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Abstract

Soft granular materials are porous packings of highly deformable particles found in systems ranging
from blood clots and tissue scaffolds to starchy foods and 3D-printing inks. They start as collections
of discrete, loosely packed motifs, but then transition to a coherent solid under load. Understanding
when that granular-to-continuum transition occurs is critical because it controls whether a biomaterial
can be injected through a needle, how easily cells and drugs infiltrate a healing wound, and how nu-
trients are transported through engineered tissue. Classical approaches rely on counting inter-particle
contacts, but this becomes rather ambiguous as contact points evolve into contact surfaces when soft
grains undergo large, nonlinear changes in size and shape. Here, we present a paradigm shift: instead
of tracking the granular material, we track the empty space between them. Through computational
simulations, we discover that porosity evolves through a universal sequence: as the material compresses,
interstitial voids undergo a stereotyped cascade of fragmentation (proliferation) followed by collapse
(elimination). We identify a topological marker that marks the exact onset of solid-like rigidity and
stress homogenization. The critical threshold of this topological marker is independent of the particle
size distribution or elasticity, offering a robust geometry-based descriptor for the solidification of soft

matter.
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» 1 Introduction

2 Soft granular materials (SGMs) are scientifically challenging (Jaeger et al., 1996; Weaire and Aste, 2008;
2»  Manning, 2023), technologically stimulating (Follmer et al., 2012), and often therapeutic (Widener
0 etal., 2024; Yuk et al,, 2021). They occur in natural systems, ranging from food materials (Karathanos
n and Saravacos, 1993; Huang and Clayton, 1990) to wound healing (Angelini et al., 2011; Griffin et al.,
n 2015; Bosek et al., 2022), and are emerging as mechanical motifs for tissue repair (Riley et al., 2019) and
»  cell delivery (Qazi and Burdick, 2021; Cai, 2023), in soft robotics (Manti et al., 2016; Li et al., 2024),
» and biofabrication (Daly, 2024). Their intrinsic disorder and modularity combined with deformability
3 offer pathways to endow them with trainability (Jaeger et al., 2024).

3 In classical granular materials with elastically stiff grains, the structure—property relation is typified
s by packing fraction (1) and the mean coordination number ((Z), average number of contacts per grain).
3 By contrast, the nonlinear grain-scale deformability of SGMs introduces complexities in how particles
» transmit forces in ways that are distinct from their stiff counterparts (Brodu et al., 201 5; Emiroglu et al.,
w0 2022; Verheyen et al., 2023). As contacts broaden into finite regions (Mason et al., 1995; Brodu et al.,
s 2015), faceting occurs and force chains delocalize. In such situations, the notion of (Z) may become me-
2 chanically ambiguous (Mukhopadhyay and Peixinho, 2011). Indeed, recent work on highly deformable
« granular architectures (Poincloux and Takeuchi, 2024) highlights that rigidity transitions (Damavandi
et al, 2022a,b) can be governed by geometric measures such as the extent of the contacts rather than
s the number of contacts. These observations suggest that, in the post-jamming regime relevant to many
s SGMs, structure—property relations should be formulated in terms of geometric variables that remain
a well defined under large deformation (Vu et al., 2019; Vu and Barés, 2019).

18 This motivates a fundamental mechanistic question: when does a compacting SGM behave as a granular
s assembly versus as a continuum solid? This crossover, which may be viewed as the onset of a rigidity
s transition, is mechanistically relevant because it marks the transition from force-chain-dominated stress
s transmission to a regime in which the stress field becomes nearly homogeneous on the sample scale,
2 making a continuum description appropriate. Consequently, the evolution of the interstitial porosity
ss that leads these architectures to a confluent (i.e., space-filling) state can have implications for healing and
s rupture (Prakash et al., 2021; Varner et al.,, 2023). SGM densification reorganizes the void network,
ss. which can have functional implications, for example, on the stability and health of biological SGMs
s (Monfared etal., 2023), in transport (Tutwiler et al., 2018; Truong et al., 2019; Bhattacharjee and Datta,
0 2019; Qazi and Burdick, 2021; Bhattacharjee et al., 2021), and in modulating texture of starchy foods
s (Huang and Clayton, 1990; Rahman, 2001)), see Fig. 1.

