a geometric conclusion from the spherical flux identity and the nonexistence
of a nowhere-zero tangent field on the sphere. Together with the similarity weights, it gives
the principal field flow contradiction in Section 7.
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Supplementary calculations
Relation to the proof

Supplementary outputs Results in the proof

Section S1: derivative matrices, compatibility
polynomials and reconstruction

Proposition 2.4; Proposition 2.5

Section S2: ratio equations, normalization factors
and similarity orbits

Lemmas 3.1 and 3.2; Theorem 4.3

Section S3: connection fibres and cylindrical
linearization

Theorem 6.1; Lemma 6.4; Lemma 6.12

Section S4: homothety equations, principal-direction
normal equations and carrier matrices

Theorem 7.1; Lemma 7.3; Lemma 7.6

Section S5: local ideals, normal determinants and
ordinary boundary obstructions

Lemma 8.6; Propositions 8.9 and 8.10

Section S6: characteristic pencils, direction factors
and amplitude conics

Proposition 8.13

Sections S7 and S8: moment matrix, quadratic norm
and slope resultants

Propositions 8.12 and 8.13

Section S9: deformation gradients and pressures Proposition 9.7

S1 The finite frame system
We use the notation and derivative ordering of Section 2. In particular hi = pii, τ = (τ0, . . . , τ5)⊤ and
u = (u0, u1)⊤. Coefficients lie in Q(a, b), where

a, b > 0, ab(a− 1)(b− 1)(a− b) ̸= 0.

The raw state has coordinate weights (19, 26, 32). All row and column indices below start at one.

S1.1 The three derivative matrices
The curvature and pressure expressions define M (0); commutators of the frame coefficients define M (1);
commutators of the retained first derivatives define M (2). Their dimensions and unknown columns are

M (0) ∈ Mat24×27(Q(a, b)), (Dipjk)i,j,k,
M (1) ∈ Mat27×18(Q(a, b)), (Diτr)i=1,2,3; r=0,...,5,
M (2) ∈ Mat18×6(Q(a, b)), (Diur)i=1,2,3; r=0,1.

The indices j, k are lexicographic. The commutator pairs are (2, 3), (3, 1), (1, 2), followed by the coordinate
index. The exact coefficient definitions are those of Appendix A.2. Tables S1–S3 give the resulting
matrices.

Table S1: The first derivative matrix M (0). An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (16, −1) (22, 1)
2 (7, 1) (19, −1 · 2−1) (23, 2−1) (27, 2−1)
3 (4, −1) (10, 2−1) (14, −1 · 2−1) (18, −1 · 2−1)
4 (17, −1) (19, −1 · 2−1) (23, 2−1) (27, −1 · 2−1)
5 (8, 1) (20, −1)
6 (1, 2−1) (5, −1 · 2−1) (9, 2−1) (11, 1)
7 (10, 2−1) (14, 2−1) (18, −1 · 2−1) (24, 1)
8 (1, −1 · 2−1) (5, −1 · 2−1) (9, 2−1) (21, −1)
9 (6, −1) (12, 1)

10 (16, (−1) · b−1) (22, a−1)
11 (7, b−1) (19, −1 · 2−1) (23,

(
1
2

)
· a−1) (27,

(
1
2

)
· b−1)
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Row Nonzero column entries

12 (4, (−1) · a−1) (10, 2−1) (14,
(
− 1

2

)
· a−1) (18,

(
− 1

2

)
· b−1)

13 (17, (−1) · b−1) (19, −1 · 2−1) (23,
(

1
2

)
· a−1) (27,

(
− 1

2

)
· b−1)

14 (8, b−1) (20, −1)
15 (1, 2−1) (5,

(
− 1

2

)
· a−1) (9,

(
1
2

)
· b−1) (11, 1)

16 (10, 2−1) (14,
(

1
2

)
· a−1) (18,

(
− 1

2

)
· b−1) (24, a−1)

17 (1, −1 · 2−1) (5,
(
− 1

2

)
· a−1) (9,

(
1
2

)
· b−1) (21, −1)

18 (6, (−1) · a−1) (12, 1)
19 (11, (b − 1)) (13, (a − b)) (21, (a − 1)) (25, (−1) · (a − b))
20 (2, (−1) · (b − 1)) (4, (−1) · (a − b)) (24, (−1) · (a − 1)) (26, (b − 1))
21 (3, (−1) · (a − 1)) (7, (a − b)) (15, (a − 1)) (17, (−1) · (b − 1))
22 (11, (−1) · b−1 · (b − 1)) (13, (−1) · b−1 · a−1 · (a − b)) (21, (−1) · a−1 · (a − 1)) (25, b−1 · a−1 · (a − b))
23 (2, b−1 · (b − 1)) (4, b−1 · a−1 · (a − b)) (24, a−1 · (a − 1)) (26, (−1) · b−1 · (b − 1))
24 (3, a−1 · (a − 1)) (7, (−1) · b−1 · a−1 · (a − b)) (15, (−1) · a−1 · (a − 1)) (17, b−1 · (b − 1))

Table S2: The first prolongation matrix M (1). An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (9, (−1) · (b − 1)−1 · a−1 · (a − b)) (16, (−2) · (b − 1)−1 · a−1 · (a − b))
2 (14, 1)
3 (8, 1)
4 (14, 1) (17, −1)
5 (9, 1)
6 (10, 1) (13, −1)
7 (11, 1)
8 (12, 1) (15,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

9 (16, (−2) · (b − 1)−1 · a−1 · b · (a − 1))
10 (3, (b − 1)−1 · a−1 · (a − b))
11 (16, −1) (18, 1)
12 (2, −1) (13, 1) (15,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

13 (16, −1)
14 (3, −1) (14, (2) · (a − b)−1 · (b − 1) · a)
15 (4, −1)
16 (5, −1) (15,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

17 (6, −1)
18 (14, (2) · (a − b)−1 · b · (a − 1))
19 (4, (2) · (b − 1)−1 · a−1 · (a − b))
20 (2, −1) (10, 1) (12, −1)
21 (7, −1) (9,

(
1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

22 (2, −1) (5, 1) (10, 1)
23 (8, (−2) · (a − b)−1 · (b − 1) · a)
24 (1, 1)
25 (9,

(
1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

26 (3,
(

1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

27 (4, (2) · (b − 1)−1 · a−1 · b · (a − 1)) (8, (−2) · (a − b)−1 · b · (a − 1))
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Table S3: The second prolongation matrix M (2). An entry (j, c) in row
i means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (3, 1)
3 (4, 1)
4 (5, −1)
6 (6,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

7 (1, −1)
8 (5, 1) (6,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

9 (2, −1)
11 (6,

(
− 1

2

)
· (b − 1)−1 · a−1 · b · (a − 1))

14 (3, −1) (4,
(

1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

16 (1, 1)
17 (4,

(
1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

18 (2,
(

1
2

)
· (b − 1)−1 · a−1 · b · (a − 1))

For the row and column selections in Appendix A.2, the selected determinants are

detM (0)
I0,J0

= − (a− 1)4(a− b)5(b− 1)6

32a6b8 , M (0)Q− r(0) = 0. (S1.1)

detM (1)
I1,J1

= − 2(a− b)2

a2(b− 1)2 . (S1.2)

detM (2)
I2,{1,...,6} = b(a− 1)

2a(b− 1) . (S1.3)

They determine the three raw state fields Qi. Their weights satisfy

17∑
ℓ=1

dℓSℓ
∂Qj

i

∂Sℓ
= (dj + 1)Qj

i . (S1.4)

S1.2 Cubic and quartic compatibility
The first prolongation has three monic cubic residuals, in the order used to define the quartic equations.

C1 = p2
11p23 − p2

11p32 + p21τ3 (a− b)
ab− a

+ p22τ1 (a− b)
ab− a

+ (p
2
21p23 (−a+ b)

ab− a
+ p22τ4 (−a+ b)

ab− a
)

+ (p
2
21p32 (−a+ b)

ab− a
+ p31τ2 (−a+ b)

2ab− 2a )

+ (p11p32p33 (a− b)
ab− b

+ p33τ4 (a− b)
ab− b

)

+ (p21p22p31 (2a− 2b)
ab− a

+ p21p31p33 (−a+ b)
ab− b

)

(S1.5)
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C2 = p11p12p32 − p11τ3 + p11τ5 − p2
12p13 − p2

12p31 − p12τ1

+ (p13p
2
22 (a− b)
ab− a

+ p2
22p31 (−a+ b)

ab− a
)

+ (p32τ2 (−a+ b)
2ab− 2a + p33τ5 (−a+ b)

ab− b
)

+ (p12p32p33 (−a+ b)
ab− b

+ p21p22p32 (a− b)
ab− a

)

+ (p22p31p33 (a− b)
ab− b

)

(S1.6)

C3 = p11p12p33 − p11p13p32 − p11p23p31 − p11p31p32 − p11τ0 − p12p
2
13 − p13τ1

+ (2p11p13p23 + p11τ2 (ab− b)
2ab− 2a − p12p13p31)

+ (p12p
2
33 (−a+ b)
ab− b

+ p21p
2
23 (a− b)
ab− a

)

+ (p21p
2
33 (a− b)
ab− b

+ p22τ0 (−a+ b)
ab− a

)

+ (p11p21p22 (−ab+ b)
ab− a

+ p23τ3 (−a+ b)
ab− a

)

+ (p21p22p33 (−a+ b)
ab− a

+ p21p23p32 (a− b)
ab− a

)

(S1.7)

The twenty-one quartics consist of the twelve nonzero residuals of the second prolongation, followed
by Q1C1,Q2C1,Q3C1, and the analogous triples for C2, C3. Write them as Mu − r. Table S4 gives all
coefficients of the 21 × 2 matrix M .

Table S4: The coefficient matrix of the retained second derivatives. An
entry (j, c) in row i means that the (i, j) coefficient is c. Unlisted entries
are zero.

Row Nonzero column entries

1 (1,
(

1
ab−a

)
· ((5ab − 5a) h1 + (−a + b) h2)) (2,

(
1

2ab−2a

)
· ((−5ab + 5b) h1 + (−a + b) h3))

2 (1,
(

−1
a2b−ab2−a2+ab

)
· (
(
2a2b − 2ab2 − 2a2 + 2ab

)
h1 +

(
−a2b + 2a2 − 2ab + 2b2 − b

)
h2 +(

a2b − a2 − ab + a
)

h3)) (2,
(

−a+1
2a2b−2ab2−2a2+2ab

)
· (
(
7ab − 7b2)h1 +

(
−b2 + b

)
h2 +

(
b2 − a

)
h3))

4 (1,
(

−1
a−b

)
· ((ab − a) h1 + (−5a + 5b) h2)) (2,

(
−1

2a−2b

)
· ((−ab + b) h1 + (−a + b) h3))

6 (1,
(

1
ab−b2−a+b

)
· (
(
a2b − 2ab2 + 2ab − 2a + b

)
h1 +

(
−2ab + 2b2 + 2a − 2b

)
h2 +

(
−a2 + ab + a − b

)
h3))

(2,
(

a−1
2a2b2−2ab3−4a2b+4ab2+2a2−2ab

)
· (
(
−a2b2 + 2ab3 − a2b − b3 + 2ab − b2)h1 +(

9ab2 − 9b3 − 9ab + 9b2)h2 +
(
a2b − 2ab2 + b3 + a2 − 2ab + b2)h3))

7 (1,
(

−1
a3b−a2b2−a3+ab2+a2−ab

)
· (
(
2a3b2 − a2b3 − 3a3b + a2b2 − ab3 + a3 − a2b + 3ab2 + a2 − 2ab

)
h1 +(

−a3b + ab3 − a3 + 7a2b − 7ab2 + b3 − a2 + b2)h2 +
(
−9a3b + 9a2b2 + 9a3 − 9ab2 − 9a2 + 9ab

