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Abstract The strain-energy function of a thin plate composed of an incompressible isotropic elas-
tic material is derived. In contrast to conventional models developed for applications involving large
plate deformations with small midplane strains, the present model accommodates large deformations
accompanied by finite midplane strains. An extended Kirchhoff-Love hypothesis underpinning prior
work on the topic is here justified on energetic grounds. The model, specialized to certain generalized
neo-Hookean materials, exhibits bending-stretching coupling and reduces to the classical pure-bending

energy in the absence of midplane strain.
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1. Introduction

Current developments in the derivation of two-dimensional plate and shell models from three-
dimensional nonlinear elasticity theory emphasize deformations involving finite midsurface strains [1-3],
whereas classical models of the Koiter type [5-8], for example, are confined to finite deformations ac-
companied by small midsurface strains. These developments are inspired by the need for models of thin
structures composed of polymers or biological tissues, i.e., materials that sustain finite elastic strains,
whereas the classical models are intended for application to conventional engineering materials for which
elastic response is confined to the small-strain regime. A central issue addressed by the extended theories,
including that presented here, is the modeling of bending-stretching coupling, absent in the constitutive

equations of the classical theories.



Due to the prevalence of incompressibility in materials capable of large elastic strains, it is necessary
to incorporate the isochoricity of the bulk deformation in the course of extracting a thin-plate/shell
model from a suitable dimension reduction procedure. Recent efforts along these lines are based on
an extended Kirchhoff-Love hypothesis [2,3], according to which material lines initially normal to the
midsurface remain so after deformation while accommodating isochoricity via an appropriate expression
for the thickness distension. One of our main objectives in the present work is to justify this hypothesis.
We show that extended Kirchhoff-Love kinematics are energetically optimal in materials that exhibit
reflection symmetry with respect to the plate midplane provided that the three-dimensional strain-
energy function is strongly elliptic. Examples of such material models are the three-term Odgen energy
[9,10], the neo-Hookean energy, and some of its generalizations including the Demiray [11] and Gent
[12,13] models, both of which play significant roles in the modeling of bio-tissue response.

In Section 2 we recount some aspects of nonlinear three-dimensional elasticity theory that are needed
in our development. Section 3 is concerned with a small-thickness estimate of the potential energy of a
plate that is either dead-loaded on a part of its cylindrical generating surface and fixed on the remainder,
or fixed on this entire surface and pressurized by fixed, uniform pressures applied to its major surfaces. In
Section 4 we derive restrictions on certain vector fields associated with the three-dimensional deformation
in the vicinity of the midplane arising from the isochoricity of the bulk deformation. These are further
restricted, in Section 5, for strongly elliptic materials that exhibit reflection symmetry with respect to
the midplane. In particular, for such materials we demonstrate the energetic optimality of the extended
Kirchhoff-Love hypothesis proposed in [2]. Enhancements of the model vis & vis the three-dimensional
theory are described in Section 6, and the explicit plate energy for a class of generalized neo-Hookean
materials is derived in Section 7. This exhibits stretching-bending coupling and reduces to the classical
plate energy for deformations that generate pure bending.

Concerning notation, we use the usual bold-face symbols for vectors and tensors. A dot between
such symbols is used to denote the standard Euclidean inner product. For example, if A; and As are
second-order tensors, then A - Ay = tr(A1AL), where tr(-) is the trace and the superscript ! is used
to denote transposition. The norm of A is |[A| = v/A - A. The linear operator Sym(-) delivers the
symmetric part of its second-order tensor argument, and the notation ® identifies the standard tensor
product of vectors. We use Lin™ to denote the set of second-order tensors with positive determinant.
If M is a fourth-order tensor, then M[A] is a linear second-order-tensor-valued function of the second-
order tensor A. M is said to possess major symmetry if A;- M[As] = Ay- M[A;], and minor symmetry
if Aj- M[Ao] = Al - M[As] and A - M[A,] = Ay - M[AL)]. Finally, scalars with bold subscripts are used

to denote the derivatives of scalar-valued functions with respect to their tensor or vector arguments.

2. Three-dimensional elasticity theory for incompressible materials

2.1 Basic equations of the three-dimensional theory

We use superposed tildes or carets to identify three-dimensional quantities. Symbols appearing



without these are used to denote the restrictions of these quantities to a midplane 2 of a thin plate-like
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body occupying the region k = Q x | ], where h is the uniform plate thickness. We assume the
plate to be thin in the sense that h/l < 1, where [ is any spanwise dimension of €.
In the purely mechanical setting considered here, the Piola stress of the three-dimensional theory is
given by
P = Wi — GF*, (1)
where W(F) is the strain energy per unit volume of k, ¢ is a reaction pressure associated with the
constraint of incompressibility, and F € Lin* is the gradient of a deformation x(X) with respect to
position X € k, having unit determinant and cofactor F* = F~*. We assume the material to be uniform
in the sense that W does not depend explicitly on X. The Piola traction transmitted across a surface
with unit normal 7 in & is
b =Po, (2)
and Piola’s equation of equilibrium, in the absence of body force, is

DivP = 0, (3)

where Div(-) is the divergence with respect to X, this holding at all X in the interior of k.