59 In this work, we show that for densifying SGMs driven toward confluence from an initially jammed
e yet porous state, the void population (number of distinct interstitial voids) provides a robust microstruc-
o tural marker of the granular-to-continuum crossover. Using finite-element simulations of two-dimensional
2 assemblies of compressible hyperelastic grains, we find that densification generically drives a two-stage
& evolution of the void network: fragmentation (void proliferation) followed by void evanescence as con-
o fluence is approached. The void population peaks at a threshold packing fraction that is essentially
ss independent of grain compressibility and particle-size distribution, and this threshold coincides with
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Jammed porous Transition Confluent

Figure 1 Exemplars of confluent granular motifs (top). In these and similar applications, soft granular
aggregates go through a transition from a jammed to a confluent state (bottom) under mechanical forces, which
determines their functional behaviors.

a crossover in the macroscopic force—displacement response and with the onset of stress homogeniza-
tion. This identifies a confluence-associated rigidity crossover in SGMs that is more naturally associated
with the void-space topology rather than by coordination. This aspect, combined with the evolution
of associated void statistics (distributions of void area, aspect ratios, and orientations), provides richer
information for void-scale mechanics that complements contact-mechanics-based design and is natu-
rally compatible with data-driven materials pipelines informed by experiments (Verheyen et al., 2023;

Tateno et al., 2025) and simulations.

2 Approach

We simulate the compaction behavior of SGMs under uniaxial loading. Three types of particle size
distributions (PSDs) with kinematic periodicity are considered: uniform (u-PSD), wide Gaussian (wG-
PSD), and narrow Gaussian (nG-PSD). The nG-PSD resembles a nominally monodisperse system. To
keep computations tractable, we posit statistical volume elements (SVEs) that are representative of the
parent granular assembly for each PSD and consider multiple realizations (Ngye) of such SVEs, see
Fig. A1; the procedure for constructing SVEs is discussed in Appendix A. Table 1 collates the informa-
tion relevant to the SVEs for each PSD.

A typical initial SGM architecture (Fig. 2) comprises loosely packed, stress-free assembly of grains.
We use ABAQUS/STANDARD® as the finite element solver to conduct numerical simulations. Figure 2
shows an illustrative example of an SVE comprising 80 particles meshed using approximately 543,000
plane strain (CPESH) finite elements. Each particle is assumed to follow a compressible neo-Hookean
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Lsve
Figure 2 An illustrative SVE with the finite element mesh. Kinematic periodic boundary conditions are

prescribed at the reference nodes Ry,; and Ry,2. Typical particle with fine finite element mesh is shown in the
enlarged view.

constitutive response described by the strain energy density function (Holzapfel, 2002; Vu et al., 2021):

W_Q(l—i—y)( 5 an+1—2y(an)> (1)
where I; = tr(FTF), and J = det(F) with F being the deformation gradient. We take the modu-
lus E = 0.45 MPa and consider three different levels of particle compressibility ranging from nearly
incompressible (v = 0.495) to moderately compressible (v = 0.34) and highly compressible (v = 0.20).

As indicated in Fig. 2, the SVE edges follow kinematic periodic boundary conditions that are en-

Table 1 Summary of particle assemblies considered in this work. Ny = number of realizations per PSD; (N,,) =
average number of particles per realization, lsve = SVE size, 7'mean = mean particle radius per realization, and
(1o = average initial packing fraction per realization. SD = one standard deviation.

PSD Nsve lsve (mm) (Np) (rmeany = SD (mm) () £ SD

Uniform 6 110 80 6.19 + 0.75 0.8076 + 0.0034
wG 10 50 31 4.09 + 0.46 0.8082 + 0.0053
nG 25 50 25 5.01 + 0.35 0.7908 + 0.0029




forced using multipoint constraint equations:

ult —ul” = €L}, nosumoni (2)
where u; is the displacement in direction j (= x,y), €; is the applied (nominal) strain on the SVE, and
LY = gy is the initial dimension in the i*! direction. The system is compressed by applying a constant
velocity (vg) at Rp1 along the y direction. The bottom edge (y = 0) is constrained by prescribing
uy~ = 0. The macroscopic state of strain is uniaxial by virtue of setting €2, = 0 (that is, v~ = u}™) at
Rp2. The inter-particle contact conditions are modeled using a surface-to-surface contact formulation
within ABAQUS/STANDARD®. Tangential contact is modeled with a Coulomb friction formulation
with a friction coefhcient y = 0.2, while the normal contact behavior is enforced using the default

hard-contact formulation to prevent mesh penetration.