)
h3))

(2,
(

b
2a2b−2ab2−2a2+2ab

)
· (
(
2a2b − ab2 − 2ab − a + 2b

)
h1 +

(
−ab + b2 + a − b

)
h2 +(

−4a2 + 4ab + 4a − 4b
)

h3))
9 (1,

(
−6

a−b

)
· ((ab − a) h1 + (−a + b) h2)) (2,

(
−1

a−b

)
· ((−3ab + 3b) h1 + (−a + b) h3))

11 (2,
(

−ab+b
ab−a

)
· p31)

12 (2,
(

ab−b
ab−a

)
· p32)

13 (1,
(

a−b
ab−a

)
· h2) (2,

(
−a+b

2ab−2a

)
· h3)

14 (1,
(

a−b
ab−a

)
· p21)

15 (2,
(

−a+b
2ab−2a

)
· p31)

16 (1, (−1) · p12) (2,
(

ab−b
2ab−2a

)
· p12)

17 (1, (−1) · h1) (2,
(

1
2ab−2a

)
· ((ab − b) h1 + (−a + b) h3))

18 (2,
(

−a+b
2ab−2a

)
· p32)

19 (1, (−1) · p13) (2,
(

ab−b
2ab−2a

)
· p13)

20 (1,
(

−a+b
ab−a

)
· p23)
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Row Nonzero column entries

21 (1,
(

1
ab−a

)
· ((−ab + a) h1 + (−a + b) h2)) (2,

(
ab−b

2ab−2a

)
· h1)

Put ∆a = a(b − 1), ∆b = b(a − 1) and ∆ab = a − b. Let S0, S1 select rows (1, 4) and (13, 17) of M ,
and put M0 = S0M , M1 = S1M . With

X0 = ∆bh1h2, Y0 = ∆ah1h3, Z0 = ∆abh2h3,

the determinant outputs are

detM0 = 2(6X0 + Y0 + Z0)
∆a

, detM1 = ∆ab(X0 − Y0 − Z0)
2∆2

a

.

The following combined adjugate gives a left inverse without choosing either determinant as a denomi-
nator.

N = ∆a

2 adj(M0)S0 + 2∆2
a

∆ab
adj(M1)S1 (S1.8)

NM = 7∆bh1h2 Id2, u = Nr

7∆bh1h2
.

These are the outputs used in Proposition 2.4 and in the normalization of Section 3.
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S2 Normalization and the lower ranks
S2.1 The normalization factors and constant ratios
The factors µi and the retained state X are those of (3.1) and (3.2). The cubic reconstruction, together
with the left inverse above, removes τ4, τ5, τ0, u0, u1 on h1h2h3µ1µ2µ3 ̸= 0. For constant abnormality
ratios, use αij = 1 − λj/λi and the three constants Ri of Lemma 3.1. The matrix of the squared
off-diagonal coefficients is
R1(R1 + 1) −α31

α21
R2 −α13

α23
R1R3

−α21

α31
R1R2 R2(R2 + 1) −α12

α32
R3

−α23

α13
R1 −α32

α12
R2R3 R3(R3 + 1)

 .

Its determinant is 4, using R1R2R3 = 1 and α12α23α31/(α21α32α13) = −1.

S2.2 The open normalization divisor
On µ1 = 0, use the variables q, d, g, z,X, Y, U, V,W of Appendix B.3. The opposite-pair equations are

(X2 + d)Y + 2z(1 + z/d)XW = 0, (S2.1)
(dq − Y 2)X + 2z(1 − z/d)YW = 0, (S2.2)

2X2Y 2 + (d− z)Y 2 − q(d+ z)X2 = 0, (S2.3)
−(1 + aq)(z2 + d2) + 2(1 + qg)z − 4XU − 4gY V = 0. (S2.4)

UX = −gW 2

ad
− (z − d)2

4d , V Y = W 2

ad
+ q(z + d)2

4d . (S2.5)

Set R = X2 and e = ad− a− 1. The two necessary cubics in R have the short combination

F1 + F2 = 4adz(z + d)H, H = 4R(R+ d)2 + eK, (S2.6)

K = 2(d2 + 3dz − z2)R2

+ (2d3 + 4d2z − 9dz2 + z3)R+ 3dz2(z − d).

The Laurent roots at infinity and the first cubic evaluated on those roots are

R0 = −3d+O(z−1),
R1 = 1

2z + 1
2e +O(z−1),

R2 = 1
2ez

2 +O(z).
(S2.7)

F1(R0) = 12ade z6 +O(z5),
F1(R1) = a(d− 1)(ad− 1)z6 +O(z5),
F1(R2) = ae3z9 +O(z8).

(S2.8)

ResR(F1, H) = −768a3d(d− 1)(ad− 1)e4z21 +O(z20). (S2.9)

The eight cubic coefficients are given in Appendix B.7. On the exceptional value e = 0, d = 1 + a−1

and H = 4R(R+ d)2. These outputs are used in Lemma 3.2.
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S2.3 Two common similarity generators
The orbit matrices and their constant eigenvalue equations are

det{Γ − λi diag(r2, 1)} = 0. (S2.10)

(a0 − λi)(n22 − λi) = 0, n11(n22 − λi) − n2
12 = 0. (S2.11)

(λj − λk)2(U2
j + V 2

j ) = (λj −m)(m− λk). (S2.12)

For the nonabelian similarity pair, the harmonic height functions and constant planar determinant
satisfy

|F⊥|2 + s = E, |F⊥|2/J2
⊥ + t/κ2 + 1/κ2 = E′,

t = c0s+ d0, c0 = κ2/J2
⊥ > 0.

(S2.13)

b0 = J⊥c0 + J⊥d0/s, (S2.14)
a2

0 = C0 − c0s+ C1/s− J2
⊥d

2
0/s

2, (S2.15)

For the commuting dilation and rotation, the two norm equations reduce to the quadratic alternative

N = u+ bnx
2 > 0, ubn ̸= 0, y = Jx

ku
√

N
, Ñ = 1

u
− ubnk

2

J2 y2. (S2.16)

The cylindrical phase uses t = z/r, Q = an +mt2 and ψc from Appendix B.10. The physical gradient
and the coefficient that removes the nonconstant phase are

Ff =

 an/
√
Q 0 mt/

√
Q√

Q(ω − tψ′
c) k

√
Q

√
Qψ′

c

0 0 ν

 , detFf = ankν,

[t4]P = k2m2 + (K0 − ωm)2 + c2
1.

The remaining constant norm identity is

(E/an − 1)X0W0 = ω2X0W
2
0 + ℓ2X2

0 + k2W 2
0 + h2. (S2.17)
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S3 Common Euclidean isometries
S3.1 Translation fibres
For two translations, use the metric variables of Appendix D.1. The Hessian line, third derivative system
and nonzero quadratic coefficient are

−2Gntdτ
2aH +NbH +GntKPτ

4 +GntPdτ
2 −GntQd0τ

4 = 0. (S3.1)

M =
(
u w

−w u

)
, u = − 2d

d0τ2 , w = N

Gntd0τ4 , detM = 4G2
ntd

2τ4 +N2

G2
ntd

2
0τ

8 > 0. (S3.2)

−Gntτ
6H(τ)

d2
0D(τ)3 , D = −τ4G2

nt, degH = 24, [τ24]H = −K6. (S3.3)

Ĉ = detM C|cH =eH =0 − (∂cH
C, ∂eH

C) adj(M)r. (S3.4)

For a translation paired with a rotation or a screw motion, the variables v,Nb, L, U,A, T,Q,D are
those of Appendix D.2. The metric reconstruction and the determinant outputs are

aq = U, aυ = QLU/v, U2 = Nb

Q(v + L2) , P = v3 − I1v
2 + I2v − j, (S3.5)

A = j

v
− P

vNb
, R0 = I2 −A− j(1 + Nb)

v
, T 2 = vAR0 − jv2. (S3.6)

Gij = A

j
Kij + v

Nb
(s0 − 2A/j)aiaj − T

jNb
(airj + riaj). (S3.7)

Here Q = 2q+p2. The four coefficient rows, in the order phase closedness, inverse vertical equilibrium,
forward vertical equilibrium and harmonicity, are as follows.

Subscripts v,Nb in what follows hold I1, I2, j fixed. Put D = v + L2 and

ANb
= (j/v −A)/Nb,

TNb
= {v(R0 −A)ANb

− jA}/(2T ),
Av = −j/v2 − (vPv − P )/(v2Nb),
Tv = {I2A−A2 − 2jv + v(R0 −A)Av}/(2T ),
F = A− TL/v, G0 = AL+ T,

S = Q{T (v − L2) − v(R0 −A)L}
v2D

,

R1 = vR0 +AL2 + 2TL
vD

.

Let

b0
q = 2Nb/Q+ 2Nb/D, bq = (2Nb, 0, 2NbL/D, 0), bυ = (0, 2Nb, 0, 2NbL/D).

For y = (Uq/U,Uυ/U,Lq, Lυ)⊤, the four rows of M are

M1 = (QL/v,−1, Q/v, 0),
M2 = (Q,L, 0, 1),
M3 = Q{(F, 0, FL, 0) + FNb

bq} + (0, G0, 0, (G0)L) + (G0)Nb
bυ,

M4 = SNb
bq + (0, 0, SL, (R1)L) + (R1)Nb

bυ.
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The equations are

My + r0 +
KCf

U
rC +

KC−1
f

U
rinv + 1

U
r−1 +KCf

rC0 + UrU = 0, (S3.8)

where

r0 = (2p2L/v2, 2, 2F +Q(2Fv + FNb
b0

q), 2Sv + SNb
b0

q)⊤,

rC = (0, 0,−1, 0)⊤, rinv = (0, 1, 0, 0)⊤,

r−1 = (2p/v2, 0, 0, 0)⊤, rC0 = (0, 0, 0, p/v)⊤,

rU = (0, 0, 0,−2pQF/v2)⊤.

detM = −2N 2
b Q

2

vD
W, W = αL+ β, (S3.9)

[N 2
b ]NU =

j2QK2
Cf

v5 , [N 3/2
b ]NU = 0, [Nb]NU

∣∣
KCf

=0 = −36j2Q2

v4 . (S3.10)

524288j6v16P 2(5v3 − 3I1v
2 + I2v + j)3G−1(v), (S3.11)

The two remaining compatibilities are (D.13). The asymptotic coefficients in (S3.10) give the finite
fibre condition on its determinant zero set.

S3.2 Cylindrical linearization and two rotations
At a cylinder with fixed pressure data, the five radial weights are

(−2,−1,−1, 1, 1).

The quadratic obstruction uses E, k, ω,∆,T , H∗, Z defined in Appendix D.4. Its coefficient identity is

(E − 1)T + ∆H∗ = Eω2Z, H∗ = (E − 1)(k2 − 1) + (E + 1)ω2. (S3.12)

The physical Hessian and third derivative systems for two rotations are

Ha3 = Ωaxial
t × Ff∂xa − Ff (Ωaxial

s × ∂xa), Hab = ∂a∂bf. (S3.13)

Tab3 = Ωaxial
t ×Hab −HΩaxial

s ×∂xa ,b −Ha,Ωaxial
s ×∂xb

, Tabc = ∂a∂b∂cf. (S3.14)

(Q0, Q1, Q2)⊤ = (−M1M
−1
0 | I3)b(H,Ωaxial

s ,Ωaxial
t ), (S3.15)

For the first twelve rows, with the determinant differentiated instead of its logarithm, put

D0 = s2 − t2, L0 = t2(D0 + p2) − s2q2 −D0γ
2, R0 = L0 +D2

0,

P10 = p2L2
0 + q2R2

0 + p2q2{(s2 + t2)2(p2 + q2) + 2D2
0(s2 + t2)}.