It is advantageous to decompose the position X of a material point in the form
X =x +k, 4)

where k is the (uniform) unit normal to the midplane €2, ¢ € [~£, 2] is a through-thickness coordinate,

and x is the position of the projected point on 2. With

~

P(x,¢) = f’(x + ¢k) (5)

we may then write (3) in the form

div(P1) + P’k = 0, (6)
where div(-) is the (two-dimensional) divergence with respect to x, (-)' = 9(-)/ds, and
1=I-kok (7)

is the projection onto, and the identity for, €', the translation (vector) space of €2, whereas I is the
referential identity for 3-space.

Using the projection we may express the deformation gradient in the form

F=Vx+x%x ok, (8)

where %(x,¢) = x(X), F(x,¢) = F(X) and V(-) is the (two-dimensional) gradient with respect to x.
We will encounter ¥/ and ¥ in the course of our further development, where
FF=Vi+x'®k and F'=Vx'+%" ok (9)

For points on the midplane these reduce to

F=Vx+x ok F=VX+x"®k and F'=Vx"+x" ok, (10)



where, for a generic function f (x,9),
n a"
M (x) = a—gnf\g:(y (11)

The equilibrium equation for such points is

div(P1) + P’k = 0. (12)

2.2 Strong ellipticity

To ease the notation, in the present subsection we drop the superposed tildes and carets on three-
dimensional quantities. Thus, let F(u) be a curve on the constraint manifold, i.e., J(u) = 1, where
J(u) = det F(u). The associated strain energy is W(F(u)). Its derivative with respect to the parameter
U is

W=Wg F, (13)

in which F is such that
0=J=Jp-F=F -F, with F*=F" (14)

on the constraint manifold. Here we regard W as the derivative of an extended energy defined on Lint,

evaluated post facto on the constraint manifold. Without loss of generality we choose this extended

energy to coincide with the actual energy (defined on the manifold) but with Lin* as domain [14].
Continuing, we have

W = Wep[F] - F +Wp - F, (15)

where WeF is the second derivative of the extended energy, again evaluated on the constraint manifold,

with ¥ restricted by (14) and with ' such that
0=J=F"F+ (F) . F. (16)
Noting that (14) holds on the manifold, we differentiate F'F~* = I, the referential identity, to obtain
(F*) = —F*F'F* (17)
on the manifold. Accordingly, I is such that
F* - F = F*F'F* . F. (18)
Invoking the identity AB-C = A - CB?, with A = F*Ft, B=F"and C= F, we derive
F*-F =G -G'=tr(G?, where G=FF" (19)
For incompressible materials, the strong ellipticity condition is
Wrrla@bl-a®@b >0 forall a®b#0, with a-F'b=0 (20)

in accordance with (14) [15].



2.3 Strong ellipticity for generalized neo-Hookean materials

We consider so-called generalized neo-Hookean materials for which

for particular functions F, where

I =tr(FF")=F.F. (22)

Examples include the conventional neo-Hookean material [9], with

PI) = Sl - 3) (23)
the Demiray material [11], with
F(I) = g5 p{exply(I = 3)] - 1}; (24)
and the Gent material [12,13], with
F(I) = —$pJyIn(1 — IJ—;?’), provided that I —3 < Jy,. (25)

Here p,~ and J,, are (positive) material parameters, with p representing the shear modulus associated
with infinitesimal strains. As is well known, the neo-Hookean model furnishes a faithful description of
the response of rubber up to moderate strains, whereas the Gent model is valid over a wider range of
strain, subject to the stated inequality constraint on I associated with locking of the material. Further,
the Gent and Demiray models furnish useful descriptions of the elastic response of bio-tissues.

From the perspective of the present work, the salient features of these models are that
F'(I)>0 and F"(I)>0 (26)

for all admissible I.
For these materials we have

We - ¥ = F'(I) =2F'(I)F - F (27)
for all F such that (14) is satisfied. This follows by differentiating (21) and (22). Thus, from (15),
WeplF] - F + We - ¥ = 2F/(I) ‘F‘ +AF"(I)(F - F)? + 2F (I)F - (28)

for all F and F as stated.
Setting ¥ = a® b in (18), we obtain F* - F = (a-F*b)2, and the restriction on a,b in (20) yields
F* . I = 0. Thus (27) holds with F replaced by I and this, together with (28), implies that

Werla®@bl-a®b = 2F' (1) a]* [b|> + 4F"(I)(a - Fb)>. (29)

Inequalities (26) thus ensure that (20) is satisfied without qualification, i.e., that the considered strain-

energy functions are strongly elliptic at all admissible deformations.

3. Small-thickness estimate of the energy



The strain energy of the thin plate is

S= / WE(X))dv = /Q W (x)da, (30)

where
h/2

W(x) = W(F(x,¢))ds (31)

—h/2
is the areal strain energy density and h is the (uniform) plate thickness. We assume that h/l < 1, where
[ is any spanwise dimension of the plate. To ease the notation we adopt [ as the length scale; thus, [ = 1

and h < 1. Regarding W as a function of h at fixed x € ), we may estimate it for small h by combining
the Leibniz rule with a Taylor expansion to obtain (see [8], Sect. 4.2.1)

W = hW(F) + LW + o(h?), (32)

where

W' = Wi (F)[F']- F' + Wi (F) - F”, (33)

the latter following by differentiating %W(F(X, §)) = Wg(F)- 8%]?1 with respect to ¢ and evaluating the
result at ¢ = 0. This estimate suffices to model membrane and leading-order bending effects.