3 Results

The following normalized quantities are defined to describe the macroscopic state of a granular system:
5| = (oyy)/E* where {0y, ) = A} {oyy dA,, is the average normal stress in the loading (y) direction,
E* = E/(1 — v?) is the effective modulus; A = A/l where A = vyt is the compressive displacement
applied by prescribing a nominal velocity vy and lgy. the initial dimension of an SVE, and ¢ = A,/ Agye
is the current packing fraction in terms of the current total area of the particles (A,) and the current
area of the SVE (Age). In what follows, we primarily discuss the results for u-PSD and refer to the
trends from wG- and nG-PSD simulations in the context. Detailed results for wG- and nG-PSDs are

summarized in Appendix B.

3.1 Micromechanical Landscape

Fig. 3 shows how the stress distribution evolves in a typical granular assembly with u-PSD for the three
compressibility cases. In the early stages (1) ~ 0.87, first column), the characteristic force-chain motifs
are clearly seen and are qualitatively similar in all three cases. With increasing compaction (i) ~ 0.94,
second column), there is still a semblance of a force-chain network in all three cases, although it is
significantly diffuse. At an even later stage () ~ 0.97, third column), the force chains are no longer
evident and replaced by localized regions of stress heterogeneity surrounding the residual voids. Subtle
differences emerge in the force-chain motifs as the particle contacts develop in a manner that depends
on the particle compressibility. In the range 0.94 < ¢ < 0.97, faceted particle clusters emerge with
relatively uniform stress, while force chains vanish. At ¢ ~ 1 (fourth column), force chains disappear
and the assembly resembles a homogeneously stressed bulk solid. In a fully packed state, the more
compressible granular assemblies show more laterally elongated particles, and their SVE boundaries
are more wavy compared to their less compressible counterparts. These observations suggest that subtle
differences in the diffuse force-chain networks and the related porosity characteristics manifest strongly

in the final deformed packing state, as discussed next.
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Figure 3 Deformed profiles of a typical granular assembly (1-PSD) showing the normalized stress (oy,/E)
v=0.2 Ay isat
show similar trends (Fig. B1)

motifs for (A) v = 0.495, (B) v = 0.34, and (C)



Fig. 4a shows the evolution of the normalized void population (IV,/NY) with packing fraction (v),
where N, is the total number of voids at a given ¢ and N? the initial void population in a microstructure.
For each compressibility level, three PSDs are shown: uniform (1), wide Gaussian (wG), and narrow

Gaussian (nG). For reference, the results for square packing are included, which serve as the a limiting

case for nominally monodisperse systems.
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Figure 4 Evolution of the total number of voids (V,) normalized by the initial number of voids (V{) with
packing fraction (1). (a) Finite element simulation results shown for v = 0.495 (red), v = 0.34 (blue), and

v = 0.20 (green). Shaded regions indicate one standard deviation. For reference, evolution for a regular square
packing is also shown. Panel (b) shows the comparison of the results from the proposed birth-death model
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(Eq. (12), solid lines) with the finite element results (symbols) for the three PSDs.

For the three particle compressibilities, a common trend is observed for the three PSDs: N, first
increases, reaches a peak, (N, )P°2k, corresponding to a threshold packing fraction 1y, and then de-
creases rather rapidly. Remarkably, for all three PSDs and v cases, the void population reaches a peak
at 0.95 <y, < 0.98. We also find that at this stage of packing (i.e., ¥yn ~ 0.97), the variance of the
particle stresses is negligible, Var(|5|) ~ 0.035, which implies that the granular assemblies are more or
less homogeneously stressed. Thus, the 1 at which coexistence of granular and continuum regions is
observed more or less coincides with that at which the stress in the entire granular assembly is uniform.

The increase in the number of voids under compressive loading is intriguing. Unlike tensile loading
of bulk solids where voids may nucleate (Gent and Lindley, 1959; Hang-Sheng and Abeyaratne, 1992;
Noell et al., 2023; Barney et al., 2020; Lefevre et al., 2015), here the increase in void population is not
due to void nucleation but rather to the fragmentation of existing voids. A closer look at the deformed
granular assemblies (Fig. 3, Fig. B1) reveals that packing evolution is facilitated by two mechanisms: (i)

breaking up of voids due to particle contact (void fragmentation) and (ii) deformation-induced decrease

in the area of individual voids (void shrinkage).