The selected determinant is

detM0 = 128pqst(s2 − t2)γ5P10.
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Here P10 > 0 on the real chart pqstγ(s2 − t2) ̸= 0. The three determinant rows are multiplied by stγ
when one uses (stγ)2d2 log detFf . The three homogeneous compatibility conics are those in (S3.15); their
source rows and material resultant are specified in Appendices D.5 and D.6. The remaining coefficient
on H3

11, after solving seven Hessian rows, is

−2(t2p2 + s2q2)
s2t2γ(s2 − t2) .

For the transverse compactness argument, the homogeneous escape plane is

p[εwZ
3 ] = pJ13 + qJ23, τ

[εwZ
3 ]

0 = pq, τ
[εwZ

3 ]
⊥0 = 0, u[εwZ

3 ] = 0, (p, q) ̸= (0, 0). (S3.16)

s2 + b− a

a(b− 1) t
2, sh, th, h2, z

(
s+ (a− b)q

a(b− 1) t
)
, zh, z2. (S3.17)

The source forcing and its comparison with the physical field length are

A1 = A2 = B∗1 = B∗2 = 0, (S3.18)
2apq(bB∗3 −A3) − a(b− 1)p2(K1 + σ) − (a− b)q2(K2 + σ) = 0. (S3.19)

P
(
G(0) − G(1)) = O(|ε|(N + |ε|)). (S3.20)

For two screws, the matched cylindrical carrier has radial weights (−2,−1,−1,−1, 1, 1). The pitch
relation fixes the axial stretch as γ = q/p; the fixed-pressure equations are given in Appendix D.8.
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S4 Common dilations and rotations
S4.1 Homothety and pressure matrices
The seventeen homothety equations and the eight angular and pressure observations are those of Ap-
pendix E.2. The projector pressure matrix and pure dilation determinant are

P(p[wZ
3 ]) =

p
[wZ

3 ]
23 − p

[wZ
3 ]

32 p
[wZ

3 ]
13 −p[wZ

3 ]
12

−p[wZ
3 ]

23 p
[wZ

3 ]
31 − p

[wZ
3 ]

13 p
[wZ

3 ]
21

p
[wZ

3 ]
32 −p[wZ

3 ]
31 p

[wZ
3 ]

12 − p
[wZ

3 ]
21

 . (S4.1)

A0B1 −A1B0 = 2κ2ℓs(z2 − z + 1)2

z − 1 ̸= 0. (S4.2)

The eight-column angular minor away from principal directions is

(b− a)s(b− 1)
4a2b3 {b(a− 1)s2t2 + a(b− 1)s2 − (a− b)t2}. (S4.3)

The normal equations at a principal direction have the following coefficient outputs. The coordinates
and row selections are those of Appendix E.3.

p[εwZ
3 ] = pJ13 + qJ23, τ

[εwZ
3 ]

0 = pq,

τ
[εwZ

3 ]
1 = · · · = τ

[εwZ
3 ]

5 = u[εwZ
3 ] = 0, (p, q) ̸= (0, 0).

(S4.4)

s2 + b− a

a(b− 1) t
2, sh, th, h2, z

(
s+ (a− b)q

a(b− 1) t
)
, zh, z2. (S4.5)

q ̸= 0, T∗ ̸= 0 −49152(b− a)(b− 1)2a2q5T∗

b4(a− 1)4

q = 0 41472(b− a)(b− 1)4a4

b5(a− 1)5

T∗ = 0 2048q10(7q2 − 4b+ 3)
b(q2 + 1)3

T∗ = 0, 7q2 − 4b+ 3 = 0 − 49152q9

(q2 + 1)2(3q2 − 1)

(S4.6)

(PG)(47,21,49,13) = δM4(O, p, q)u+ δ3c4(p, q) +O(δ4 + δ2|u| + |u|2). (S4.7)

u2 =
(

0, 0, 0,−2r0p
2q(1 + r2

0)
pr0 + q

)
. (S4.8)

8pq(pr0 − q)(1 + r2
0)2

pr0 + q
= 0, 8r2

0p
4(1 + r2

0)2 = 0 when q = pr0. (S4.9)

(PG)(47,21,13,22,35) = δM5V + δ3c5 + rrem, detM5
∣∣
∆res=0 = 4096r6

0p
7(r2

0 + a)
a

. (S4.10)

M5(0, 0, 0, 0, C∗)⊤ + c5 = 0 (S4.11)

N = O(|ε|). (S4.12)
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S4.2 The cylindrical carrier matrices
Use the reference circle and the ordered twenty-three coordinates of Appendix E.4. The three ambient
linearizations Li are defined by differentiating (E.29); their first seventeen rows are

(Li)jk = ∂kQj
i + djviδjk, 1 ≤ k ≤ 17, (Li)j,17+k = dj(S[r])jδik. (S4.13)

The last six rows are the derivatives of wiw − Γiv and −Γia0, where w = a0 × v. For the nine free
rows in (E.35), the kernel matrix Nker satisfies

J∗Nker = 0, J∗LiNker = 0 (i = 1, 2, 3), (DT )Nker = 0. (S4.14)

R0 = Pf

(∑
i

viLi

)
Nker, A0 = Pf

(∑
i

wiLi

)
Nker. (S4.15)

Tables S5 and S6 give the full restricted matrices in this free basis. We parametrize the reference
circle by

p = 2t
1 + t2

, q = 1 − t2

1 + t2
.

Here t is only the rational parameter of this circle. The endpoint bases are those specified after (E.35).

Table S5: The radial matrix R0 on pq ̸= 0. An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (1, −1) (4, (4) · (t − 1) · t · (t + 1) · (t2 + 1)−2) (6, (−1) · (t − 1) · (t + 1) · (t2 + 1)−1)
2 (2,

(
1
4

)
· t−2 · (b − 1)−1 · a−1 · (t − 1)2 · (t + 1)2 · (t2 + 1)−2 · (−at4 + bt4 + 4abt2 − 2at2 − 2bt2 − a + b))

(3,
(
− 1

2

)
· t−1 · (b − 1)−1 · a−1 · b · (a − 1) · (t − 1)3 · (t + 1)3 · (t2 + 1)−2) (5,

(
1
2

)
· t−1 · (t − 1) · (t + 1))

(8,
(

1
4

)
· t−2 · (b − 1)−1 · a−1 · (t − 1) · (t + 1) · (t2 + 1)−3 · (−at8 + bt8 + 8abt6 − 4at6 − 4bt6 − 6at4 +

6bt4 + 8abt2 − 4at2 − 4bt2 − a + b)) (9,
(
− 1

2

)
· t−1 · (b − 1)−1 · a−1 · (t2 + 1)−3 · (2abt8 − at8 − bt8 −

4at6 + 4bt6 + 12abt4 − 6at4 − 6bt4 − 4at2 + 4bt2 + 2ab − a − b))
3 (2, (−1) · t−1 · (t − 1)3 · (t + 1)3 · (t2 + 1)−2) (3, (−1) · (t2 + 1)−2 · (3t4 − 2t2 + 3))

(8, (−1) · t−1 · (t − 1)4 · (t + 1)4 · (t2 + 1)−3) (9, (−2) · (t − 1)3 · (t + 1)3 · (t2 + 1)−3)
4 (4, (−1) · (t2 + 1)−2 · (t2 − 2t − 1) · (t2 + 2t − 1)) (6, (−2) · t · (t2 + 1)−1)
5 (2, (−1) · t−1 · (b − 1)−1 · a−1 · (t − 1) · (t + 1) · b · (a − 1)) (3, (−2) · (b − 1)−1 · a−1 · b · (a − 1)) (5, 1)

(8, (−1) · t−1 · (b − 1)−1 · a−1 · b · (a − 1) · (t − 1)2 · (t + 1)2 · (t2 + 1)−1)
(9, (−2) · (b − 1)−1 · a−1 · (t − 1) · (t + 1) · b · (a − 1) · (t2 + 1)−1)

6 (1, (−1) · (t − 1) · (t + 1) · (t2 + 1)−1) (4, (−2) · t · (t2 + 1)−3 · (t2 − 4t + 1) · (t2 + 4t + 1))
(6, (−1) · (t2 + 1)−2 · (t4 + 10t2 + 1))

7 (1, (−1) · (t − 1)2 · (t + 1)2 · (t2 + 1)−2) (4, (−2) · (t − 1) · t · (t + 1) · (t2 + 1)−2) (7, −1)
8 (2,

(
− 1

4

)
· t−2 · (b − 1)−1 · a−1 · (−a + b) · (t − 1)3 · (t + 1)3 · (t2 + 1)−1)

(3,
(

1
2

)
· t−1 · (b − 1)−1 · a−1 · (t2 + 1)−1 · (abt4 − bt4 + 2abt2 − 4at2 + 2bt2 + ab − b))

(5,
(
− 1

2

)
· t−1 · (t2 + 1))

(8,
(
− 1

4

)
·t−2 ·(b−1)−1 ·a−1 ·(t2+1)−2 ·(−at8+bt8+4abt6−4bt6+8abt4−14at4+6bt4+4abt2−4bt2−a+b))

(9,
(

1
2

)
·t−1 ·(b−1)−1 ·a−1 ·(t−1) ·(t+1) ·(t2 +1)−2 ·(2abt4 −at4 −bt4 +4abt2 −6at2 +2bt2 +2ab−a−b))

9 (2, (−2) · t · (t2 + 1)−1) (3, (t − 1) · (t + 1) · (t2 + 1)−1) (8, (−2) · (t − 1) · t · (t + 1) · (t2 + 1)−2)
(9, (t − 1)2 · (t + 1)2 · (t2 + 1)−2)
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Table S6: The angular matrix A0 on pq ̸= 0. An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (4, (−8) · t2 · (t2 + 1)−2) (6, (2) · t · (t2 + 1)−1) (7, (−2) · (t − 1)−1 · (t + 1)−1 · t)
2 (2,

(
− 1

2

)
· t−1 · (b − 1)−1 · a−1 · (t − 1) · (t + 1) · (t2 + 1)−2 · (−at4 + bt4 + 4abt2 − 2at2 − 2bt2 − a + b))

(3, (−1) · (b − 1)−1 · a−1 · (t2 + 1)−2 · (−at4 + bt4 + 4abt2 − 2at2 − 2bt2 − a + b))
(8,
(
− 1

2

)
· t−1 · (b − 1)−1 · a−1 · (t − 1)2 · (t + 1)2 · (t2 + 1)−3 · (−at4 + bt4 + 4abt2 − 2at2 − 2bt2 − a + b))

(9, (−1) · (b − 1)−1 · a−1 · (t − 1) · (t + 1) · (t2 + 1)−3 · (−at4 + bt4 + 4abt2 − 2at2 − 2bt2 − a + b))
3 (2, (2) · (t − 1)2 · (t + 1)2 · (t2 + 1)−2) (3, (4) · (t − 1) · t · (t + 1) · (t2 + 1)−2)

(8, (2) · (t − 1)3 · (t + 1)3 · (t2 + 1)−3) (9, (4) · t · (t − 1)2 · (t + 1)2 · (t2 + 1)−3)
4 (4, (4) · (t − 1) · t · (t + 1) · (t2 + 1)−2) (6, (−1) · (t − 1) · (t + 1) · (t2 + 1)−1) (7, 1)
6 (4, (16) · (t − 1) · (t + 1) · t2 · (t2 + 1)−3) (6, (−4) · (t − 1) · t · (t + 1) · (t2 + 1)−2) (7, (4) · t · (t2 + 1)−1)
7 (1, (2) · (t − 1) · t · (t + 1) · (t2 + 1)−2) (4, (−1) · (t − 1)2 · (t + 1)2 · (t2 + 1)−2)
8 (2,