Here (cf. (10)),
F=Vr+dok, F =Vd+g®k and F’'=Vg+hk, (34)

where

r=x, d=x, g=x" and h=x". (35)

These are the coefficient vectors in the small - ¢ expansion
%(x,) =r(x) + <d(x) + 3¢°g(x) + £<°h(x) + o(¢?) (36)

of the three-dimensional deformation of a point near the midplane €, with |o(e)| = o(e). These vectors
are independent functions of x.

We are interested in conservative problems for which a load potential £ exists. Among these we

h h

consider dead loading on the edge 0, x [~3, 5], where 0€2,, C 0, with position assigned on 92, x

[—%, %], where 9, = 00\ 00Q,; or, lateral pressure loading on the major surfaces of the plate with
. . . h h
position assigned on 02 x [—3, 5].

For dead-loaded plates, we have
h/2
L= Yds, where 1/’ = Ia(X, C) : X(Xa c)dc, (37)
o, —h/2
in which p(x,¢) is assigned. Proceeding as in the reduction of (31) to (32), we obtain (see [8], Sect.
6.1.2)

Y =p, r+pa-d+py-g+o(h?) (38)
where

pr=hp+ £h°p”, ps=5h’p’ and p, = Lh°p. (39)



Because position %(x,¢) is assigned on 92, x [—’2—‘, %] it follows, by differentiation with respect to ¢ and

evaluation at ¢ = 0, that r,d, g, h, ... are fixed on 9,. Moreover, p,p’ and p” are assigned on 9¢),,.

In the case of a pressurized plate, we suppose the major surfaces to be subjected to the fixed uniform
pressures p* at ¢ = £h/2, with p* = h3P* + o(h3) and PT = O(1). With position assigned on
O x [ 1] (and hence with r,d, g, h, ... fixed on 99Q) the associated load potential is [16]
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L =h3(AP)V +o(h?), (40)
where AP = P~ — Pt and
V= %/ jr - nda, (41)
Q
with
jn = F'k, (42)

where F* is the cofactor of F, defined by F*(a x b) = Fa x Fb for all vectors a,b. According to the
Piola-Nanson formula n is a unit normal to the tangent plane T, (p) of the deformed image w of the
midplane € at the material point p associated with x € Q, whereas j = |F*k| is the local areal dilation
of the surface w induced by the deformation field r(x). The latter is positive because det F* = J?;
accordingly, F*k # 0.
The potential energy of the plate is
E=85—-L. (43)

Retaining terms through order O(h?), we approximate this potential energy by

£=E+o(h%), (44)
with
E=5-1, (45)
where
S = h/ W(F)da + 57h* / Wi (F)[F'] - F' + Wi (F) - F” }da, (46)
Q Q
and, in the case of dead edge loading,
L:h/ p-rderih‘g/ (p’ r+2p -d+p-g)ds; (47)
a0, 0y,

or, in the case of conservative pressure loading,

L =1n*(AP) /er - nda. (48)

4. Restrictions on the fields d, g and h imposed by isochoricity

Isochoricity of the bulk deformation entails the constraint J (X) = 1, where J = detF. Writing

J(x,¢) = J(x + ¢k), differentiating twice with respect to ¢ and evaluating the results at ¢ = 0 gives

J=1, J' =0 and J'=0, (49)



the first of these implying that
1=Fk-Fix Fj=Fk- -F'k, (50)

where 1,j € Q' are orthonormal vectors such that i x j = k. From (34); and the Piola-Nanson formula
we conclude that

d-n=j 1 (51)
Writing (Vr)e for the projection of d onto T,,(p), where e € ' is a 2-vector, we then have
d=j"'n+(Vr)e (52)

for arbitrary e € §)'.

Proceeding next from (34), and (49)5, we have
0=J =F".F =F .Vd+g-Fk=F".Vd+ jg-n. (53)

Thus,
g = (Vr)f —j 1 (F* - Vd)n, (54)

for arbitrary f € Q.
Finally, the last of (49) implies, as in the calculation leading to (19), that

F*-F’ =tr(A?), where A =F*(F), (55)
and hence, with (34)s, that
jh-n=tr(A% - F*.Vg. (56)
Accordingly,
h=(h-n)n+ (Vr)l (57)

for arbitrary 1 € .

5. Reflection symmetry with respect to the midplane

Writing the midplane strain energy W(F) as a function U(C), where C = F'F is the right Cauchy-
Green deformation tensor for points on the midplane €2, reflection symmetry with respect to this plane

is defined by
U(C)=U(Q'CQ) (58)

for all admissible C, where

Q=I-2%k®k=1-kok (59)

This is trivially satisfied in the case of isotropy relative to the configuration «, as (58) then holds for all

orthogonal Q and hence for reflections in particular.