For a given v, u-PSD shows the fastest increase to peak followed by wG-PSD, with nG-PSD ex-

hibiting the slowest increase. In the ideal case of perfectly square arrangement of mono-sized particles,
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the rate of increase is zero because all voids shrink at the same rate and vanish together without under-
going a fragmentation process. In other words, the closer a PSD is to being monodisperse, the slower
the void population increases and the lower the peak void population. A characteristic feature is ob-
served in the case of nG-PSD. Although its void population increases slowly relative to the other two
PSDs, it shows a brief but perceptible surge just before reaching (N,)P°2%. The initial sluggish increase
correlates with it being less disordered than the #-PSD and wG-PSD counterparts (although their initial
porosities are in the same range). In that sense, its population growth is closer to the square-packing
case in that the voids tend to preferentially shrink rather than fragment. However, once the voids have
sufficiently shrunk, these architectures undergo rapid fragmentation leading to an increase in the rate
of N, just before reaching the peak. This late surge in fragmentation clearly separates nG-PSD from
an ideal mono-sized regular square packing. Moreover, for v = 0.2, the particles tend to undergo
significant lateral deformation (see Fig. 3C at 0.97 < v < 1), further increasing the rate of N,,.

To understand the relative roles of fragmentation and shrinkage in this transition, we propose a
model motivated by population dynamics.

From a geometric standpoint, the total area of interstitial voids in a granular assembly at a given ) is
Ay () = Ny(h) ay () where N, is the current total number of voids, A, the current total voided area,
and a, the current average area per void. Under compressive loading, A,(¢) and a, (1) both decrease
monotonically with 1. Defining the following normalized rates N, (¢)) := N, /N, A,(¢)) := — ’Av / Av’

and a,(¢) := — |ay/a,| where ( ) = 0( )/, we obtain:

Ny(1h) = Ay(1h) — (1) (3)

Eq. (3) gives a kinematic relation between the fractional rates of change of the void population, the total
void area, and the mean void area of an individual void.
Numerical simulations (Fig. 4) motivate a kinetic model that mimics population dynamics in math-

ematical biology (Murray, 2007):

R0) = () (1= 355 )~ mo «
where r (1) and m(3)) are, respectively, the effective rates of birth (fragmentation) and death (evanes-
cence), and K (v) is an effective capacity.

To connect K (1) to the void statistics measured in the simulations, we introduce a characteristic
void area api, that defines the smallest size that is counted as a distinct void. Voids smaller than amin
are screened. A precise definition may depend on the functional consequence. For instance, from
a mechanical behavior standpoint, amin can be the mean void area at the transition t,, where the
stress field transitions to becoming nearly homogeneous, and further fragmentation is effectively stalled.
On another note, solely from a numerical or experimental standpoint, amin could reflect a void below
the resolution of interest. If the total area of the voids A, (1)) was divided into voids of size amin, the
maximum corresponding number of distinguishable voids would be K (¢)) = A,(¢)/amin. Substituting



this into Eq. (4) yields (with A, = N,a,)

N, () = r(w) (1 - (%1)) —m(v) (5

Relating Eq. (3) and Eq. (s), we interpret r(3) and m(¢)) as controlling, respectively, the reduction in

mean void area due to fragmentation and the reduction in the overall voided area. That is:

o) = —r(w) (1= 2 A = —m(w) ©

where 7(1)) = 0 and a, > amin.
With N2 = N, (vy) and ¥ = a, (1)), integrating Eq. (s) yields

Ny () _ age_M(W ( )
N’L()) B Qmin (CLB - amin)e_R(w) 7

where

R(Y) = fw s, M) | ¢ m(s) ds (5
Guided by the numerical trends (Fig. 4), we prescribe
r() = rpre + Ars(Vr),  m(Y) = mpre + Ams(Vi) (9)
where Ar = rpost — Tpre, AM = Mpost — Mopre, and the logistic switch

L \IJTzw_wr, \pm:w—wm (10)

U)i= —
s(¥) 14 e k¥’ Wy Wy,

where 1, and 1y,, control the packing fraction at which N, peaks, i.e., tth; Tpre, Mpre and Tpost, Mpost are
the pre- and post-peak levels, and w;., wy, set the transition widths. With these choices, the cumulative
rates R(v)) and M (1)) are obtained in closed form as

R(Y) = rpre AY + S; AT, M () = mpre AY + SmAm (1)

where Ay = ¢ — ¢ with 1 being the initial packing fraction. Further, S5 = %2 ln<1+€z§> with
1+e B
U = (Yo —p)/wg for § € {r,m}.
Substituting Eq. (11) into Eq. (7) yields an explicit closed-form expression for N, (¢)/N? in terms
of the model parameters {rpre, Tposts Mpre, Mposts ks Wy Wiy Yry Yy Gmin, a9}, which can be written in

a compact form as:

N, v()
]\;g)) - ; (12)

where y(1)) = R()) — M(¢)), and n = 1 + s(ef¥) — 1) with & = amin/ad. (1)) quantifies the
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balance between the fragmentation (R(¢)) and shrinkage (M (¢)) driven mechanisms. When ~ > 0, the
fragmentation process dominates, causing the void population to increase. In the shrinkage-dominated
regime, v < 0, causing the void population to decay. Consequently, the rigidity transition corresponds
to v = 0. The term 7 term serves as a constraint on exponential evolution.

Fig. 4b plots Eq. (12) using the parameters in Table 2. Note that 1, and N} cak /N? are obtained as
outputs. Based on these trends, the trends in Fig. 4 can be summarized as follows. The near-overlap of
u-PSD and wG-PSD indicates that their fragmentation and shrinkage stay nearly the same over most
of the loading path. As such, their curves differ mainly by how strongly ~ is biased negative on the
approach to the crossover. By contrast, the sluggish early growth in nG-PSD implies that shrinkage
competes effectively with fragmentation. Its brief pre-peak surge is the signature of a localized acceler-
ation in R(v) that temporarily drives y positive just before the crossover. In other words, in nG-PSD
voids preferentially shrink rather than fragment for most of the loading path; however, once they have
sufficiently shrunk, they rapidly fragment, thereby producing the late sharp rise before reaching the
peak.

Table 2 Summary of calibrated parameters in Eq. (12) for the three cases in Fig. 4b. af is obtained from the
actual SVEs and apin = 0.05 is kept fixed.

0
PSD Pr Ym Wy Wm, k T'pre Tpost  Mlpre Mpost ay,

Uniform (u) 0.98 0.99 0.00I 0.I12 4I.3 s$.I 18.0 0.85 139.4 0.29
Wide Gaussian (wG)  0.95 0.98 0.31 0.07 10.3 $5.74 12012 1.0 114.4 O.I§
Narrow Gaussian (#G) 0.94 0.98 0.76 0.12 47.8 1.2 7.82 0.04 45.5 0.22

3.2 Macroscopic Responses

Fig. sa shows the evolution of the packing fraction (), which can be described by (Selvaraju et al.,

2024)

=P (13)

where 1)y is the initial packing fraction and P = (1 — |e,])/(1 — |A|) = (1 — a|A|") /(1 — |A]), with «
and n as fitting parameters (Table 3) relating ¢, to A (inset in Fig. sa), where |e,| = 3% (AL/AL) =1
is the magnitude of the total areal strain of N, particles in an SVE; A% is the current area of particle
and Al its initial area. This strain partition coefficient, P, denotes the fraction of imposed deformation
that is effective in reducing porosity as opposed to being accommodated by particle area change. In
a granular assembly comprising nearly incompressible particles (v = 0.495), the area change resulting
from the applied deformation must be accommodated entirely by porosity reduction. In other words,
lep| is negligible (o« « 1 and n ~ 1); therefore, ¢ ~ 1o/(1 — A). By contrast, in a system of compress-
ible particles, the overall area change results from a combination of particle area change and porosity
reduction. Consequently, for the same A, porosity reduction is smaller in these cases compared to its
incompressible counterpart, and therefore the packing fraction evolves slowly. Comparing the evolu-

tion profiles of 1 and €, (Fig. sa) indicates that between these two processes accommodating the applied

I0



deformation, porosity reduction governs in the early stages while particle area change takes over atlater 2

stages.
0.8 ‘
1.00¢ —A— v = 0.495
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Figure 5 Evolution of (a) overall packing fraction (1) and (b) normalized overall force (|7|) with normalized
applied deformation (A). Open symbols: finite element results averaged over Ny, realizations. Shaded regions:
one standard deviation. Solid lines: analytical fits (Eq. (13) and Eq. (14)). Filled symbols denote Ay,
corresponding to 1¢n. The inset in Panel (a) shows the magnitude of the total particle areal strain (|e,|). Resules
are shown for uniform PSD. Other PSDs show similar trends (Fig. B2).