(
1
2

)
· t−1 · (b − 1)−1 · a−1 · (−a + b) · (t − 1)2 · (t + 1)2 · (t2 + 1)−1)

(3, (b − 1)−1 · a−1 · (−a + b) · (t − 1) · (t + 1) · (t2 + 1)−1)
(8,
(

1
2

)
· t−1 · (b − 1)−1 · a−1 · (−a + b) · (t − 1)3 · (t + 1)3 · (t2 + 1)−2)

(9, (b − 1)−1 · a−1 · (−a + b) · (t − 1)2 · (t + 1)2 · (t2 + 1)−2)
9 (2, (−1) · (t − 1) · (t + 1) · (t2 + 1)−1) (3, (−2) · t · (t2 + 1)−1) (8, (−1) · (t − 1)2 · (t + 1)2 · (t2 + 1)−2)

(9, (−2) · (t − 1) · t · (t + 1) · (t2 + 1)−2)

At (p, q) = (0, 1), the endpoint matrices are

Table S7: The radial matrix at (p, q) = (0, 1). An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (8, −1)
2 (2, −1) (6, 1)
3 (3, (a − b)−1 · (2ab − 3a + b)) (5, (−2) · (a − b)−1 · (b − 1) · a) (9, (−4) · (a − b)−1 · (b − 1) · a)
4 (4, −1)
5 (3, (2) · (a − b)−1 · b · (a − 1)) (5, (−1) · (a − b)−1 · (2ab − a − b)) (9, (−4) · (a − b)−1 · b · (a − 1))
6 (2, 1) (6, −1)
7 (2, −1) (7, −1)
8 (1, −1)
9 (3, −1) (9, 1)

Table S8: The angular matrix at (p, q) = (0, 1). An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (3, −1) (5, 1) (9, 2)
4 (6, 1) (7, 1)
7 (4, −1)
8 (3, −1) (5, 1) (9, 2)

At (p, q) = (1, 0), they are
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Table S9: The radial matrix at (p, q) = (1, 0). An entry (j, c) in row i
means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (1, −1)
2 (9, −1)
3 (3, −1)
4 (4, 1) (6, −1)
5 (3, (−2) · (b − 1)−1 · a−1 · b · (a − 1)) (5, 1)
6 (4, 3) (6, −1 · 3)
7 (4, 1) (7, −1)
8 (3, 1) (5, −1) (8, −1)
9 (2, −1)

Table S10: The angular matrix at (p, q) = (1, 0). An entry (j, c) in row
i means that the (i, j) coefficient is c. Unlisted entries are zero.

Row Nonzero column entries

1 (4, −1 · 2) (6, 1) (7, 1)
2 (3, −1)
7 (1, −1)
9 (3, −1)

For pq ̸= 0, the kernel basis and the entries of R0, A0 do not require division by b − ap2 − q2. They
can therefore be specialized at the material resonance b = ap2 + q2 in the same nine free coordinates.

The three determinants below correspond to the 14 × 14 submatrices of the constraint Jacobian J∗
selected in (E.33): the generic chart pq ̸= 0, the endpoint (p, q) = (0, 1), and the endpoint (p, q) = (1, 0),
respectively.

2p4q2(a− 1)2

a(b− 1)2 ,
2(a− 1)2

a2(b− 1)2 ,
2(b− a)(a− 1)2

a(b− 1)3 . (S4.16)

Each determinant is nonzero on its chart for positive, pairwise distinct principal values. Together
with (S4.14), these minors give rank J∗ = 14 and dim ker J∗ = 23 − 14 = 9. The restrictions of the radial
and angular linearizations to this kernel satisfy

det(xI −R0) = x(x+ 2)(x− 1)2(x+ 1)5, (S4.17)
R0(R0 − I)(R0 + 2I)(R0 + I)2 = 0,

[R0, A0] = 0,
A0PHermite(R0) = 0, PHermite(R0)2 = PHermite(R0),
tr PHermite(R0) = 3,

where the Hermite interpolation polynomial is

PHermite(x) = 1 + 5
3x− x2

12 − 7
6x

3 − 5
12x

4. (S4.18)

The interpolation conditions PHermite(0) = PHermite(1) = 1 and PHermite(−2) = PHermite(−1) =
P ′

Hermite(−1) = 0, together with the annihilating polynomial in (S4.17), give

im PHermite(R0) = kerR0 ⊕ ker(R0 − I).

The image consists of the one dimensional centre, tangent to the equilibrium circle, and the two dimen-
sional eigenspace of eigenvalue 1. The double zero at −1 annihilates its generalized eigenspace. The
identity A0PHermite(R0) = 0 gives vanishing of the angular linearization on the image of the projection.
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The additional coordinate ϵ has radial eigenvalue 1 and zero angular linearization. On the ten
dimensional tangent space of the containing manifold in Lemma 7.6, the radial linearization therefore has
characteristic polynomial

det(xI −DR) = x(x+ 2)(x− 1)3(x+ 1)5. (S4.19)

Its centre, positive eigenspace and negative generalized eigenspace have dimensions one, three and six,
respectively, as used in Lemma 7.7.

186



S5 The relative projective boundary
S5.1 Ratio coordinates and the valuation regions
Use κ0, q, η, ζ from (8.1). In this section k = aκ0 and m = 1+k are the spectral constants of Appendix C.1.
The affine retained coordinates Ri are specified by

τ̂1 = − p̂12(p̂13 + p̂31) +
(

1 − ηζ

η − ζ

)
p̂23

− ηζ

η − ζ
p̂32 − ηζ

2(η − ζ)R1,

τ̂2 = − 2η
κ0(1 + η) p̂12 + 2η2

κ0(1 + η) p̂21 − η

κ0(1 + η)R3,

τ̂3 = p̂21(p̂23 + p̂32) + ζ − η + ηζ

κ0(1 − ζ) p̂13

+ ζ

κ0(1 − ζ) p̂31 + ζ

2κ0(1 − ζ)R2.

(S5.1)

For a formal approach, put n = ord τ and s0 = minj ord vj , where vj = τ2Rj . The valuation regions
and boundary conclusions are

Table S11: Valuation regions of the weighted boundary.

Region Valuation condition

Weighted boundary s0 = 0
Ordinary s0 ≥ n
Subcritical n/2 < s0 < n
Critical s0 = n/2
Supercritical 0 < s0 < n/2

Table S12: Boundary conclusions on the primary and critical
strata.

Chart Conclusion Stratum

Original weighted boundary
v ̸= 0

τ ∈ I locally All one-, two- and
three-coordinate v supports.

Original weighted boundary
nonzero p cone

τ ∈ I locally All nonzero amplitudes,
including vanishing sums.

Ordinary exceptional family Boundary contained in the
ordinary boundary family

All points on a dominant
component.

Critical single R τ ∈
√
I locally Eight roots of the auxiliary

equations; all fifteen p
supports.

Critical two R τ ∈
√
I locally Rank three, rank two and rank

one coefficient strata.
Critical three R; at least two
amplitude pairs

No invariant boundary
component dominating the
ratio plane

First integrals, amplitude
coefficient equations and their
rank strata.

Critical three R; one amplitude
pair

τ ∈
√
I locally Paired normal equations and

the hypersurface kernel
quadratic.
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Table S13: Subcritical supports with one nonzero component.

Support Result Identity or remaining charts

1,4 τ4 ∈ I Proposition C.9.
2,8 τ ∈ I Nine generators; selected

determinants −25qk3/4032 and
−544qk3/10935.

3,6,9,12 1 ∈ I Units 8x2y2, 16y2z2, 16x2w2,
8z2w2.

5 τ ∈ I Eight roots; the unit factors
1 + 2z0 and 9 + 20z0 are
complementary.

7,13 τ ∈
√
I Both the conic and its

complement.
10 τ ∈

√
I w2 ̸= ±k and each hypersurface

w2 = ±k.
11,14 1 ∈ I The odd relation has unit

coefficient of xyw or yzw.
15 τ ∈

√
I The conic and its resonance

hypersurfaces.

The transverse coordinates and amplitude symbols in these tables are the local coordinates of Ap-
pendix C.8. The quotient determinants on a pure-axis chart, with R3 = 1 and ϱ = R2, are

D9 = 29ϱ2 + 49q, D15 = q − 19ϱ2, −21ϱq
2D9

,
ϱ(ϱ2 + 16q)

4D15
.

At D9 = 0, the complementary values are D15 = 960q/29 and ϱ2 + 16q = 415q/29. At the inactive paired
resonance, the residual square coefficient is

−16q
κ0

(
(κ0 + 1

2 )2 + 3
)
.

For the subcritical three-coordinate paired chart, the ideal is

J = (sWℓ, sκ, δWℓ, δWϱ, δκ, s
2), detCJ = − 5qϱ

1152κ5
0
.

The exact coordinate graph and the relations defining this coefficient matrix are in Appendix C.8.

S5.2 Ordinary normal ideals
Use the ordinary family (8.3) and the normal coordinates

p = (1, n0, n1, n2, n3, ℓ), R = (λin(v)ℓ+ n⊥, u, v), n = (n0, n1, n2, n3, n⊥, τ). (S5.2)

Put t = n3, w = v+2, and y = (n0+n3, n1, n2, τ). The ordinary ideal and the ideal at µ = mℓ2−k = 0
are

J9 = (y, un⊥, wt, n
2
⊥, n⊥t, t

2). (S5.3)

J10 = (y, un⊥, wt, n
2
⊥, n⊥t, µt

2, t3). (S5.4)

At ν = mℓ2 + k = 0, use y0 = n0 + n3, y1 = n1 + mt2, y2 = n2 + mℓt2, y3 = τ . The ideal and the
shifted quadratic coefficient are

J11 = (y0, y1, y2, y3, un⊥, wt, n
2
⊥, n⊥t, νt

2, ut2, t3). (S5.5)
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gi(ℓ, u) = qi,tt −mMi,n1 −mℓMi,n2 . (S5.6)

The normal coefficient matrices have unit maximal minors in the local coefficient rings specified in
Appendix C.11. Their generators include τ . At the material value k+ q = 0, the replacement base point
(η, ζ) = (1,−2) gives coefficient determinants

ℓ5 64512
25

q4

κ2
0
, −155648q2

135κ3
0
.

S5.3 Algebraicity on the ordinary family
The induced differential equations and first integral are

Dζv = (v − 2η)(v + 2)
Θ , Dζℓ = 0, Dζ(u/β) = v + 1 − η

Θ (u/β). (S5.7)

Jin = u2

β2(v + 2)(v − 2η) , DηJin = DζJin = 0.

For the normal minors at u = 0, the two leading factors have the identity

5(4κ0ℓ
2 + 5q) − 4(5κ0ℓ

2 + 4q) = 9q.

At v = 2η, the highest ζ coefficient of the relevant normal factor is −16mq(η + 1)5ℓ2. At the positive
amplitude hypersurface, with N = aκ2

0,

f1 = 21622N − 989(k + q), f2 = 14006N + 377(k + q), 377f1 + 989f2 = 22003428N.

