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Metamaterials with tailored force-displacement characteristics hold significant promise for applications ranging
from soft robotics and energy dissipation to biomedical devices such as prosthetic sockets, where distinct regions
of a structure must simultaneously satisfy fundamentally different mechanical requirements. Existing inverse
design frameworks, however, are restricted to single loading conditions and homogeneous desired behaviors,
limiting their utility in real-world scenarios where complex, spatially varying mechanical demands must be met
within a single continuous material. We present an inverse design method that closes this gap by combining finite
element simulation, surrogate optimization, and machine learning within a unified framework. Starting from a
fixed unit cell topology governed by eleven geometric shape parameters, we first construct a surrogate model
that replaces each unit cell with a polynomial energy density, reducing the metamaterial-scale inverse problem
to a tractable optimization over polynomial coefficients. A multi-output multilayer perceptron trained on finite
element simulations then maps any required unit cell force-displacement response back to the corresponding
shape parameters. We extend the formulation to multi-surface loading, enabling two qualitatively distinct
force-displacement targets to be achieved simultaneously in different regions of the same structure. Fabricated
prototypes tested under prescribed displacements confirm that the predicted responses, spanning superelastic,
bistable, and constant-force behaviors, are reproduced with high fidelity. These results demonstrate a flexible and
computationally efficient route to multifunctional metamaterial design under realistic, multi-condition loading
environments.

1. Introduction
Metamaterials are artificially designed microstructures, which can exhibit varied unusual properties in a single continuous
material [IFW+16, PMV15, Sig09, BVCVH17]. By tailoring the design of unit cells, metamaterials can exhibit a diverse
range of mechanical behaviors [HWL+23, KZ17], such as nonlinear responses, superelasticity, bistability, and constant-
force characteristics [JMR+23, FCvH14, HSSP+16, YM19]. These properties make them ideal for applications such as soft
robots [RBS19, PRGM21, MPQF16], energy dissipation systems [YCZ19, SKR+15, ZVLR+21, HLP18], and prosthetics
[SGD+19, MJS+18]. In particular, their ability to customize mechanical responses and tunability [FWC+22] under varying
loading conditions enables effective solutions for complex environments [SM23, HYX+23, WWC+21, dSDC, ZZLW23]. The
force-displacement response is an important indicator of the material’s underlying mechanism, providing insights into the material’s
behavior, including the amount of energy it absorbs and the maximum loads it can sustain [YCZ19, FFK+16].

Inverse design is a key approach in metamaterial research, enabling the optimization of material structures to achieve specific
mechanical responses [ZZCW23, KSK+24]. This approach leverages computational simulations to establish relationships between
geometry and performance. Advances in machine learning and shape optimization have significantly improved the efficiency
of inverse design methods, enabling the rapid prediction and refinement of mechanical behaviors across various conditions.
For instance, inverse design techniques have been successfully applied to develop energy-absorbing structures that achieve
predefined stress-strain curves, contributing to automotive crash protection and occupant safety systems [ZDZ+23]. Similarly,
machine learning models combined with evolutionary strategies have been used to design metamaterials with highly nonlinear
responses, facilitating applications such as morphing structures [DZD+22]. However, most existing research primarily focuses on
single-loading scenarios, such as pure compression or tension, limiting their applicability to real-world conditions. Since practical
applications often involve complex loading environments with multiple simultaneous forces, there is a pressing need for more
versatile design frameworks.

To address this limitation, we introduce an inverse design approach that accounts for multiple loading conditions. Our framework
optimizes the force-displacement behavior of metamaterials under diverse loading scenarios, enhancing adaptability to real-world
applications. By considering different force types and orientations, we aim to develop metamaterials capable of exhibiting multiple
functions, including damping, spring-like responses, and force distribution. This is achieved by tuning the shape parameters of unit
cells while maintaining the same topology, which enables spatially tailored mechanical responses within a continuous material.