5.1 Stationarity of the energy with respect to e and f



From (52), with (Vr)'n =0 (because (Vr)" maps T,,(p) to ') we have that admissible midplane

Cauchy-Green tensors are of the form
C=ct+v@k+k®y+(j?+e-ce)k®k, where y=ce and c=(Vr)'Vr: O — Q' (60)
is the surfacial Cauchy-Green tensor. Accordingly,
QCQ=c-—70k-k®@v+ (> +e-cekak, (61)

and it follows that the strain energy is an even function of e:

where

in which all quantities other than e are fixed in (60).

Thus there is a function H(g), say, with € = e ® e, such that (Appendix A)

where (-) = <L () and the symmetry H. = (H.)! has been invoked. Thus,
Ge = 2(H.)e, (66)
and the energy is stationary with respect to e at e = 0, yielding
C=c+j 2%k (67)

We note that
detc = 52, (68)

where detc is a 2 x 2 determinant. This is true whether or not e vanishes or the bulk deformation is
isochoric.

From (52) and (63) we also have that
Ge-&=Wg-F=Wg-(Vréeok, (69)

ie.,

Go = (V) (Wp)k. (70)

Before proceeding we pause to note, in view of (34)3 and (57), that the part of the energy involving

the vector field 1 in (46) is given by

LEWa(F) - (Vr)lok = L% G, (71)



where we have used Wi(F) = Wg(F), this following from our interpretation of W as the extended
energy, ie., from differentiation of W(F) = W(F) on a one-parameter family F(u) = F(u) with F
arbitrary. Accordingly, if e renders the midplane strain energy W stationary then the term involving 1

in the order - h® energy vanishes. In this case no generality is lost by taking h = (h-n)n in (57), with

h - n given by (56). In particular, this situation obtains if e = 0, in which case (52) yields d = j~'n

and (34); reduces to
F=Vr+An®k, where \=j1, (72)

is the leading-order thickness distension, whereas (34)s reduces to

F/'=AVn+n®Vi+gak. (73)

Next, we establish, again if e vanishes, that the term Wgg(F)[F'] - F/ in the energy (46) is an even
function of f and hence stationary at f = 0, where f determines the tangential part of g (see (54)).
To prove this claim we first differentiate W(F) = U(C) on the one-parameter family F(u), obtaining
We(F) - F = Uc(C) - C with

C = 2Sym(F'F). (74)

With the interpretation of W and U as extended energies, we may regard F(u) as an arbitrary path in
Lin™*. We suppose that F(0) belongs to the constraint manifold and differentiate again on a straight-line

path (F = 0) in an open ball centered at F(0) - a convex set - obtaining
Wer (F)[F] - F = Ucc(C)[C] - C + Uc(C) - C, (75)

with F = F(0) and

C = 2Sym(F'F). (76)

Thus, on invoking the symmetry of Uc and the minor symmetries of Ucc, we arrive at
Wer (F)[F] - F = 4Ucc(C)[F'F] - F'F + 2Uc(C) - F'F (77)
for all F. On noting that Wi (F) = Wgr(F), the relevant term in the energy (46) reduces to
Wrr(F)[F'] - F = 4Ucc(C)[F'F'] - F'F' + 2Uc(C) - (F)'F’. (78)

We now differentiate the symmetry condition (58) on the same straight-line path F(u), reaching

Uc(C)- C =Uc(Q'CQ) - Q'CQ and
Ucc(C)[C]- €+ Uc(C) - € =Ucc(Q'CQ)[Q'CQ] - Q'CQ + Uc(Q'CQ) - Q'CQ,  (79)

with C and C given respectively by (74) and (76) in which F is arbitrary. If e = 0 we have, from (72)
and with Q given by (59), that

C=c+Xkok and Q'CQ=C, (80)
and hence,
4Ucc(C)[F'F']-F'F +2Uc(C) - (F)'F' = 4Ucc(C)[Q'F'F'Q]-Q'F'F'Q+2Uc(C)- Q' (F)'F'Q. (81)

10



To examine the implications of this condition we combine (34); and (72). After a fairly lengthy but

straightforward calculation we reach

Sym(F'F') = A& + A(n - g)k @ k + Sym(cf @ k) (82)
and
(F))'F’ = \3(Vn)'Vn + |g]* k @ k + 2ASym/(kf @ k), (83)
where
k= (Vr)'Vn (84)

is the bending strain, and

g|> =f-cf + (n-g)?, (85)

in which we have suppressed terms involving V. In Section 6 we show that such terms may be neglected
without impairing the order - h3 accuracy of the expression (46) for the energy. In the course of deriving
(82) and (83) we have used the fact that (Vr)'n = 0, as already noted, together with (Vn)'n = 0 (the
differential form of n-n =1).