Fig. sb shows the corresponding normalized stress evolution for three cases of particle compress-
ibility. With decreasing particle compressibility (v), stress stiffening occurs earlier for the same average
initial packing fraction (ty). Using regression, we find that the |5| — A response is best captured by a
two-stage power-law fit:

So AP A < Ay,
S AP A > Ay

o] = (14)
where Ay, is the threshold normalized displacement that corresponds to ¢y, (Fig. sa). In other words,
the occurrence of the peak in the void population also marks a transition in the macroscopic stiffening
of SGMs. Table 3 collates the parameters fitted to u-PSD. These parameters are fitted for individual
SVE datasets using the fmincon function in MATLAB®. The parameters for other PSDs are given in
the Appendix B (Table B1, B2). As seen, the higher the particle compressibility, the more delayed the

transition.

Table 3 Calibrated values for parameters in Eq. (13) and Eq. (14) (mean + SD) for u-PSD. Table B1 and B2
collate values for wG-PSD and nG-PSD, respectively.
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3.3 Void Statistics

The probability density functions (PDFs) in Fig. 6 (also see Fig. B3 and Fig. B4 in Appendix B) reveal
that, for a given PSD, SGMs follow a geometric pathway of void evolution under compression that
is agnostic to material compressibility. The PDFs of the normalized void area (Fig. 6a-6¢c) exhibit a
bimodal character that indicates two families of void sizes. With increasing packing, the PDF trends
persist, but shift to the left. A closer look at Fig. 3 suggests that the two families could be elongated
four-sided voids and smaller three-sided voids that also form by fragmentation of the four-sided voids
as the grains come into contact. As the length of the contact line between adjacent grains increases, the
area of the three-sided voids decreases.

The PDEFs of the aspect ratio of the void (Fig. B3) also shift to the left with increasing packing, in-
dicating the progressive disappearance of elongated voids; yet, the overall structure of the slope remains
very similar at different particle compressibilities. In contrast, void orientations (Fig. B4) show very
little change with packing and show no significant dependence on particle compressibility. This sug-
gests that rearrangements occur through particle shape evolution rather than rotational reorganization

of voids.

4 Discussion

Although void connectivity and void geometry have been quantified under SGM compaction (Vu and
Barés, 2019; Tateno et al., 2025), the void population itself has not been identified as a mechanistic
marker of the onset of confluence. In this work, we show that as the packing evolves, the void popu-
lation exhibits a robust signature across PSDs, independent of particle compressibility: (i) proliferation
via void fragmentation, leading to (ii) the occurrence of a peak void population, followed by (iii) rapid
void evanescence as the system approaches fully dense packing. Particle compressibility amplifies the
geometric contrast between ordered and disordered packings. The rate at which an SGM system ap-
proaches the onset of confluence depends on both geometric and mechanical parameters, but is nearly
independent of the threshold packing fraction (¢,). Decreasing particle compressibility and increasing
initial granular disorder accelerate void proliferation, that is, confluence appears at a smaller thresh-
old deformation (A¢p,). This creates a mechanical fingerprint in the macroscopic force-displacement
response that transitions from one power-law regime to another at Ayy,.

These geometric and mechanical aspects of SGM compaction can have important implications in
various applications. In granular hydrogels, a packing-fraction-controlled jamming/yield point marks
the transition from flowable microgel suspensions to mechanically coherent, load-bearing networks,
with concomitant changes in injectability and yield behavior (Riley et al., 2019; Qazi and Burdick,
2021; Emiroglu et al., 2022). In bioprinting or slurry-based processes, the relative position of Ay, along
the force—displacement curve provides a natural indicator of when a material transitions from easily

flowing to mechanically load-bearing. In biological analogs such as blood clots, which are composed
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largely of red blood cell (RBC) aggregates in their core, this threshold can be interpreted as the onset
of confluence, the point at which a clot becomes mechanically coherent while still deformable (Varner
et al., 2023; Tutwiler et al., 2018; Peshkova et al., 2025). Our analysis predicts the manner in which
particle size distribution, elasticity, and initial volume fraction of such systems must have an effect on the
stress at which void fragmentation occurs, and therefore on the reduction of the rate of clot degradation
due to clot contraction. Voids could also become sites of nucleation of cracks in clots; therefore, the
reduction in void size due to contraction reduces the size of laws and should lead to an increase in the
loads required for crack advance (Tutwiler et al., 2020; Varner et al., 2023). It has been shown that the
shapes of RBCs in contracted clots play an important role in hemostasis. They are polyhedral with faces
that tend to be triangles, quadrilaterals, pentagons, and hexagons (Tutwiler et al., 2018). These shapes
are seen in our results, particularly in near-incompressible particles (cf. Fig. 3 and Fig. B1).