For fixed η and nonconstant v, the incoming connection gives

d

(
ζ

v + 2

)
= − (η + 1)v

(v − 2η)(v + 2)2 dv. (S5.8)

On the branch v = 2η, where u ̸= 0,

Dζ log(u/β) = − 1
2η . (S5.9)

S5.4 The additional ordinary hypersurface
The local coordinates of Appendix C.12 are

u = 0, v = −2, ℓ2
0 = d = − (a− b)ĥ2

3
b(a− 1) ̸= 0. (S5.10)

p13 = ρ0 − k⊥ + κℓτ, p21 = ρ1,

p23 = ρ2, p31 = k⊥,

n⊥ = R1 − λin(v)ℓ.
(S5.11)

Put w = v + 2 and g = ℓ2 − d. The linear normal coefficients satisfy

Mj5 = uAj ,

Mj4 −Mj1 = wBj ,

Mj6 + κℓMj1 = uCj + wDj + gEj ,

(S5.12)
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J = (un⊥, wk⊥, uτ, wτ, gτ). (S5.13)

At u = 0, v = −2, set A = M(2,18),(2,3), dA = detA, c = M6,1, ∆ = dAc and (Cj1, Cj2) =
(Mj2,Mj3) adjA. The cokernel relation is

∆Mj − cCj1M2 − cCj2M18 − dAMj1M6 ≡ 0 (mod ℓ2 − d). (S5.14)

Q = (n2
⊥, k⊥n⊥, n⊥τ, Phom(k⊥, τ)),

Phom(k⊥, τ) = τ2P

(
k⊥

ℓ0τ

)
.

(S5.15)

Ji + Erem
i = 0 (1 ≤ i ≤ 5),

Qj + Erem
5+j = 0 (1 ≤ j ≤ 4),

Erem
i ∈ (W )(n)2 + (n)3.

(S5.16)

k⊥ = ℓ0y0τ +O(τ2), n⊥ = O(τ2),
(ℓ− ℓ0, u, v + 2) = O(τ2), P (y0) = 0.

(S5.17)

Ojc = R8,L2Rj,c −Rj,L2R8,c. (S5.18)

N = f2
0 − P1f0f1 + P0f

2
1 . (S5.19)

N (T,±T ) = N±(a, b)ϵ−30 +O(ϵ−29). (S5.20)

Here P is the monic quadratic of (C.20); the normal cubic coefficient matrix O has the row order
specified in (C.23). Its quadratic norm is

NmP (f0 + f1y) = f2
0 − P1f0f1 + P0f

2
1 , P (y) = y2 + P1y + P0.

The two amplitude hypersurfaces have the determinant outputs

N− = 9216
49

a2(b− 1)4(b− a)14

(a− 1)18b17 C−

× (7ab− a− 6b)2(11ab− 3a− 8b)4

(5ab− a− 4b)6(2ab− a− b)2 , (S5.21)

N+ = 9216
49

a2(b− 1)4(b− a)12

(a− 1)18b17 C+

× (5ab+ a− 6b)2(5ab+ 3a− 8b)4

(3ab+ a− 4b)6 , (S5.22)
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S6 Fibres over ratio curves
S6.1 The characteristic affine systems
The curve slope is ς = dζ/dη and L = ης − ζ. The characteristic factors are

ς − 1, L+ 1, L+ ς, ς, L,

giving respectively ζ = η + c, ζ = 1 + cη, ζ = c(η + 1), ζ = c, ζ = cη. For the first pencil, put
T = ζ − η and s = p̂23; thus ĥ3 = qĥ2 + qT/κ0. On T (T − 1)s ̸= 0, the three cubic relations and
E2Lp = E3Lp = E1Bp = 0 have six-column determinant

4q3T 2(1 + κ0ĥ2)(1 − κ0ĥ3/q)(1 − T )2s

κ2
0ĥ2

.

The two equations E2
2Lp = E2

3Lp = 0 have u0, u1 coefficient determinant −2q2(1 −T )2. Here Lp = p33 −
qp22−(qT/κ0)p11 and Bp = p33p23+qp22p32. The affine 2×2 matrix and its Cramer numerators, including
its rank strata, are those of Appendix C.14. On the common line ζ = η + 1, the reconstructed fibre has
two polynomials with coprime quintic leading forms; the two conics in these forms are nonproportional,
and one has determinant −1 (Appendix C.15).

S6.2 Directions, amplitudes and exceptional factors
The opposite-pair direction coordinates are

p̂12 = w3, p̂13 = w2, p̂23 = w1,

p̂21 = ηw3 + ((η + 1)ς − ζ)m3

2ζ ,

p̂31 = −ζw2 − (1 + ης − ζ)m2

2η ,

p̂32 = −ζw1

η
− (1 − ς)m1

2η ,

R1 = (ζ − ης)m1

ηζ
, R2 = ςm2

ζ
, R3 = −m3

η
.

(S6.1)

On nonzero pair support, the mixed equations give projective maps between the directions. A non-
identity composition has at most two fixed points. For a nonvertical projected factor f(η, ζ), the contact
slope is −fη/fζ . The exceptional coefficient factors and their contact outputs are

Table S14: Coefficients on the exceptional direction hypersurfaces.

Hypersurface Nonzero coefficient or consequence

L = 0 (Aamp)31 = 2(η − ζ).
ς = 0 (Aamp)12 = 2(ζ − 1).
L− ς + 1 = 0 The mixed coefficient is −4η2((η − 1)ς + 1)2/[ς(ς − 1)]; here

(η − 1)ς + 1 = ζ.
L+ ς + 1 = 0 The mixed coefficient is 4η(η + ζ)2/(ζ − 1). Its vanishing gives ζ = −η,

ς = −1, and (Aamp)31 = 4η.
L+ ς − 1 = 0 The mixed coefficient is −4η4(ζ + 1)2/(η − ζ). Its vanishing gives

ζ = −1, ς = 0, and (Aamp)12 = −4.

For two nonzero amplitudes x, y, the quartic combinations give ±4x2y2. With three amplitudes, the
exceptional kernel lines give xy(x+ y)2 and xy(x2 + y2). The distinguished full-support direction is

t1 = ς

2ζ , t2 = t3 = − L

2ηζ .

Its conics in the squared amplitudes have the coefficient minor

−2
(
ης

ζ
− 1
)2

.

Their determinants and the two degenerate values are those of Appendix C.16.
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S6.3 The quadratic direction condition
The quadratic factor is

P0 = ηζ(η2 − 1)ς2 − 2(η2 − ζ2)ς + ηζ(1 − ζ2). (S6.2)

For a nonvertical irreducible curve f(η, ζ) = 0, contact with P0 = 0 requires

ηζ(η2 − 1)f2
η − 2(ζ2 − η2)fηfζ − ηζ(ζ2 − 1)f2

ζ ≡ 0 (mod f).

The leading and separation norm polynomials have total degrees 19 and 20, both of bidegree (12, 14);
the rank-drop norm polynomial has total degree nine. Their determinant and norm definitions are given
in Appendix C.17. For the distinguished direction, ς ′ = ςL/(ηζ), and its contact condition is

ηζ
(
(P0)η + ς(P0)ζ

)
+ ςL(P0)ς = 0.

Writing the left side as FP0 , the resultant output is

Resς(P0, FP0) = − 12(ζ − η)(ζ − 1)(ζ + 1)(η − 1)(η + 1)
· (η + ζ)ζ5η5(η2 + ζ2 + 1).
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S7 Moment matrices, norms and slope elimination
S7.1 The two matrix presentations
Set K = 1 + η − ζ and cm = L/(2ηζ). The affine direction change and its quadratic coordinate are

t1 = V − ηw∗

L
+ ς

2ζ , t2 = U + w∗

ς
− L

2ηζ , t3 = w∗ − L

2ηζ . (S7.1)

Q∗(w∗) = 2ζw∗{2ηζKw∗ − (L2 + ης2 − ζ)},
Q(w) = (2ηζw + L){2ζKw − (ς − 1)(L+ ς)}.

(S7.2)

The full matrices are determined by the polynomial matrix A in Section S8 and its five row factors.
They satisfy

M(w) = M∗(w + cm)1:4,1:4, Q(w) = Q∗(w + cm).

The coefficient extraction and reconstruction identities are

coeffξ(F ) =
(
∂U∂V F |U=V =0 , ∂UF |U=V =0 , ∂V F |U=V =0 ,

F (0, 0, w)
Q∗(w)

)
. (S7.3)

Fmom
i = coeffξ(Fmom

i ) (UV,U, V,Q∗)⊤, (M∗)i,: = coeffξ(Fmom
i ), 1 ≤ i ≤ 5. (S7.4)

S7.2 The determinant and quadratic eliminants
For a rational polynomial, pp denotes its primitive polynomial numerator. Let ngg∗

remove only the
irreducible factors of

g∗ = ηζ(η − ζ)(ζ − 1)(η + 1)(1 + η − ζ)(ς − 1)(L+ 1)(L+ ς)ςL

and normalize the result as in Appendix C.20. If C is the 5 × 3 coefficient matrix of the five maximal
minors of M∗, then

P1 = ngg∗
gcd

|I|=3
det CI , (deg P1, degς P1) = (38, 11).

The residual minors ri have an identity

d(η)ς2(ς − 1)2 =
5∑

i=0
Airi, d(η) ̸= 0.

For the second eliminant, put D = pp detM and let aj be column j of adjM . The quadratic kernel
equation gives

fj = pp{Q(w)(aj)2(aj)3 − (aj)1(aj)4}, Rj = Resw(D, fj), j = 1, 2.

The common eliminant is

P2 = ngg∗

(
gcd(R1, R2)/P0

)
,

with

(deg P2, degς P2) = (48, 14).

The full coefficient representation of these outputs is specified by the matrices in Section S8, the primitive
minor definitions and the fixed (2, 4) resultants in Appendix C.20.
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S7.3 Schur reduction and the finite flat norm
The determinant-one column transformation and transformed quadric are

Q(w) = aQw
2 + bQw + cQ, aQ = 4ηζ2(1 + η − ζ). (S7.5)

P∗ =


1 η(w + bQ/aQ) −w η/aQ

0 1 0 0
0 −η 1 0
0 −aQw 0 1

 . (S7.6)

With x = P∗y, the quadratic form becomes

Qx2x3 − x1x4 = w(aQy1y2 + bQy2y3 + y3y4) + cQy2(y3 − ηy2) − y1y4

− η

aQ
y4(bQy2 + y4). (S7.7)

On a constant-column minor chart, write

Ñ =
(
A0 B0(w)
C0 D0(w)

)
, ∆ = detA0, RSchur = ∆D0 − C0 adj(A0)B0,

LSchur =
(

− adj(A0)B0
∆ Id2

)
.

Write E0 = adjA0 and J0 = adj RSchur. The block identities are

det RSchur = ∆ det Ñ, ÑLSchur =
(

0
RSchur

)
, (S7.8)

LSchur adj(RSchur) = ∆ adj(Ñ){3,4}. (S7.9)

∆2 adj(Ñ) =
(

(det RSchur)E0 + E0B0J0C0E0 −∆E0B0J0
−∆J0C0E0 ∆2J0

)
. (S7.10)

For d(w) = d2w
2 + d1w + d0 and f(w) =

∑4
i=0 fiw

i, put

af = d3
2f1 − d1d

2
2f2 + d2(d2

1 − d0d2)f3 + (−d3
1 + 2d0d1d2)f4,

bf = d3
2f0 − d0d

2
2f2 + d0d1d2f3 + (d2

0d2 − d0d
2
1)f4.

Thus d3
2f ≡ afw + bf (mod d), and the norm output is

det
(
bf −d0af

af d2bf − d1af

)
= d3

2 Res2,4(d, f). (S7.11)

S7.4 Contact orders and elimination of the slope
The differentiated curve conditions are

(Pj)η + ς(Pj)ζ + (Pj)ςς
′ = 0, j = 1, 2. (S7.12)

Eliminating ς ′ gives

C∗ = (P1)ς((P2)η + ς(P2)ζ) − (P2)ς((P1)η + ς(P1)ζ).
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The fixed Sylvester degrees of (P1,P2, C∗) are (11, 14, 25). Put R = Resς(P1,P2), T = Resς(P1, C∗).
The common divisor is

D0 = ζ12(ζ + 1)20(ζ + η)20(ζ − η)25(ζ − 1)25

· (ζ − η − 1)26((η + 1)ζ − η)6.

The local orders are

Table S15: Intersection orders on the exceptional lines.

