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Abstract

Elastic rods can exhibit distinct buckling behavior in the presence of natural curvature due to the
induced prestress. Recent work has shown that prestressed, clamped rods can undergo a secondary
bifurcation from in-plane Euler buckling and subsequently exhibit twisting or snapping under axial
compression. In this work, a bifurcation analysis for the secondary out-of-plane bifurcation of
Euler’s elastica is performed based on Kirchhoff’s three-dimensional theory of inextensional rods.
The critical end-shortening, critical load, and associated eigenmode at the onset of bifurcation are
determined, and the role of natural curvature in the out-of-plane bifurcation from the Euler solution
is systematically examined. It is found that the effect of natural curvature depends on the bending
direction of Euler buckling. When the Euler buckling direction is consistent with the rod’s naturally
curved direction, the critical end-shortening decreases as the natural curvature increases, and vice
versa. The imperfection sensitivity of the out-of-plane bifurcation is further investigated. The
results reveal that the primary role of in-plane imperfections is to select the in-plane Euler buckling
direction, which in turn has a major effect in the presence of substantial natural curvature. By
contrast, the primary role of out-of-plane imperfections is to trigger the out-of-plane bifurcation

and induce three-dimensional twisting or snapping.
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1. Introduction

Euler buckling is one of the most fundamental instability phenomena in slender structures,
which was initially solved by Euler in 1744, and the solution is now known as elastica theory [1].
Beyond its classical role in solid mechanics, Euler’s elastica has recently emerged as an effective
mechanism for designing reconfigurable and functional systems [2]. By harnessing its buckling-
induced large deformation and instability-guided shape transformation, diverse applications have
been explored, such as magnetic soft continuum robots for untethered navigation [3-5], flexible
electronics with programmable shape morphing [6, 7], and mechanical metamaterials with
programmable properties [8, 9]. In recent years, renewed interest has also been devoted to Euler
buckling, or Euler’s elastica, in a variety of material and structural systems, including nonlinear
Euler buckling in hyperelastic materials [10, 11], Euler buckling on curved surfaces [12], and snap-

through buckling in curved elastica [13-16].

In particular, our recent interest has focused on the buckling behavior of Euler’s elastica in
the presence of natural curvature [17-19]. In this case, a naturally curved slender rod is first
straightened and then fixed at both ends, as illustrated in Fig. 1(a). Depending on the natural
curvature as well as the bending and torsional stiffnesses, the rod can lose stability either through
in-plane Euler buckling or through three-dimensional (3D) buckling involving bending and
twisting [18]. For elastic rods with natural curvature that exhibit in-plane Euler buckling, our
recent work [19] further demonstrated that a secondary out-of-plane bifurcation with twisting,
followed by snapping, can occur when the end-shortening is sufficiently large. An experimental
demonstration is shown in Fig. 1(b) and (c) as well as in Video 1 in the Supplementary Material
(see Appendix A for experimental details). The rod has a rectangular cross-section with height-to-
thickness ratio 4/t = 4 and dimensionless natural curvature x,L = 4z, where L is the rod length. It
initially undergoes in-plane Euler buckling (Fig. 1(b)). When the end-shortening reaches a critical
value of A/L = 0.6, out-of-plane twisting bifurcation occurs with subsequent snapping (Fig. 1(c)).
Such out-of-plane twisting bifurcation behavior has also been observed previously in elastic rods
without natural curvature [20-23]. Prior studies showed that, for naturally straight clamped rods,
the critical end-shortening at twisting bifurcation increases with the torsional-to-bending stiffness
ratio (positively correlated with A/t for isotropic materials), and the post-bifurcation behavior is

typically dominated by twisting only without snapping [21-23]. For example, as shown in Fig. A1l



in the Appendix and Video 1 in the Supplementary Material, twisting bifurcation occurs at a large
end-shortening of A/L = 0.87 for a rod with a large A/t = 4 but without natural curvature, where
self-contact has already taken place. This is in sharp contrast to our experimental observations in
Fig. 1, where the rod with natural curvature undergoes twisting bifurcation at relatively small end-
shortening without self-contact and then snaps, indicating that natural curvature can strongly
influence both the onset of twisting bifurcation and the subsequent post-bifurcation behavior.
However, a systematic understanding of how natural curvature influences the onset and mode of

out-of-plane bifurcation in elastic rods remains lacking.