The symmetric bending strain tensor k: ' — ' is effectively the pullback of the curvature tensor
b: T,,(p) — T, (p) defined by dn = —bdr. The symmetry of b follows from the Weingarten equations of
surface theory [18]. Using dr = (Vr)dx and dn = (Vn)dx we have Vn = —b(Vr) and

k = —(Vr)'b(Vr). (86)
With these expressions in hand and with Q given by (59) we arrive at
Sym(Q'F'F'Q) = Ak + A\(n - g)k ® k — Sym(cf ® k) (87)

and

Q'(F)'F'Q = \*(Vn)'Vn + g’ k © k — 2ASym(kf @ k). (88)
Combining with (78) and (81)-(83), we finally conclude that

Wer(F)[F'] - F' is an even function of f, (89)

and hence, as in the discussion leading to (66), that it is stationary with respect to f at £ = 0.
5.2 Uniqueness and optimality of the stationarity conditions e =0 and f =0

Let o(u) = G(e(u)), where G is defined in (63) and e(u) € ' is a one-parameter family of 2-vectors.
Then,
6=Ge-€& and =G &+ (Ge) -&, where (Ge) = (Gee)é. (90)

From (34); and (52) we have that
(Ge) = (Vr)'{Wrr[(Vr)é ® k]}k (91)

and

¢ (Gee)é = (Vr)é @ k- Wep[(Vr)é @ k|. (92)

11



Here we note that (Vr)é - F'k = j(Vr)é - n. This vanishes for all &, and the positive definiteness of Gee
follows from the strong-ellipticity condition (20).

Consider the straight-line path e(u) = uez + (1 —u)e; with e; # e and u € [0, 1]. Then, é = e3 —e;
is non-zero and & = & (Gee)€ > 0 on this path. It follows by integration that ¢(u) > ¢(0) for u € (0, 1]
and o(1) — o(0) > ¢(0), i.e., that G(e) is convex:

G(62> — G(e1) > Ge(el) . (eg — 61); € 7& e;. (93)

Because such functions have unique stationary points we conclude that the solution e = 0 to the equation
Ge = 0 is unique and furnishes the global minimum of the energy: G(e) > G(0) for all e # 0.
Next, consider the function

B(f) = :Wrr(F)[F'] - F (94)

in which all quantities other than f are fixed in (34)2 and (54). Differentiating on a curve f(u) € Q', we
have
B -f = Wrp(F)[F'] - (Vr)f @ k; hence, Bf = (Vr)'(Wrr[F'))k, (95)
and
f-(Bg)f = (Vr)f @ k- Weg[(Vr)f @ K]. (96)

Strong ellipticity thus implies that Bg is positive definite.

Proceeding as above, let o(u) = B(f(u)) with f(u) = ufs + (1 — w)fy, f2 # 1 and u € [0,1]. Then
g = f- (Bg)f > 0, implying, as above, that B(f) is also convex. Thus B(f) has a unique stationary
point that furnishes the global minimum of Wegr (F)[F'] - F/ with respect to f. If V is negligible, as
shown in Section 6 below, then (89) follows and f = 0 is the unique minimizer.

These results, together with the remarks following (71), justify the extended Kirchhoff-Love hypoth-
esis

X(x,6) = r(x) + ¢(x, <)n(x) + o(s?) (97)

proposed in [2], with (cf. (36), (52), (54) and (57))
p=mn-(¢d+ %gQg + %cgh). (98)
With some effort, detailed in Appendix B, we may show that
¢ =77 e+ HS + 3P (6H? - K)), (99)

where

H=3trb and K =detb (100)

are the mean and Gaussian curvatures of w, respectively. This agrees with the result stated in [2] if due

account is taken of our sign convention for H.

12



6. Refinements based on the three-dimensional theory

We seek an order - h? estimate of the potential energy that is as accurate as possible by the standard
of three-dimensional elasticity theory. Accordingly we incorporate information from that theory to refine
our approximation (46) to the plate energy. For example, the tractions acting at the major surfaces of

the plate with exterior unit normals +k are
BT = p(x,+1) = +Pk + 2P’k + EP"k + O(h?), (101)
where |O(€)| = O(e), yielding the net lateral traction and traction difference
pt4+p =hP'k+O(h®) and p" —p =2Pk + O(h?), (102)

respectively. Thus, if p* vanish, as they do for edge-loaded plates, or if |[p*| = O(h?®), as we have

stipulated for pressurized plates, then
Pk = O(h?) and P’k = O(h?). (103)

Accordingly, we may impose

Pk=0 and Pk=0 (104)

in the coefficient of h3 in the expression (46) without impairing the accuracy of the approximate energy.
To examine the implications of the first restriction, we combine it with (1) and the Piola-Nanson

formula (42), obtaining
(Wr)k = gjn, (105)

where ¢ is the midplane value of the constraint pressure. This furnishes
(Vr)'(Wr)k = 0, (106)

which, as we have seen, implies that e = 0 furnishes the optimal midplane deformation gradient, given
by (72). This also furnishes the optimum value of W for a given midplane deformation field r(x).
Accordingly, we put e = 0 in all terms of the approximation (46) to the energy. The associated constraint

pressure is given by

g=>n-Wpk; A=j1 (107)

The second restriction in (104) is
(Wrr[F)k — ¢F'k — q(F*)'k =0, (108)
where (cf. (17)) (F*)" = —F*(F')'F*, which, together with the Piola-Nanson formula, implies that
(Wer[F')k — ¢'jn + ¢jF*(F')'n = 0, (109)

this further yielding
(Ve)'Wrr[F'Dk + ¢j(Vr)'F*(F')'n = 0, (110)