Line in ζ Order of P1 Order of P2 Lower order of C∗ Common
resultant order

ζ = 0 4 3 6 12
ζ = −1 4 5 7 20
ζ = −η 4 5 7 20
ζ = η 5 5 8 25
ζ = 1 5 5 8 25
ζ = η + 1 4 5 8 26
ζ = η/(η + 1) 2 3 4 6

The infinity calculation has coarse weight 487 and a rank 23 unit block. Its 2 × 2 Schur complement
has determinant of order at least six, giving degζ R ≤ 481. At p∗ = 32003 and η = 3, the exact finite-field
outputs are

degζ R = 481, degζ D0 = 134, degζ R/D0 = 347,

gcd(R/D0, T/D0) = 1.

The characteristic-zero result is

gcd(R/D0, T/D0) = 1 in Q(η)[ζ].

The seven persistent ratio factors are

ζ = 0, ζ = −1, ζ = −η, ζ = η, ζ = 1, ζ = η + 1, (η + 1)ζ = η. (S7.13)
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S8 Polynomial coefficients of the moment matrix
The ratios η, ζ, slope ς and direction parameter w are independent indeterminates in this coefficient list.
They are specialized to a solution curve after the matrix has been formed. The definitions of L, cm are
those of Section S7. The five row factors are

drow
1 = 421654016

ςζ2L
, drow

2 = drow
3 = drow

4 = 6588344
ςζ2L

,

drow
5 = 1

2ηςζ2(η + 1)(η − ζ)(ζ − 1)L.

The coefficient matrices satisfy

M∗(w) = diag(drow
1 , . . . , drow

5 )A(w),
M(w) = diag(drow

1 , . . . , drow
4 )A(w + cm)1:4, 1:4.

The following expressions define A ∈ Mat5×4(Q[η, ζ, ς, w]). The expressions γi are defined successively in
terms of η, ζ, ς, w. They determine the twenty matrix entries.

S8.1 Auxiliary expressions
γ0 = ζ3

γ1 = ηγ0
γ2 = 8γ1

γ3 = −ζ
γ4 = η + γ3
γ5 = γ4 + 1

γ6 = η − 1
γ7 = γ5γ6
γ8 = η + ζ

γ9 = ζ + 1
γ10 = ηζ
γ11 = −η + ζ + γ10

γ12 = η2

γ13 = ζ2

γ14 = ηγ13

γ15 = ζγ12
γ16 = −γ15
γ17 = 2γ10

γ18 = −γ12 − γ13 − γ14 − γ16 − γ17 − γ4
γ19 = γ11γ18γ8γ9
γ20 = γ19γ2γ7

γ21 = η3

γ22 = −γ14
γ23 = γ0γ12

γ24 = 34γ23
γ25 = ζ6

γ26 = γ12γ25

γ27 = ζ5

γ28 = 2γ27
γ29 = ςγ21
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γ30 = −γ28γ29
γ31 = ζ4

γ32 = −18ηγ31

γ33 = η5

γ34 = γ0γ33
γ35 = η4

γ36 = γ12γ27
γ37 = −9γ36
γ38 = γ31γ35

γ39 = 7γ38
γ40 = γ21γ27
γ41 = 3γ40

γ42 = η6

γ43 = 2ς
γ44 = γ42γ43

γ45 = ζγ33
γ46 = ηγ27
γ47 = ζγ35

γ48 = γ0γ35
γ49 = γ0γ21
γ50 = γ12γ13

γ51 = 21ςγ50
γ52 = −γ51
γ53 = γ14γ43

γ54 = −2ςγ13γ42
γ55 = 2γ31
γ56 = γ29γ55

γ57 = ης
γ58 = γ31γ57
γ59 = 4γ58

γ60 = ςγ42
γ61 = 4ζγ60
γ62 = ςγ31

γ63 = γ35γ62
γ64 = 8γ0
γ65 = ςγ34

γ66 = ςγ23
γ67 = ςγ35
γ68 = γ0γ67

γ69 = γ0γ29
γ70 = ζγ21
γ71 = ςγ70

γ72 = ςγ45
γ73 = ζγ67
γ74 = ςγ15
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γ75 = 4γ74
γ76 = −γ27
γ77 = ςγ12

γ78 = γ55γ77
γ79 = γ76 + γ78
γ80 = γ0 + γ75 + γ79

γ81 = −γ31
γ82 = 2γ25
γ83 = ηγ82

γ84 = 7γ21
γ85 = γ31γ84
γ86 = γ28γ57

γ87 = γ81 + γ83 + γ85 − γ86
γ88 = ςγ36
γ89 = −4γ88

γ90 = 7γ70
γ91 = γ25 + γ89 + γ90
γ92 = 4γ0

γ93 = w2

γ94 = γ13γ84
γ95 = 2γ14

γ96 = −γ15γ43
γ97 = γ0γ84
γ98 = γ57γ92

γ99 = −γ98
γ100 = ς2

γ101 = γ100γ33

γ102 = 15γ67
γ103 = 23γ50
γ104 = −4ςγ12γ13

γ105 = γ100γ50
γ106 = 2γ105
γ107 = γ100γ70

γ108 = γ100γ35
γ109 = 4γ108
γ110 = 11γ69

γ111 = γ13γ29
γ112 = 28γ111
γ113 = 2γ13

γ114 = γ100γ21
γ115 = −γ113γ114
γ116 = γ115 + γ29

γ117 = ςγ14
γ118 = γ27 − γ78
γ119 = γ117 + γ118
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γ120 = ηγ55
γ121 = −γ120
γ122 = γ33γ43

γ123 = γ121 + γ122
γ124 = −γ0
γ125 = −γ85

γ126 = ηγ28
γ127 = ςγ33
γ128 = γ113γ127 + γ124 + γ125 + γ126 + γ36

γ129 = 2γ1
γ130 = −γ129
γ131 = γ100γ42

γ132 = 2γ131
γ133 = γ130 + γ132
γ134 = 8γ108

γ135 = −γ90
γ136 = γ134 + γ135 + γ16
γ137 = 8γ101

γ138 = γ13γ67
γ139 = γ13γ137 + 23γ138
γ140 = ζ − 1

γ141 = γ3 + γ57
γ142 = γ113γ140γ141
γ143 = −γ55

γ144 = ζ7

γ145 = η7

γ146 = γ100γ145

γ147 = γ113γ33
γ148 = 3γ1
γ149 = ηγ25

γ150 = 3γ149
γ151 = γ21γ25
γ152 = ζγ146

γ153 = γ100γ36
γ154 = ςγ0
γ155 = γ154γ42

γ156 = 2γ155
γ157 = γ43γ70
γ158 = 2ζ

γ159 = ςγ158
γ160 = γ159γ42
γ161 = γ108γ27

γ162 = 7γ108
γ163 = 7γ0
γ164 = γ13γ21

199



γ165 = γ100γ164
γ166 = ζγ131
γ167 = γ12γ62

γ168 = γ100γ34
γ169 = 2γ107
γ170 = −γ169

γ171 = 2γ0
γ172 = γ170 + γ171γ57
γ173 = −γ131

γ174 = −γ100γ97 + γ105 + γ173
γ175 = 12γ72
γ176 = γ175 + γ28 + γ86

γ177 = γ13γ146
γ178 = 3γ114
γ179 = γ100γ45

γ180 = 21γ108
γ181 = γ0γ180 + γ177 + γ178γ27 + 18γ179
γ182 = 4γ14

γ183 = γ182w
γ184 = 2γ23
γ185 = −γ184

γ186 = γ108γ113
γ187 = 8γ31
γ188 = 10γ0

γ189 = 4γ50
γ190 = γ12γ55
γ191 = ςγ113

γ192 = γ100γ12
γ193 = ηγ31
γ194 = γ100γ15

γ195 = γ0γ57
γ196 = γ100γ17
γ197 = γ158γ67

γ198 = ζγ109
γ199 = 4γ105
γ200 = 17γ117

γ201 = γ55γ57
γ202 = 2γ77
γ203 = γ201 − γ202

γ204 = γ191γ4
γ205 = −γ1
γ206 = −γ108

γ207 = 7γ12
γ208 = γ0γ207
γ209 = γ100γ208
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γ210 = 7γ168
γ211 = −γ210
γ212 = −γ45

γ213 = γ31γ33
γ214 = γ13γ33
γ215 = γ27γ84

γ216 = γ13γ35
γ217 = γ21γ31
γ218 = γ12γ31

γ219 = γ1γ100
γ220 = γ29γ31
γ221 = γ108γ13

γ222 = γ114γ31
γ223 = γ100γ218
γ224 = γ108γ31

γ225 = 10γ67
γ226 = γ101γ13
γ227 = 4γ25

γ228 = ςγ13
γ229 = γ228γ42
γ230 = γ13γ131

γ231 = 10γ13
γ232 = ζγ108
γ233 = 12γ67

γ234 = γ27γ57
γ235 = γ27γ29
γ236 = ςγ214

γ237 = γ0γ114
γ238 = −γ50
γ239 = γ238 + γ31

γ240 = −γ25 − γ61
γ241 = 4γ13w
γ242 = −γ112

γ243 = −4γ236
γ244 = γ108γ158
γ245 = γ17w

γ246 = γ245γ6
γ247 = γ108 + γ129
γ248 = γ43γ45

γ249 = γ248 + γ97
γ250 = γ108γ163
γ251 = γ25 + γ250 + γ89

γ252 = −γ230 + γ26 + γ34γ43
γ253 = −γ209 + γ30
γ254 = −γ215 + γ253
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γ255 = 7γ13
γ256 = −18ζγ12
γ257 = −γ13γ21 + γ21

γ258 =
18ηζ − 6η + 6ζ − γ124 − 18γ14 − γ189 − γ207 − γ23 − γ255

− γ256 − γ257

γ259 = γ258γ8
γ260 = γ259γ5
γ261 = −γ29γ92

γ262 = 13γ0
γ263 = 6γ12
γ264 = 6γ13

γ265 = −4γ70
γ266 = 2γ47
γ267 = 34γ14

γ268 = ςγ10
γ269 = ςγ50
γ270 = 56γ269 + γ79

γ271 = −γ46
γ272 = 4γ164
γ273 = γ271 + γ272

γ274 = 6γ15
γ275 = −γ274
γ276 = 3γ218

γ277 = γ275 + γ276 − 17γ66 − 47γ71
γ278 = −γ197
γ279 = ςγ263

γ280 = 6γ29
γ281 = 3γ108
γ282 = 6γ10

γ283 = 18γ50
γ284 = 15γ71
γ285 = 3γ107

γ286 = −γ285
γ287 = γ286 + γ81
γ288 = −3γ21γ31

γ289 = 12γ0
γ290 = 10γ50
γ291 = 3γ164

γ292 = 13γ108
γ293 = 6γ114
γ294 = −6ηγ13 − 6ζγ100γ12 + γ293

γ295 = −γ248
γ296 = γ295 + γ97
γ297 = −γ56
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γ298 = γ131 + γ297
γ299 = −39ζγ100γ35 − 3γ0γ100γ21
γ300 = −γ82