Our methodology begins with the development of a dataset capturing mechanical responses from different unit cell structures,
including bistable behaviors, superelasticity, and constant force responses, all governed by unit cell geometry. Because these
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metamaterials undergo large deformations, we employ a hyperelastic material model to ensure accurate characterization. Finite
element simulations predict how variations in unit cell shape influence mechanical responses under different loading conditions.
Machine learning is then integrated into our design to streamline the inverse design process. By training a multilayer perceptron
(MLP) on our simulation results, we rapidly predict unit cell geometries that achieve the desired mechanical responses. Additionally,
we develop a surrogate model that simplifies the unit cell’s behavior into fundamental geometric elements while preserving its
mechanical characteristics. This surrogate model enhances computational efficiency, enabling rapid performance predictions
under varying loading conditions.

This work provides a flexible framework for designing multifunctional metamaterials. An application of this approach is in the
design of prosthetic sockets, where different regions require distinct mechanical properties. For instance, the tip of a prosthetic
socket may need energy absorption to mitigate impact forces during walking, while the lateral regions must maintain a constant
grip for stability and comfort. By tailoring metamaterial properties to fulfill these distinct functions simultaneously, we can design
prosthetic devices that enhance user comfort and efficiency without the need to assemble multiple materials. To validate our
designs, we fabricate the unit cells using 3D printing, allowing us to experimentally assess their performance and compare it with
computational predictions.

Finally, our research presents an approach to the inverse design of metamaterials that accounts for multiple loading conditions.
By combining computational simulations, machine learning, and 3D printing, we develop adaptable materials with real-world
applications. This approach expands the possibilities for advanced material design in biomedical applications, energy dissipation
systems, and soft robotics. By optimizing metamaterials for diverse loading scenarios, our work paves the way for more efficient
and multifunctional material solutions to complex engineering challenges.

2. Unit Cell Design Space
The inverse design method rests on a characterization of the force-displacement responses that are achievable within a given
topology. This section introduces the unit cell geometry, its shape parameters, and the finite element dataset that maps geometry to
response. Both the surrogate optimization and the machine learning model described in subsequent sections draw directly from
this dataset.

2.A. Topology and Shape Parameters
The unit cell topology is shown in Figure 1. It consists of two interacting curves: an upper curve that governs the primary
deformation mechanics under loading, and a lower curve that helps the structure to recover after large deformations. When the
configuration promotes snap-through, the unit cell is bistable: it jumps between two stable states, and the lower curve does not
push the top curve back. The topology is parameterized by eleven scalar shape parameters, heights h1 through h6, widths t1, t2, s,
and b, and a curvature offset a. These parameters collectively control the geometry of both curves. Varying them within the fixed
topology spans the full range of superelastic, bistable, and constant force responses in the dataset.

Figure 1. Unit cell topology and shape parameters. The unit cell is defined by eleven parameters: heights h1–h6, widths t1, t2, s, and b, and
curvature offset a. These parameters control the geometry of the upper and lower curves. Varying them within the fixed topology produces the
full range of superelastic and bistable responses observed in the dataset.

2.B. Finite Element Simulations
To characterize how the eleven shape parameters control the force-displacement response, we performed a large set of finite
element simulations using the FEniCS software framework [LMW12]. Each unit cell is modeled with a Neo-Hookean hyperelastic



3

constitutive law to capture large deformations. Shape parameters were sampled broadly across their feasible ranges. By varying the
shape parameters with different combinations, the unit cell was subjected to a full loading-unloading cycle recorded at 50 equally
spaced displacement steps, and the resulting force-displacement curve was stored. This process produced a dataset of 10,295
designs. Figure 2 summarizes the dataset through two scalar quantities extracted from each curve: the peak force during loading
and the total energy absorbed over one loading-unloading cycle. These two quantities serve as a compact descriptor for each
design. The dataset contains 5,552 superelastic designs and 1,384 bistable designs; the remaining designs fall into intermediate
categories. Superelastic designs occupy the upper portion of the scatter plot, with higher peak forces and energy absorption, while
bistable designs cluster toward the lower end. A trend line with correlation coefficient r = 0:925 shows that peak force and energy
absorption vary together across the dataset. This correlation reflects the fact that the overall geometry controls both quantities
simultaneously, and it means that the design space has a structured geometry that the surrogate optimization can navigate without
searching in a brute-force manner.