13



where, with reference to (95) and the remarks following (96), the first term vanishes at the value of f

that optimizes Wer(F)[F’] - F. We may thus impose
¢j(Vr)'F*(F)'n =0 (111)

in the order - A3 energy without adversely affecting the accuracy of the approximation.
On combining
F*=(Vr)'+jn®k (112)
with (Vr)}(Vr)™t = 1, (Vr)'n =0, (Vn)'n =0 and (see (73)) (F')'n = VA + (g - n)k, we arrive at
(Vr)!'F*(F')'n = V) and thus reduce (111) to ¢jVA = 0. As ¢ is generally non-zero, we conclude, from
(104)2, that VA = 0, or, more precisely, from (103)3, that

VAl = O(h?), (113)

and hence that terms involving VA may be suppressed in the order - h® contribution to the energy
without impairing the accuracy of the approximation. This result justifies our prior suppression of VA
in the course of deriving (82)-(85).
Moving on to the term Wg(F) - F”(= Wg(F) - F”) in (46), we use (1), (7), (12), (34)3 and (104) to
write
Wg(F) -F' =P -F' +¢F*-F", (114)
with

P-F’ = P1-Vg+h- Pk
= div[(P1)'g] — g - div(P1)
= div[(P1)'g] +g- Pk

— dn(P1)'g) (15)
ie, P-F” = div[(P1)'g] + O(h?). Thus, we maintain order - h® accuracy by imposing

/ Wi(F) - F'da = / qF* -F"da +/ Pv - gds (116)
Q Q o9

in (46), where v € ' is the exterior unit normal to the edge 0.

On substituting into (46) and (47) we note that according to the three-dimensional theory, the
contribution to the final integral from 9€2,, cancels the term p - g in the load potential for the dead-load
problem, leaving a residual integral over 9Q, = 9 \ 09, whereas 9, = I in the case of pressure
loading. According to (1) and (107), this residual integral is determined by the restrictions of d, g and

Vr to 0€2.. Here we invoke the normal-tangential decomposition
Vrign, =1 9T +1, U, (117)

where 7 = k X v is a unit tangent to the boundary, and r; and r, respectively are the tangential and
normal derivatives of r on the boundary. Recalling that r,d and g are assigned on 9., and noting that

r, is determined by r|sq,, it follows that the residual integral is controlled by r,. If this is also assigned
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on 0f), i.e., if this part of the boundary is clamped, then the residual integral is fixed. Its variational
derivative then vanishes, and thus makes no contribution to the mechanics of the plate. Assuming the
plate to be clamped on 9€). we may therefore suppress the final integral in (116) entirely.
Alternatively, on noting that P = F'S, where S is the symmetric Piola-Kirchhoff stress, we infer that
(104); is equivalent to Sk = 0. Then, (34); yields P = (Vr)S and Pv-g = Sv - (Vr)'g = Sv - cf. This
vanishes because f vanishes. The residual integral over 02, then vanishes identically whether or not

09, is clamped.

Remark: These statements presume that the assigned boundary values of d and g on 0, agree
with the continuous extensions to 9€2. of their interior values, as determined in the foregoing. This is
atypical, however. It is therefore necessary to use the three-dimensional theory (or a further refinement
of the present model) in a region adjoining the boundary. One then attempts to match its predictions
to those of the present model in the interior. This situation arises in all two-dimensional plate theories.
Here, we proceed as in the usual treatments of plate theory and regard the present model as applying

on the closure of Q.

Summarizing, we have

E = / Wda — L, (118)
Q
with
W = hW(F) + L£h*{Wgr(F)[F'] - F' + ¢F* - F"}, (119)
wherein (Appendix B)
F=Vr+ ok F =AVn+2\Hn®k and F*.-F’ = )\(|b|° +4H?), (120)
with L given by
L= h/ p.rds—l—%fﬁ/ (p”-r+2\p' -n)ds (121)
(21975 (21929

in the case of dead loading or by (48) in the case of pressure loading, and with ¢ given by (107).
These results apply to all strongly elliptic strain energies that exhibit reflection symmetry with

respect to the midplane €.

7. The explicit energy for generalized neo-Hookean materials

For generalized neo-Hookean materials we have W(F) = F(I) with I = F - F. Then,
W =F'(I', with I'=2F-F (122)

and

W' = F'(D)I" + F"(I)(I')?, with 1" =2F -F +2F-F". (123)
On comparison with (33), and with our interpretation of W as the extended energy, it follows that

Wr =2F ()F and Wep[F'] - F = 2F' (I)F' - F' + 4F"(I)(F - F')%. (124)
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We note in passing that the midplane stress (cf. (1)) is
P = 2F'(I)(F — \’F"). (125)

These formulae may be used to confirm the stationarity conditions e =0 and f = 0 obtained in

Section 5. For example, (69) reduces to

Geo-& = 2F'(I)(Vr)é-Fk
= 2F'(1)é-(Vr)'d

= 2F'(I)é- ce, (126)
where ¢ = (Vr)*(Vr) is the surfacial Cauchy-Green deformation tensor. Thus,
Ge = 2F'(I)ce. (127)

Because F’(I) > 0 for the models considered, and because det c(= j?) > 0, it follows that e = 0 is the
unique stationary point of G, as claimed.