Beyond the mechanics of rigidity transition, the statistics of void population can be important in
quantifying other properties. For example, in flow through porous media (Hommel et al., 2018), evolv-
ing void structures play a role in permeability. In porous cereals and bread-like food foams, densification
under compressive loads results in the rapid evolution of the void structure, which is closely related to
their texture and transport (Van Dalen et al., 2007; Gao et al., 2018). In blood clots, contraction is caused
by platelets and osmotic depletion interactions of RBCs (Peshkova et al., 2025). It has been observed
that the rate of clot degradation by fibrinolytic enzymes slows as contraction increases (Risman et al.,
2022). Thus, changes in the permeability and recanalization pathways may be correlated with the void
population. While a detailed analysis of porosity-transport relation is beyond the scope of this work, the
foregoing results can be used in permeability evolution with packing fraction as a function of the PSD

and grain-scale compressibility. Permeability can be related to the void size distribution as (Marshall,

1958):
@2 [r% + 37“% + 57“% o+ (2n — 1)7“,%] (I )
8n? 3

where ¢ = (1 — ) is the current porosity, n is the number of void classes each occupying a volume

K =

component ¢/n of the total porosity, and 71 > ry > -+ > r,, are the equivalent radii of the voids in the
unit area of the section. Fig. 6d offers a glimpse of how the void size distribution (cf. 6a-6¢) influences
the material permeability. First, as a function of the packing fraction, permeability is not very sensitive
to particle compressibility (v); of course, iit depends on A, decreasing faster with increasing v. Second,
the nG-PSD shows trends that are very similar to the square packing (dotted lines) while the wG-PSD
trends are close to the u-PSD. These are somewhat expected given that the square arrangement and
u-PSD can be viewed as the limiting cases of nG-PSD and wG-PSD, respectively (for the same ).
Finally, at 1y, we find K/Ko ~ 1072 — 1072 where K| is the permeability at 1.

5 Summary and Outlook

SGMs occur in nature and technology, from blood clots and starchy foods to bioprinting inks and tis-

sue scaffolds. Their ability to deform, stiffen, heal, and rupture is influenced by how interstitial voids
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evolve under deformation. This study reveals that the mechanical stiffening of SGMs arises from a trans-
formation in their void population, marking a second-order rigidity transition that indicates granular
confluence. The trends in the void statistics demonstrate that the topology of the void network is ge-
ometry dominated and is largely independent of grain compressibility. Particle compressibility has only
a mild effect on the qualitative nature of the statistical descriptors, but it primarily influences the strain

level at which they appear.

Micromechanical stress fields that evolve during SGM compaction suggest the coexistence of granular-

like and continuum-like regions in the vicinity of the threshold packing fraction corresponding to the
peak void population. This is somewhat reminiscent of the coexistence of liquid/solid or liquid/vapor
phases during phase transitions in materials (Van Wylen et al., 1994). Moreover, at the threshold packing
fraction, the macroscopic force-displacement relation exhibits a non-trivial change in the scaling be-
havior, which suggests a discontinuous transition, which is also referred to as the second-order rigidity
transition, in the micromechanical state rather than just a continuous densification.

The emergent void population landscape reported here should extend to three-dimensional (3D)
SGMs. What changes is the topology and geometry of the individual voids. In 3D, void spaces may
manifest as percolating channels, isolated cavities, and multi-connected structures (Tateno et al., 2025).
Their creation and elimination will involve more complex events than in 2D. Capturing this rich-
ness may require additional descriptors, but the underlying principle should persist. More broadly,
the void-based descriptors introduced here could be integrated into data-driven design pipelines for
SGMs that map processing to emergent properties (Verheyen et al., 2023). In particular, tracking, for
example using image-based techniques (Vu and Barés, 2019), the peak void population and its asso-
ciated threshold packing fraction could enrich training datasets with mechanism-informed structure
descriptors, improving transferability and interpretability of learned design rules and helping distin-

guish fragmentation-dominated versus shrinkage-dominated routes to similar macroscopic responses.
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Appendices

Appendix A  Creating Particle Assemblies

For the type of simulation performed in this work, a representative volume (RVE) of size Ly may com-
prise a large number of particles (Mutabaruka et al., 2019), which is computationally prohibitive. An
alternative is to adopt Statistical Volume Elements (SVEs) of size lsve « L, which capture microstructural
statistics (Huet, 1982; Ostoja-Starzewski, 2006).