γ301 = −ζγ35
γ302 = −6ςγ0γ35 + γ223 + γ300 + γ301 + γ48 + γ86

γ303 = γ114γ55 − γ149 + γ224 + γ284
γ304 = 12ζ
γ305 = 13γ114

γ306 = 27γ10
γ307 = γ130 + γ154
γ308 = γ169 + γ195

γ309 = 3γ195
γ310 = −γ309
γ311 = 3γ71

γ312 = γ114γ92
γ313 = 6γ0
γ314 = 34γ1

γ315 = 4γ23
γ316 = −3γ36
γ317 = 59γ232 + γ316

γ318 = 6γ50
γ319 = γ100γ193
γ320 = 4γ234

γ321 = γ149 + γ192γ55 + 12γ220 + γ222 + γ318 + γ319 − γ320
γ322 = γ23γ43

γ323 = 28γ164
γ324 = γ100γ323 + γ162
γ325 = −γ201

γ326 = γ101 + γ108γ255 + γ325
γ327 = −6ζγ35 + γ0
γ328 = −γ13

γ329 = γ12 + γ328
γ330 = −18ζγ21 + γ329 + 6γ35 + γ84

γ331 = −γ182 + γ23 − γ256 − γ283 − γ327 − γ330 − γ94
γ332 = γ331γ9

γ333 = γ2γ332γ5
γ334 = −12ζγ35
γ335 = γ264γ35

γ336 = 8γ117
γ337 = γ10γ43
γ338 = −γ66

γ339 = −γ195
γ340 = 14γ23
γ341 = 4γ117
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γ342 = 2γ194
γ343 = γ193 + γ31
γ344 = γ22 − γ304γ67

γ345 = γ10 + γ205 − γ77
γ346 = −6γ48
γ347 = 13γ101

γ348 = 6γ131
γ349 = 3γ50
γ350 = γ1 + γ201 + γ271

γ351 = γ190 + γ194 + γ312
γ352 = −γ114
γ353 = γ14 + γ352

γ354 = γ15 − 12γ65
γ355 = 3γ105
γ356 = −γ355

γ357 = −γ171 − γ313γ57 + γ356 + γ53 + γ55 + γ96
γ358 = 10γ14
γ359 = 2γ57

γ360 = 15γ228
γ361 = 25γ74
γ362 = γ10γ100

γ363 = 8γ362
γ364 = −6γ71
γ365 = 3γ194

γ366 = 2η
γ367 = γ100γ366
γ368 = 3γ192 + γ367

γ369 = 5γ1
γ370 = γ280 − γ369
γ371 = γ100γ14

γ372 = 44γ68
γ373 = 22γ107
γ374 = 11γ71

γ375 = γ188γ57
γ376 = 22γ58
γ377 = 110γ111

γ378 = γ2 + γ81
γ379 = −6ζγ100γ42 + 12γ216
γ380 = 14γ50

γ381 = 14γ195
γ382 = 6γ179
γ383 = 7γ105

γ384 = 68γ111
γ385 = γ0 + γ114
γ386 = η + 1
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γ387 = 17ζγ12 + γ148 − γ257 − γ290 − γ329 − γ343 − γ358
γ388 = γ386γ387

γ389 = γ2γ388γ7
γ390 = −4γ167
γ391 = γ81 + γ95

γ392 = γ13 − γ337
γ393 = −γ160 + γ214
γ394 = −5γ29

γ395 = γ114 + γ74
γ396 = −γ198
γ397 = γ396 + γ77

γ398 = γ132 − γ323
γ399 = 3γ222
γ400 = γ100γ13

γ401 = γ400γ84
γ402 = 12γ63
γ403 = 46γ221

γ404 = γ194 + γ353
γ405 = −2γ100γ35 + γ146 + γ212 + γ70 + 24γ73

γ406 = γ154 + γ159
γ407 = γ185 + γ66
γ408 = γ124 + γ31

γ409 = γ27 − γ318
γ410 = −γ57
γ411 = γ4γ5

γ412 = ς3

γ413 = γ21γ412
γ414 = −γ413

γ415 = −γ12γ412
γ416 = 2γ15
γ417 = γ35γ412

γ418 = γ192 + γ309 + γ391 + γ417
γ419 = γ130 + γ33γ412
γ420 = γ412γ70

γ421 = γ286 + γ413 + 2γ420
γ422 = ςγ349 + γ356 + γ385

γ423 = −γ100γ95 + γ309 + γ96
γ424 = 2γ50

The twenty entries are listed by matrix row. Each expression retains the auxiliary quantities defined
above.
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S8.2 Matrix entries
Row 1
A1,1 = − γ20w

− γ92



55ςγ13γ21 + 21ςγ13γ33 + 55ςγ13γ35 + 2ςγ21

+ 18ςγ33 + 18ςγ35 − 10γ1 + 16γ12γ13 + 9γ12γ31

+ 33γ13γ21 + 3γ13γ33 + 15γ13γ35 − γ16 − γ21 − γ22

− γ24 − γ26 − γ30 − γ32 + γ33 − γ34 − γ37 + γ39 + γ41 + γ44

− 3γ45 − 7γ46 − 11γ47 − 11γ48 − 21γ49 − γ52 + γ53 − γ54

− γ56 − γ57γ64 − γ59 − γ61 − 4γ63 − 8γ65 − 11γ66

− 11γ68 − 18γ69 − 31γ71 − 31γ72 − 66γ73 − γ80 − γ87

− γ91


A1,2 = 8γ0γ11γ12γ18γ5γ6γ8γ9γ93

− γ142



ηςγ31 + 35ςζγ21 + 4ςζγ33 + 37ςζγ35 + ςγ0γ35

+ ςγ21γ31 + 20ζγ100γ33 + 14ζγ100γ35 + 2ζγ100γ42

− 10γ101 − γ102 − γ103 − γ104 − γ106 − 4γ107

− γ109γ13 − γ110 − γ112 − γ116 − γ119 + 23γ12γ31

− γ123 − γ128 − γ133 − γ136 − γ139 − 8γ66 − γ94 − γ95

− γ96 − γ97 − γ99



− γ183



6ηςγ31 + 3ηγ144 + 3ηγ31 + ςγ12γ27 + 47ςγ13γ21

+ 30ςγ13γ33 + 91ςγ13γ35 + 2ςγ21γ25 + 3ςγ21γ27

+ 5ςγ21γ31 + 2ςγ25γ35 + 4ςγ31γ33 + 11ςγ31γ35

− ζγ162 + 3γ0γ100γ12 + γ0γ100γ145 + 7γ100γ12γ31

+ 34γ100γ13γ33 + 9γ100γ13γ35 + 16γ100γ13γ42

+ 11γ100γ21γ31 − γ100γ27γ33 + 11γ100γ31γ33

+ 15γ100γ31γ35 − γ101 − γ104 − γ108 + 25γ12γ27

+ 25γ12γ31 + 10γ13γ21 + 4γ13γ35 − γ131γ163 − γ143

− γ144γ21 + 2γ144 + γ146 + γ147 − γ148 − γ150

− 10γ151 − γ152 − γ153 + γ156 − γ157 − γ160 − 3γ161

− 9γ165 − 10γ166 − 14γ167 − 33γ168 − γ172 − γ174

− γ176 − γ181 + 40γ21γ27 − 25γ23 − γ26γ43 − 25γ26

+ γ27γ33 + 4γ27γ35 − γ33γ55 − 4γ38 − γ45 − 4γ48

− 40γ49 − γ54 − γ55γ60 − γ57γ82 − 22γ65 − 5γ66

− 68γ68 − 55γ69 + γ70 − 20γ73 − γ82


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A1,3 = − γ20γ93

+ γ204



17ςγ15 + 14γ1 + 8γ100γ14 − 14γ107 − 4γ111 − γ113

+ 10γ114 + γ115 + γ134 − γ138 − 20γ14 + 8γ15 − 15γ154

+ γ167 + γ17 + γ185 + γ186 − γ187 + γ188 − γ189 − γ190

+ γ191 + 2γ192 + 4γ193 − 20γ194 − 19γ195 − γ196

+ γ197 + γ198 + γ199 + γ200 + γ203 − 15γ29 + γ62 − 4γ66

− γ67 + 19γ71



+ γ241



2ηγ144 + 12ςγ213 − 8ςγ26 − ζγ225 − 3γ0γ131

+ γ100γ46 − 7γ101γ31 − γ101 + γ105 + γ107 + γ12γ144

+ γ131 + 55γ138 + γ144 − γ146γ158 + γ146 + 7γ149

− 3γ151 + 3γ153 − 4γ155 + γ161 − 16γ165 + 7γ166

− 55γ167 + γ181 + γ188γ77 + 10γ193 + γ205 + γ206

+ γ209 + γ211 + γ212 + γ213 + 3γ214 + γ215 + 11γ216

+ 21γ217 + 34γ218 − γ219 − 37γ220 − 34γ221 − 15γ222

− 11γ223 − 11γ224 − 9γ226 − γ227γ29 − γ227γ57

+ 8γ229 − 16γ23 + 9γ230 + γ231γ29 + 10γ232

+ γ233γ27 + 22γ234 + 23γ235 + 33γ236 + 33γ237

+ γ239 + γ240 − 9γ26 − 7γ27γ35 − 3γ34 + γ37 + 11γ38

− 18γ46 − 15γ48 − 33γ49 − 10γ58 − 23γ65 − 37γ68 + γ70

− 22γ72 + γ76 + 33γ88 + γ94



A1,4 = 18γ0γ67 + γ121 − γ126 + γ131γ158 − 32γ138 + 23γ165

+ 32γ167 + γ170 + γ174 + 2γ179 + γ19γ246 + γ210

+ 18γ220 − 23γ226 + 23γ23 + γ238 + γ242 + γ243 − γ244

+ γ247 + γ249 + γ251 + γ252 + γ254 − 23γ36 + 14γ58

− 28γ66 + 14γ73 + γ87 − γ94

Row 2
A2,1 = γ2γ260w

+ γ92


− 59γ1 + 21γ111 + 27γ117 − γ122 − 8γ138 + γ187

+ 26γ193 − 11γ195 + γ201 − γ216 + γ225 − 39γ23 + γ249

+ γ261 − γ262 − γ263 + γ264 + γ265 + γ266 + γ267

− 12γ268 + γ270 + γ273 + γ277 + 24γ29 − γ35 + 48γ50

+ 4γ73 − 59γ74 + 12γ77 − γ84



A2,2 = γ142


ςγ282 − ςγ283 − ζγ134 + 29γ1 + 2γ101 + γ111 + γ114

+ 21γ15 + γ163 − γ193 + 5γ194 + γ195 − γ200 + γ208

− γ264 − γ267 + γ278 − γ279 − γ280 + γ281 + γ282 + γ284

+ γ287 − 28γ50 + γ66 + 2γ67 + 23γ74



+ γ183



12ηςγ13 + 26ηςγ31 + 98ηγ31 + 5ςζγ35 + 59ςγ12γ13

+ 36ςγ12γ31 + 32ςγ13γ21 + 23ζγ100γ21

+ 22ζγ100γ33 + 10γ0γ100γ35 − 57γ1 + 68γ12γ31

− γ135 − γ137 − γ139 − 24γ165 − 36γ195 − γ199 − γ209

− γ216 − 29γ221 − 72γ23 − γ252 − 16γ27 − γ275 − γ288

− γ289 + γ290 − γ291 − γ292 − γ294 − γ296 − γ298 − γ299

− γ30 − γ302 − γ303 + γ31γ35 + 26γ31 − 11γ36 − 48γ46

− 71γ66 − 21γ69 − 12γ74


− 8γ23γ260γ93
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A2,3 = 8ηγ0γ258γ5γ8γ93