In the same way, from (95) we have
By -f =2F ()F - F +4F"(I)(F - F)F-F, where ¥ = (Vr)f®k. (128)
VVithF-]:?‘/:(Vr)f.'-d:f.'-cezoandF’-]:?":(Vr)f.'-ng.'-cf7 we obtain
Be = 2F'(I)cf, (129)

and conclude, as claimed, that f = 0 is the unique stationary point of B.

The final formula for the plate energy W is obtained from (107) and (119). Thus,
W = hF(I) + Hh3[F' (DF - F + 2F"(I)(F - )2 + N F'(I)(|b]” + 4H?)),
where, from (22) and (120),
I=Vr-Ver+ X, F.F =)(Vn-Vn+4\’H?) and F-F = \(tre+2\*H). (130)

To better exhibit the bending-stretching coupling in this energy we express it in terms of ¢ and k.

Thus, noting that
2H = —tr(c™'k), Vn-Vn=tr(c 'k?) and |b]>=tr[(c k)%, (131)
we obtain

W = hF(I) (132)
+ RN F (Dtr(c ™ K%) + 203 (tr(c 1K) + Ntr(c k)% + 2F" (D) [tre — Ntr(c'k))?},
with
I=trc+ A%, A =(detc)™! and c!=\[(trc)l —c], (133)
the last of these following from the Cayley-Hamilton formula. Here, tr(c™1x2) = |c*1/2f-£|2 > 0, with

equality if and only if ¢c='/?k = 0 and, thus, if and only if & = 0. Inequalities (26) then imply that this

energy is a positive-definite homogeneous quadratic function of the bending strain k.
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7.1 The Legendre-Hadamard inequality

The Weingarten equations of differential geometry may be used to express k in terms of Vr and
VVr. The explicit expression is k = Kopea®eg with kKag = —n-r o3, where e, € Q' (o, = 1,2)
are orthonormal vectors associated with a Cartesian coordinate system z, and the comma preceded
by a subscript signifies partial differentiation with respect to the indicated coordinate. In particular,
VVr =r .3 ® e,Qep. The operative Legendre-Hadamard inequality for the energy E (see (118)) -
a necessary condition satisfied by energy minimizing deformations r(x) - is the requirement that the
coefficient of h® in the expression for W be non-negative if VVr is replaced by a® z ® z, with a an
arbitrary 3-vector and z € ) an arbitrary 2-vector [18]. With some effort we may reduce this requirement
to

(a-n){F'(I[|z]* (z- ¢ '2) + 3)\2(z- ¢ '2)?] + 2F"(I)(N’z - ¢ 'z — |z|°)?} > 0. (134)

Inequalities (26) ensure that this is satisfied for all a and z, with equality if and only if either z =0
or a-n = 0. Moreover, W is a convex function of VVr but is neither strictly convex nor coercive because
it involves only the normal part n-r ,g of r 5. Precisely the same situation is encountered in Koiter’s
shell theory. In [19] this is addressed by estimating the Koiter energy in terms of a suitable polyconvex
function for which an existence theorem is proved. We anticipate that a similar procedure could be
adapted to the present energy.

In connection with this issue we note that a term e |V)\\2 , say, with € an arbitrary positive constant
of order unity, may be added to the coefficient of h? in (132) without impairing the order- k3 accuracy
of the energy (see (113)). We state without proof that this yields VA — —A[a - (Vr) ‘z|z and hence
that the proposed modification adds the term eX*[a - (Vr)~z]? |z|* to the left-hand side of (134). This
modification (or any similar one based on V) thus achieves only a partial regularization of the energy
because equality in (134) follows if a € T,,(p) is orthogonal to (Vr)~tz. The modified energy is again
convex in VVr but not strictly so.

We remark, however, that there is no reason to expect minimizers of the parent three-dimensional
energy to minimize its truncated approximation (118). Nevertheless it is clearly desirable from the

viewpoint of analysis that the truncated energy should admit minimizers.
7.2 Pure bending

Pure bending corresponds to deformations for which ¢ = 1, identically, and hence C = I at all points
on the closure of Q. With F'(3) = 0 and F'(3) = 4 for the considered family of generalized neo-Hookean

materials, the energy (132) reduces to
Wy = ShPultr(s?) + (tre)?], (135)

in precise agreement with the classical bending energy for plates composed of incompressible materials

having a Poisson ratio v = 1 (see [8], eq. (4.136)).
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For such deformations both F and F* reduce to the rotation field R(x) in the polar decomposition of
the deformation gradient. Then (125) furnishes P = 0 and p(= Pv) = 0, and the pure-bending energy

of an edge-loaded plate reduces to

E, = / Wyda — ih:‘/ (p” -r+2p - n)ds. (136)
Q oy,

Gauss’s Theorema Egregium [17] implies that nonlinear pure-bending theory is limited to situations
in which a deformed surface w has vanishing Gaussian curvature. It is therefore of limited utility. Our
purpose in discussing it here is to promote confidence in the expression (132) for the bending-stretching

energy.
Appendix A: Even scalar-valued functions of vectors

We establish that G(—e) = G(e) if and only if there is a function H such that G(e) = H(e ® e).