For a given particle size distribution (PSD), we create multiple realizations of RVEs and compare
their microstructural characteristics, including the porosity (¢o), total number of particles (N,), and the
mean coordination number ((Z)). From a typical RVE, we extract a large number (O ~ 102 — 103)
of sub-units of size leen(« Lo) via random sampling. The microstructural characteristics of these sub-
units are assessed as a function of their size (lcen x lcen). The results of these analyses allow identifying
SVEs, which are defined here as those sub-units whose microstructural characteristics (primarily ¢g°")
lies within one standard deviation. For practical purposes, we choose a smaller subset of SVEs whose
microstructural characteristics are the closest to that of the parent RVE. The hypothesis is that using
these SVEs, one may estimate the overall mechanical behaviors of the RVE reasonably well and within
acceptable bounds. The benefit of this approach is the reduction in the computational time, especially
considering the fact that multiple SVEs can be simulated simultaneously in a parallel computational
environment.

We consider three PSDs: (i) uniform (u-PSD) (5 mm < r¢ < 7.5 mm), (ii) narrow Gaussian (nG-
PSD) (4 mm < g < 6 mm), and (iii) wide Gaussian (wG-PSD) (2 mm < ro < 8 mm). These PSDs are

constructed using the beta cumulative distribution function (Voivret et al., 2007):

1 T _
p = F(z|a,b) = B(ad) L (1 —t)"Lat, (16)
where a > 0 and b > 0 are parameters that determine the type of PSD and (a, b) = I'(a)I'(b)/I'(a + b)
where T is the Gamma function.

Figure A1 shows the different statistical volume element (SVE) realizations corresponding to each
PSD considered in this work. The boundaries of each SVE are fully periodic.

For a given PSD, the combination of lsve and the number of realizations (Nsve) is chosen based on
the computational cost and the expected scatter in the data. For instance, we find that for a u-PSD it is
computationally less expensive to adopt a larger Iy, and a smaller Ny compared to a wG-PSD.

For a given PSD, the results obtained from the simulation of finite element of all SVEs are individ-
ually fitted to Eq. (13) and Eq. (14). To do so, we adopt the following approach. Due to the limited
number of raw (i.e. from finite element calculations) data points for each SVE, interpolation is performed
to obtain values at finer, regular increments as follows. The displacement variable (A) is increased in
small equal increments. Using the PCHIP interpolation function in MATLAB®, the corresponding val-

ues of 1, || and N, are calculated. For each variable, the average of the interpolated values is computed
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Appendix B Additional Results

Fig. B1 shows the packing evolution profiles in typical granular assemblies that follow wG-PSD and
nG-PSD. The corresponding evolution of the packing fraction and normalized stress-displacement
behaviors are collated in Figure S3. The resulting fitted parameters for Equations 3 and 4 (Main Text)
are given in Tables S2 (WG-PSD) and S3 (nG-PSD). Figure S4 collates the evolution of the probability
density functions of the void area, void aspect ratio, and void orientation for these PSDs.

Table B1 Calibrated parameters in Eq. (13) and Eq. (14) for wG-PSD (mean = s.d.).

v a n ‘ A So Bo S1 b1

0.495 | 0.028 £ 0.007 1.02+0.001 | 0.16 +0.003 4.95+0.32 2.01+0.04 342.11 +£41.62 4.32+0.11

0.34 1.31+0.039 1.77+0.042 | 0.26 +0.004 1.66+0.04 1.68+0.03 4.24 + 0.09 2.37+0.04

0.20 1.12+0.0561 1.55+£0.065 | 0.29 £0.001 1.254+0.02 1.56 +0.01 2.19+0.09 2.03 £0.04

Table B2 Calibrated parameters in Eq. (13) and Eq. (14) for nxG-PSD (mean =+ s.d.).

v a n ‘ A So Bo S1 B1
0.495 | 0.043 £0.005 1.02+0.0004 | 0.19+0.002 7.28+0.43 2.144+0.02 505.79+41.71 4.70+0.05
0.34 1.16 + 0.024 1.68 + 0.021 0.32 £0.0003 1.79+£0.01 1.68 £ 0.005 4.22 + 0.05 2.43 +£0.01
0.20 0.98 + 0.017 1.43+0.017 | 0.40 £ 0.0004 1.51 £0.02 1.66 £+ 0.002 2.69 £ 0.04 2.29 £0.01
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