Figure 2. Dataset overview: peak force and energy absorption across 6,936 classified unit cell designs. Each point represents a single unit
cell design plotted by its peak force (horizontal axis) and energy absorbed per loading-unloading cycle (vertical axis). Superelastic designs (stars,
n = 5;552) occupy the upper portion; bistable designs (circles, n = 1;384) cluster toward the lower end. A trend line (r = 0:925) shows that
the two quantities are coupled across the dataset, reflecting the shared geometric origin of both properties.

3. Inverse Design Pipeline
With the dataset established, we can pose the inverse problem. Given a prescribed force-displacement curve for an assembled
metamaterial, find the unit cell geometries whose combined mechanical response reproduces the target. In the multi-surface
case, there are multiple independent responses, each associated with a different loading surface. The framework proceeds in two
sequential stages, illustrated in Figure 3. In the first stage, the metamaterial is replaced by a surrogate model in which each unit
cell is represented by a rectangular domain with a polynomial energy density. Optimizing the polynomial coefficients of each
domain determines the force-displacement response that each unit cell must produce in terms of a third-order polynomial. In the
second stage, a machine learning model maps each required unit cell response back to the eleven shape parameters that generate it.
The remainder of this section describes each stage in detail.

3.A. Surrogate Model

Directly simulating a full metamaterial with a complex unit cell geometry is computationally expensive. The surrogate model
addresses this by replacing each complex unit cell with a rectangular domain whose behavior is described by a third-order
polynomial constitutive response. The polynomial coefficients serve as the decision variables for the optimization. Their allowed
range is constrained to remain within the bounds of the finite element dataset, so that every optimized response corresponds to a
geometrically realizable design within the unit cell topology. Figure 4 illustrates the surrogate construction for a 2�1 metamaterial.
The two physical unit cells are replaced by rectangular domains 
1 and 
2, each governed by its own polynomial energy density,
with a Neo-Hookean layer 
3 connecting both to the loading surface.



4

Figure 3.The inverse design pipeline.(1) A surrogate model, in which each unit cell is replaced by a polynomial energy density, is optimized
to match the target, yielding the required force-displacement behavior of each unit cell. (2) A desired force-displacement curve is speci�ed for
the assembled metamaterial. (3) A machine learning model maps each required unit cell response to the eleven shape parameters that produce it,
using the �nite element dataset. (4) The resulting example unit cell geometries are assembled into the full metamaterial. Arrows show the
direction of information �ow.

Figure 4.Surrogate model of a2� 1 metamaterial. The two physical unit cells are replaced by rectangular domains
 1 and
 2 , each governed
by a polynomial energy density. A Neo-Hookean layer
 3 connects both domains to the prescribed displacement boundary@
1 (top, arrows).
The �xed bottom boundary@
bottom is indicated by hatching.

a. Governing equations.For a domain
 � Rd, the displacement �eldu : 
 ! Rd satis�es static equilibrium with prescribed
boundary displacements:

� div
�
P (r u )

�
= 0 in 
; with u = u j on@
1; u = 0 on@
bottom: (3.1)

The equilibrium state minimizes the total potential energy,

min
u 2 V

�; � =
3X

i =1

Z


 i

 i (F ) d
 i ; (3.2)

whereV is a function space satisfying the displacement boundary conditions.

For the polynomial unit cell domains
 1 and
 2, the stored energy density is a polynomial in the Green�Lagrange strain
componentE11:

 1;2 =
ai

4
E 4

11 +
bi

3
E 3

11 +
ci

2
E 2

11 + di E11; (3.3)

wheredi = 0 in all cases. For the connecting layer
 3, the Neo-Hookean stored energy is:

 3 =
�
2

(I C � 3) � � ln(J ) +
�
2

(ln J )2; (3.4)

where� and� are Lamé parameters,I C = tr( C ) is the �rst invariant of the right Cauchy�Green tensorC = F > F , and
J = det( F ) with F the deformation gradient. The First Piola-Kirchho� stress in each domain is:
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�
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: (3.5)
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The reaction force on the loading surface is computed by integrating the traction over@
1, wheren̂ denotes the outward unit
normal to the surface and̂N denotes the unit vector in the prescribed loading direction. The scalar reaction force in the direction
N̂ reads:

f = N̂ �
Z

@
 1

P ju = � n̂ � n̂ dA; (3.6)

where� is the prescribed displacement magnitude (so thatu = � n̂ on@
1).

b. Single-surface optimization.The target force-displacement curvêf (� ) is discretized intoT displacement-force pairs
f (� j ; f̂ j ); j = 1 ; : : : ; Tg. The optimization minimizes the squared mismatch between the surrogate force and the target:

L =
1
2

X

j

�
f̂ (� j ) � N̂ �

Z

@
 1

P ju = � j n̂ � n̂ dA
� 2

; (3.7)

over the polynomial coe�cientsai , bi , ci for each unit celli = 1 ; : : : ; N � M . In the2� 1 example, each unit cell contributes
three decision variables, giving six in total.

To ensure that the optimized coe�cients correspond to designs within the �nite element dataset, we apply a barrier penalty. Let
p1(� ) andp2(� ) denote the lower and upper envelopes of the dataset forces at displacement� . We require, for each unit cellk and
each displacement stepj :

p1(� j ) < f k (u j ) < p 2(� j ): (3.8)

To penalize solutions that approach the dataset boundaries, we add a power-law barrier term to the objective. De�ne the proximity
to each bound as

r (1)
k (� j ) = f k (u j ) � p1(� j ) � � 1; r (2)

k (� j ) = p2(� j ) � f k (u j ) � � 2; (3.9)

where� 1; � 2 > 0 are small o�sets that set a bu�er inside the dataset envelope, so that the barrier activates before the hard boundary
is reached. Both quantities are positive whenever the constraintp1(� j ) < f k (u j ) < p 2(� j ) is satis�ed, and they approach zero as
f k approaches the respective bound. The full objective with barrier terms becomes:

L =
1
2

X

j

�
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Z

@
 1

P ju = � j n̂ � n̂ dA
� 2
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�
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1
�
r (2)

k (� j )
� p

!

; (3.10)

where
 � 0 is a penalty weight andp > 0 controls the steepness of the repulsion near the dataset boundaries. A su�ciently
largep approximates a hard wall. This strategy reduces the sensitivity of the result to the initial guess, which is signi�cant in this
nonlinear problem. Figure 5 shows the single-surface optimization results for two metamaterial con�gurations and two desired
curve shapes each. For a1� 3 con�guration, the optimized surrogate response follows the objective across the full displacement
range. For a2� 2 con�guration, a discrepancy grows with displacement. This discrepancy arises because the surrogate treats unit
cells independently and does not capture the mechanical interaction that develops between rows in a fully assembled structure.
As the number of rows increases, localized row-to-row interactions become more pronounced. It establishes the foundational
force-displacement characteristics of multi-row structures, providing an e�ective baseline for the inverse design method.

c. Multi-surface optimization. The framework extends to multiple loading surfaces by including one boundary condition and
one objective curve per surface. Figure 6 shows a2� 5 metamaterial with two independent loading surfaces
 1 and
 2 applied at
di�erent locations on the top boundary. The governing equations become:

� div
�
P (r u )

�
= 0 in 
; (3.11)

u 1 = u 1;j on@
1; (3.12)

u 2 = u 2;j on@
2; (3.13)

u = 0 on@
bottom: (3.14)

The objective now sums the mismatch at both surfaces:

L =
1
2

X

j

" �
f̂ 1(� 1;j ) � N̂ �

Z

@
 1

P ju 1 = � 1;j n̂ � n̂ dA
� 2

+
�

f̂ 2(� 2;j ) � N̂ �
Z

@
 2

P ju 2 = � 2;j n̂ � n̂ dA
� 2

#

; (3.15)
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Figure 5.Surrogate optimization results for single-surface loading.Each panel compares the desired force-displacement curve (dashed) with
the surrogate force at the optimized polynomial coe�cients (solid). Results are shown for a1� 3 con�guration (left) and a2� 2 con�guration
(right), each for two di�erent desired shapes. For the single-row con�guration, agreement is close across the full displacement range.

wheref̂ 1 andf̂ 2 are the two desired curves for each surface.