− γ204


12ηγ100 − ςγ304 − γ100γ306 + 11γ117 − 25γ13

− 25γ14 + 25γ192 − 25γ194 + 13γ228 + γ262 + γ29

+ γ304 + γ305 + γ306 + γ307 + γ308 − 12γ57 − γ71

+ 11γ74 − 13γ77



− γ241



6γ100γ14 + γ100γ315 − 6γ105 + 34γ107 − 9γ111

− γ113γ35 + γ125 − γ137 − 21γ138 − 48γ165 + γ166

+ 21γ167 + γ173 + 26γ179 + 59γ193 + 39γ218 − 7γ219

− 39γ221 − 3γ226 − 48γ23 + γ243 − γ250 − 8γ27 + γ272

+ γ274 + γ289γ67 − γ292 − γ293 + 13γ31 + γ310 + γ311

+ γ312 − γ313 − γ314 + γ317 + γ321 − 26γ46 + γ47 + γ48

− 4γ49 + γ58 − 9γ66 + 4γ72 + γ73 + γ91



A2,4 = 29ηγ31 + 34ζγ100γ21 + ζγ100γ33 + 29ζγ100γ35

− 21γ105 − γ113γ29 − γ113γ67 − γ118 + 21γ12γ13

+ 7γ12γ31 − 28γ23 − γ245γ259 − γ278 − γ294 + 7γ31

− γ313 − γ314 − γ322 − γ324 − γ326 − γ46

Row 3
A3,1 = − γ333w

− γ92


8ηγ13 + 9ηγ31 + 59ςζγ35 + 14γ0γ21 − 18γ1 + γ110

− 56γ111 − 12γ127 − 27γ138 − 25γ164 + γ175 − γ203

− 3γ23 − γ239 − γ271 − γ277 − 10γ29 − γ330 − γ334

− γ335 + γ336 − γ337 − γ51 − 24γ67 − γ80 − γ99


A3,2 = 8γ0γ12γ331γ5γ9γ93

− γ142


12γ101 − 25γ107 + 25γ108 + 41γ111 + 14γ15 − 27γ232

+ γ233 + γ268 + 39γ269 + 13γ29 + γ305 + γ328 + γ338

+ γ339 − γ340 − γ341 + γ342 + γ343 + γ344 + γ345

− 50γ71 − 37γ74



− γ183



6ζγ35 + γ0γ102 − γ101γ264 + 26γ107 + γ108γ92

− 109γ111 + γ131γ264 − γ134 − 68γ138 − 39γ165

− 29γ167 + γ176 + 34γ179 + γ184 + γ211 + 4γ217

− 9γ220 − 48γ221 + γ223 + γ254 + γ26 − 31γ269 − γ272

+ γ300 + γ303 + γ317 − γ335 + γ346 − γ347 − γ348 − γ349

+ γ350 + γ351 + γ353 + γ354 + γ357 + 6γ38 + 14γ63

+ 78γ66 + 105γ69 + 23γ73 + γ90



A3,3 = γ204

15γ10 + 5γ107 + γ114 + 24γ117 − γ154 + γ158 − γ159

− γ231 − 21γ268 + 7γ269 + γ279 + γ339 − γ358 − γ359

+ γ360 − γ361 − γ363 + γ364 − γ365 + γ368 + γ370 + γ64



+ γ241



24ςζγ33 + 41ςζγ35 + 79ςγ0γ12 + 119ςγ0γ21

+ 23ζγ100γ33 + 10γ0γ100γ12 + 25γ0γ21 − 8γ105

− γ114 − γ136 − 105γ138 − 18γ164 − 29γ165 − 42γ167

− 14γ217 − 24γ221 − 4γ226 − γ23 − 24γ236 − γ251

+ γ276 − γ299 − γ316 − γ32 − γ321 − γ327 − γ346 − γ347

− γ348 + γ371 + γ372 + γ373 + γ374 + γ375 − γ376 − γ377

− γ378 − γ379 − 9γ46 − γ51 − γ76


− γ333γ93
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A3,4 = 6γ101 − 29γ107 + γ13γ180 + 12γ138 + γ193 − γ194

+ 14γ218 − 34γ232 + γ245γ332 + γ270 + γ324 + γ344

+ γ350 − γ380 − γ381 − γ382 + γ383 + γ384 + γ385

− 58γ66 − 42γ69 − 14γ71

Row 4
A4,1 = − γ389w

− γ92



20ςζγ12 + 20ςζγ33 + 6ςγ12γ13 + 6ςγ13γ35 + 2ζγ33

+ 7γ0γ35 + 5γ12γ13 + 15γ12γ31 + γ12 − γ124 − γ126

− 6γ127 − γ193 − γ202 + γ21 − 18γ216 − 8γ236 − γ242

− γ265 − γ27 − γ274 − γ288 + γ291 − γ297 − γ325 − γ33

− γ334 − γ336 − γ340 − γ35 − γ36 − γ370 − γ390 − γ391

− γ392 − γ393 − γ44 − 11γ49 − 14γ66 − γ67γ92 − 8γ67

− 14γ69 − 8γ71 − 8γ73 − γ98


A4,2 = 8γ0γ12γ386γ387γ5γ6γ93

− γ142


− ςγ380 − γ10 + 5γ101 + γ109 − 17γ111 + γ123 + γ13

+ γ138 − 5γ14 − 8γ179 − γ218 + 29γ23 − γ268 + γ274

+ γ296 + γ308 + γ322 + γ341 − γ342 + γ378 + γ394 + γ395

+ γ397 + γ398 − 34γ50 − 4γ67 + γ69 + 21γ70 + 17γ71

+ 13γ73



− γ183



26ηγ31 + 18ςγ0γ33 + ςγ12γ13 + 13ςγ12γ31

+ 70ςγ13γ21 + 44ςγ13γ35 + 3ςγ21γ31 + 2ςγ27γ35

+ 33ζγ100γ33 + 6ζγ100γ35 + 22ζγ100γ42

+ 17γ0γ100γ21 + 17γ0γ100γ33 + 27γ0γ100γ35

− 13γ1 − γ101γ31 + γ103 − 6γ107 + 82γ12γ31

+ 3γ13γ35 − γ15 + γ150 − γ151 − γ156 + γ177 − γ201

+ 50γ21γ31 − 51γ226 − 73γ23 − 14γ230 − 23γ236

− γ253 − γ28γ77 − γ28 − γ281γ31 − γ302 + γ31γ33 − γ34

− γ357 − 31γ36 − 3γ38 − γ393 − γ398 − γ399 − 4γ40

− γ401 − γ402 − γ403 − γ404 − γ405 − 15γ46 − 72γ49

− 30γ66 − 50γ69 − 13γ71 − 7γ72



A4,3 = γ204


− ςγ290 + 4γ1 − 17γ10 − 4γ114 − 25γ117 + 13γ14 − γ158

+ γ16 + γ172 − 5γ192 + 4γ194 + γ206 + γ231 + γ244

+ 23γ268 + γ311 + γ349 + γ359 − γ360 + γ361 + γ363

− γ367 + γ394 + γ406 + γ407 − γ64 + γ67 − γ73 − 4γ77



+ γ241



57ςγ12γ31 + 82ςγ13γ35 + 47ςγ21γ31 − 17γ0γ108

+ 18γ0γ35 + 14γ100γ12γ13 + 3γ100γ12γ31

+ 51γ100γ13γ21 + 7γ100γ13γ33 − 17γ100γ23

+ 14γ12γ31 − γ133 − γ147 + γ152 − 5γ193 + 11γ21γ31

− γ210 + γ224 − 4γ229 − 5γ23 − 3γ230 − 33γ232 − 4γ235

− 11γ236 − 27γ237 − γ240 + γ26 − γ273 − γ301 + γ319

− γ320 + γ34 − γ352 − γ354 − 15γ36 − γ371 − γ372 − γ373

− γ374 − γ375 + γ376 + γ377 − γ379 − γ382 − γ39 + γ399

+ γ402 + γ403 − γ405 − γ408 − γ409 − γ41 − 3γ49 − γ52

− 96γ66 − 142γ69 − 9γ72 + γ83 − 8γ88


− γ389γ93
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A4,4 = − ηγ187 + γ101γ255 + 9γ107 + γ128 − 24γ138 − 21γ164

− γ166 − 9γ179 + γ206 − 29γ218 + γ24 + γ246γ388

− 42γ269 + γ295 + γ298 + γ326 + γ369 + γ381 − γ383

− γ384 + γ390 − γ401 + γ404 + γ409 + 28γ49 + 44γ66

+ 30γ69 + 28γ71 + 26γ73

Row 5
A5,1 = −γ140γ411γ92 (ς + γ141) (ζ + γ366 + γ410 + γ77)

A5,2 = − γ140γ183γ5


3ςγ12γ13 + 5ςγ13γ21 + 2ζγ21γ412 − ζγ281

+ 2ζγ35γ412 − γ100γ291 + 2γ12γ13 − γ184 − γ247

− γ285 − γ310 − γ338 + γ35γ412 − γ355 − γ395 − γ408

− γ414 − γ71



− γ142


− γ106 − γ107 + 2γ108 + 5γ111 + γ116 − 3γ117

− γ15γ412 + γ171 + γ178 + γ189 + γ328 + γ364 + γ365

+ γ397 + γ407 + γ412γ47 + γ414 + γ415 − γ416 + γ418

+ γ419 + γ43γ50 − γ75



A5,3 = − γ204

− ηγ412 − ζγ100 − γ10γ412 + γ196 − 3γ228 + γ287 + γ3

+ γ345 + γ368 + γ392 + γ400 + γ406 + γ410 + γ413 + γ415

+ γ417 + γ420 + γ422 + γ423


− γ241γ411

(
− γ228 − 3γ268 + γ307 + 3γ362 − 3γ371 + γ412γ416

+ γ418 + γ421 + γ422 − 3γ74

)

A5,4 = 5ςγ50 + γ0γ100γ263 + γ0 + γ100γ129 − 5γ105

− γ113γ417 + γ119 + γ120 + γ143 − γ157 − γ165 + γ186

+ γ261 + γ264γ29 + γ266γ412 − γ272γ412 − γ315

+ γ338 + γ351 + γ396 − γ412γ424 + 2γ417 + γ419 + γ421

+ γ423 + γ424 − γ59
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S9 The classical deformation gradients and pressure
The parameters and coordinates are those of Section 2.2. The gradient matrices below use orthonormal
cylindrical bases when a cylindrical coordinate is present. The first row is radial and the third row axial.
For the homogeneous family F = L ∈ SL(3,R). For the block and straightening families, respectively,

F1 =

α/r 0 0
0 βr 0
0 γ 1/(αβ)

 , F2 =

αR 0 0
0 β/R 0
0 γ/R 1/(αβ)

 .

Their determinants are one. For the cylindrical family,

F3 =

AR/r 0 0
0 kr/R δr
0 κ/R γ

 , detF3 = A(kγ − δκ) = 1.

For the spherical family, after the fixed orthogonal map Q, the gradient has radial value εR2/r2 and
tangential values r/R, r/R. Its signed determinant is εdetQ = 1. For the logarithmic cylindrical family,

F5 =

 α 0 0
αβ αk 0
0 0 γ

 , detF5 = α2kγ = 1.

Thus each matrix has the prescribed signed Jacobian.
For the block and cylindrical families, B = FF⊤ and c = B−1 have no radial off-diagonal entries and

their physical components depend only on r. The local pressure derivative is

dpW

dr
= 2 d

dr
(W1Brr −W2crr) + 2

r
{W1(Brr −Bθθ) −W2(crr − cθθ)}. (S9.1)

For the spherical family the final factor 2/r becomes 4/r. For straightening, the tensors have no first-
coordinate off-diagonal entries and depend only on x; the pressure is pW = 2(W1Bxx − W2cxx) up to a
constant.

The logarithmic cylindrical family has constant principal invariants. In the current cylindrical frame,

B =

 α2 α2β 0
α2β α2(β2 + k2) 0

0 0 γ2

 , c =

(β2 + k2)/(α2k2) −β/(α2k2) 0
−β/(α2k2) 1/(α2k2) 0

0 0 γ−2

 .

Its local pressure one-form is

dpW = 2{W1(Brr −Bθθ) −W2(crr − cθθ)} d log r + 4(W1Brθ −W2crθ) dθ.

The coefficients are constant for each fixed energy W . These formulas give the pressure outputs used in
Proposition 9.7.
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