Sufficiency is obvious. To prove necessity we show that G(e) is determined by e ® e; that is,
G(a) = G(b) whenever a®a=b®b. (137)

The second of these yields
a’a=(a-b)b and b’b=(a-b)a, (138)

where a = |a| and b = |b|, and therefore @ = b and a?b® = (a-b)?. But there is § € R such that
a-b = abcosf. Thus, cos§ = 1 and either of (138) implies that b = +a and G(b) = G(%a), so that

if G is insensitive to the choice of sign, as assumed, then (137) follows.
Appendix B: Detailed calculations

Apart from a term involving V\, the suppression of which is justified in Section 6, we have, from

(52) with e = 0, that Vd = AVn. On combining (54) with
F*=(Vr) " +jn®k (139)
we then obtain

jg-m = —A(Vr)'+jin®k]l-Vn
= —A\(Vr)™" - Vn-—(Vn)'n-k
= Ab(Vr)- (Vr)™*
= Mr[b(Vr)(Vr)™}]
= Airb, (140)

on noting that (Vr)(Vr)~! is the identity on T,,(p). Thus,

g-n=2j"2H, where 2H =trb. (141)
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Next, with g, = g - n we have

F*-Vg = [(Vr)"'+jn®k]- (n® Vg, + g,Vn)

= (Vr)’ln “Vgn + gu(Vr)™ - Vn+ jk- Vg, + jg.(Vn)'n-k

= go(Vr)™" - Vn
= —gab(Vr) - (Vr)™'

= —gutrb
= _4j_2H27
From (55)2 we also have
A = F'\Vn)+kog]
= M(Vr) "+ n®k|(Vn)+jn®g
= AVr) "(Vn)+n®(Vnk+jn®g
= —-\b+/n®g.
Thus,
A? = Nb?-—gnebn+jigneg

= )‘2b2 + jQan X8,
giving (see (55)1)

F*-F' = tr(A?)

and (56) delivers

Ntr(b?) + j2g2

52 (Ib* + 4H?),

jh-n = tr(A?)-F*.Vg

= j7%(|b]* +8H?).

Finally, the Cayley-Hamilton formula
b? = (trb)b — (det b)e,
where ¢ is the identity on T},(p), furnishes |b|*> = tr(b?) = 4H?2

h-n=2j36H*-K).
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(143)

(144)
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(148)



References

1. Wood, H.G., Hanna, J.A.: Contrasting bending energies from bulk elastic theories. Soft Matter
15, 2411 (2019).

2. Ozenda, O, Virga, E.G.: On the Kirchhoff-Love hypothesis (revised and vindicated). J. Elast.
143, 359-384 (2021).

3. Taffetani, M., Pezzulla, M.: Nonlinear morphoelastic energy based theory for stimuli responsive
elastic shells. J. Elast (in press).

4. Koiter, W.T.: On the nonlinear theory of thin elastic shells. Proc. K. Ned. Akad. Wet. B 69,
1-54 (1966).

5. Ciarlet, P.G.: An introduction to differential geometry with applications to elasticity. J. Elast.
78-79, 3-201 (2005).

6. Ciarlet, P.G.: Mathematical Elasticity, Vol. III: Theory of Shells. STAM Philadelphia (2022).

7. Steigmann, D.J.: Koiter’s shell theory from the perspective of three-dimensional nonlinear elas-
ticity. J. Elast. 111, 91-107 (2013).

8. Steigmann, D.J., Birsan, M., Shirani, M.: Lecture Notes on the Theory of Plates and Shells:
Classical and Modern Developments. Springer, Cham (2023).

9. Ogden, R.W.: Non-linear Elastic Deformations. Dover, N.Y. (1997).

10. Ball, J.M.: Convexity conditions and existence theorems in nonlinear elasticity. Arch. Ration.
Mech. Anal. 63, 337-403 (1977).

11. Demiray, H.: A note on the elasticity of soft biological tissues. J. Biomech. 5, 309-311 (1972).

12. Gent, A.N.: A new constitutive relation for rubber. Rubber Chem. Technol. 69, 59-61 (1996).

13. Horgan, C.O.: A note on a class of generalized neo-Hookean models for isotropic incompressible
hyperelastic materials. Int. J. Non-Lin. Mech. 129, 103665 (2021).

14. Steigmann, D.J.: Finite Elasticity Theory. Oxford University Press (2017).

15. Fosdick, R.L., MacSithigh, G.P.: Minimization in incompressible nonlinear elasticity theory. J.
Elast. 16, 267-301 (1986).

16. Steigmann, D.J.: Applications of polyconvexity and strong ellipticity to nonlinear elasticity and
elastic plate theory. In: Schroder, J., Neff, P. (eds.) CISM Course on Applications of Poly-, Quasi-, and
Rank-One Convexity in Applied Mechanics., vol. 516, pp. 265-299. Springer, Vienna (2010).

17. Stoker, J.J.: Differential Geometry. Wiley-Interscience, N.Y. (1989).

18. Hilgers, M.G., Pipkin, A.C.: The Graves condition for variational problems of arbitrary order.
IMA J. Appl. Math. 48, 265-269 (1992).

19. Ciarlet, P.G., Mardare, C.: An existence theorem for a two-dimensional shell model of Koiter’s

type. Math. Models Meth. Appl. Sci. 28, 2833-2861 (2018).

20