Figure 6.Multi-surface loading con�guration. A 2� 5 metamaterial with two distinct loading surfaces,@
1 (top left) and@
2 (top right),
each subjected to an independent prescribed displacement. The bottom surface is �xed. Each surface can be assigned a di�erent desired
force-displacement curve, so that distinct mechanical behaviors are encoded in di�erent regions of a single continuous structure.

Figure 7 shows the result of the multi-surface optimization. The optimized polynomial coe�cients bring the response of both
loading surfaces close to their respective objectives. The two resulting curves are qualitatively di�erent: one exhibits a sti�ening
response and the other a plateau followed by a gradual rise. This con�rms that the multi-surface formulation can encode spatially
distinct mechanical behaviors within a single continuous body without physically separating the two regions.

A notable limitation of the current optimization framework, particularly in multi-row con�gurations, is its sensitivity to the
initial guess. The design space for these highly nonlinear mechanical responses is complex; thus, an ill-chosen starting point
can degrade the performance of the optimization algorithm. For instance, attempting to optimize for a constant-force behavior
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Figure 7.Multi-surface optimization result for a 2� 5 metamaterial. The optimized force-displacement response (solid) is shown alongside
both desired curves (dashed). The surrogate identi�es polynomial coe�cients for each unit cell such that the response at both loading surfaces
matches its respective target. The two curves are qualitatively distinct, con�rming that the multi-surface formulation can encode di�erent
mechanical behaviors in di�erent regions of a single continuous material.

while initializing the solver with parameters that yield a superelastic response forces the algorithm to navigate across disparate
behavioral regimes, often leading to poor convergence. Providing a more informed, physics-guided initial guess would likely
mitigate this issue and yield improved optimization outcomes.

3.B. Machine Learning for Shape Parameter Recovery

The surrogate optimization yields the coe�cients of the polynomials that approximate the unit cell force-displacement response.
This response is represented by a sequence of 50 displacement-force pairs, specifying the mechanical behavior that the cell must
produce. The remaining step is to �nd the eleven shape parameters that generate this response in a �nite element simulation.
There is no closed-form expression relating shape to response, and the mapping is generally many-to-one: multiple geometries can
produce curves that are close to one another. We approach this as a regression problem and solve it with a multi-output multilayer
perceptron (MLP) trained on a dataset of 10,295 simulations.

a. Feature representation.Presenting the raw 50 force values directly to the network is possible but not the most informative
input representation. We instead map each force-displacement curve to an 82-dimensional feature vector before passing it to the
network. The feature vector contains four classes of information. Statistical descriptors capture the mean, variance, skewness,
and higher moments of the force signal. Spectral descriptors contain Fourier coe�cients that represent the frequency content of
the curve. Gradient information provides the local slope at each displacement step, encoding how rapidly force changes with
displacement. Energy distribution quantities give the cumulative integral of force up to each displacement point, so that the feature
vector carries information about how energy absorption builds over the loading cycle. This representation removes redundancy
in the raw signal, emphasizes quantities that vary systematically with geometry, and produces a better-conditioned regression
problem than the raw force values.

b. Network architecture and training. The task is to learn the mappinĝx = f (� (D)) , where

D =
�

(� i ; Fi )
�
� i = 1 ; 2; : : : ; 50

	
(3.16)

is the speci�ed force-displacement curve,� is the feature extraction operator de�ned above,x = [ x1; : : : ; x11] is the shape
parameter vector, andf is the regression function to be learned. The network has three hidden layers of sizes(256; 128; 64) with
ReLU activations and outputs all eleven shape parameters jointly. Training all output dimensions together allows the network to
use correlations between shape parameters: in designs with a particular mechanical character, certain height and width parameters
tend to take coordinated values, and joint training captures these dependencies more e�ectively than training eleven separate
single-output models would. Over�tting is controlled by early stopping based on performance on a held-out validation set.
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