In our previous work [19], we examined the post-bifurcation behavior of elastic rods with
natural curvature using a numerical Kirchhoff rod model to guide the design of a novel
reconfigurable mechanical system, termed elastic rod origami, with programmable static and
dynamic properties. Here, to understand the fundamental mechanics underlying this instability
behavior, we investigate the secondary out-of-plane bifurcation of Euler’s elastica with natural
curvature through a rigorous bifurcation analysis within the framework of Kirchhoff’s 3D theory
of inextensional rods. The critical end-shortening, critical load, and associated eigenmode at the
onset of out-of-plane bifurcation are determined. The roles of natural curvature, as well as
symmetric in-plane and antisymmetric out-of-plane geometric imperfections, in the out-of-plane
bifurcation are further explored. It will be demonstrated that the natural curvature can delay or
advance the onset of out-of-plane bifurcation, depending significantly on the bending direction of
Euler buckling. The primary role of in-plane geometric imperfection is to select the Euler buckling
direction, whereas that of out-of-plane geometric imperfection is to trigger the out-of-plane
bifurcation and induce 3D twisting or snapping. These effects become significant in the presence

of substantial natural curvature.
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Fig. 1. Twisting bifurcation of an elastic rod with natural curvature under axial compression. (a) Schematic
of an elastic rod with length L, rectangular cross-section height /, and thickness ¢. The naturally curved rod
with curvature x, is first straightened and then fixed at both ends, with the top end allowed to displace
axially under loading. In the experiment, an end-shortening A is prescribed, and the reaction force P is
measured. (b, ¢) Experimental images of an elastic rod with 4/t = 4 and x,L = 4, corresponding to a 2-loop
natural state, under axial compression. (b) At a small end-shortening, e.g., A/L = 0.2, the rod exhibits in-
plane Euler buckling. (c) As A/L reaches a critical value of 0.6, out-of-plane twisting bifurcation occurs,
followed by snapping, as illustrated by the configuration at A/L = 0.61. Scale bar: 3 cm.

The remainder of this paper is organized as follows. In Sections 2 and 3, we briefly review
the buckling behavior of Euler’s elastica with natural curvature and the classical Euler buckling
solution, respectively. In Section 4, bifurcation analysis for the secondary out-of-plane bifurcation
of Euler’s elastica is performed, and the role of natural curvature in the out-of-plane bifurcation is
examined in detail. In Section 5, we further investigate the imperfection sensitivity of the out-of-
plane bifurcation and explore the roles of symmetric in-plane geometric imperfections and
antisymmetric out-of-plane geometric imperfections. Finally, the main conclusions are

summarized in Section 6.

2. Overview of buckling in Euler’s elastica with natural curvature

We begin by briefly reviewing the buckling behavior of Euler’s elastica with natural
curvature. In our previous work [18], we analyzed the stability of the straight state of an axially

compressed, clamped, inextensional Euler column, or rod, of length L with uniform natural
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curvature x,. In the unstressed state, the rod lies in the (i;,i,) plane with uniform natural
curvature k, about i,, as illustrated in Fig. 2. It is straightened and clamped such that its
centerline lies along the x,-axis. The left end is fully clamped. A compressive force —Pi, acts at
the right end, which is clamped so as to allow unrestricted motion parallel to the i, axis. In the

straightened state, the principal axes of the cross-section align with i, and i,. The bending and
twisting energy in the buckled rod is assumed to be governed by linear elasticity, with bending

stiffnesses about these axes given by B, and B,, and the torsional stiffness about the rod centerline

by B,.

If |x,L|>x™L, where x™L=2rx 5,8, , (1)
n n n B 2

3

the straight state is unstable when P = 0. Snap buckling occurs with out-of-plane bending and

twisting. If, however, |K‘WL| <Kk, L, stability of the straight state is lost in one of two ways.

Assuming B, > B;, and

. . B B
|«,L| <L, where ,L=2rx (—‘—1];2, (2)
3 3

the straight state becomes unstable at the classical Euler load,

P

Euler

=47°B,/ L, (3)

with bifurcation in the (i,i,) plane, which will be referred to as in-plane buckling. In the range

of |KnL| <k, L, the natural curvature has no influence on the in-plane bifurcation from the straight

state, nor, as will be seen shortly, on the subsequent in-plane buckling behavior until a secondary

bifurcation occurs leading to out-of-plane buckling. The main thrust of this paper is to reveal the
role of in-plane natural curvature in the range of |KnL|<K‘:L on the secondary out-of-plane
bifurcation of Euler rod which has buckled in the (i,,i,) plane. The influence of small initial

geometric imperfections will also be illustrated.



The second way in which stability of the straight state is lost occurs in the intermediate
range of the natural curvature, L <|k,L|<x™L. In this range, Leanza et al. [18] show that
stability of the straight state is lost in the form of an out-of-plane bifurcation involving 3D bending

and twisting. In this range, the natural curvature does influence the stability of the straight state

such that the bifurcation load is

47°B, (x,L) B/
Fo=—- 2 -
L B,L

4

The initial post-bifurcation behavior in this range of natural curvature has also been determined by
Leanza et al. [18], revealing that it can be stable or unstable depending on the bending and twisting

stiffnesses, the natural curvature and whether the load or the end-shortening is prescribed.

Cross-
section

Fig. 2. Geometry, Euler angles, and sign conventions in the bifurcation analysis

As noted above, in this paper, we analyze the intriguing secondary out-of-plane bifurcation

that occurs from the in-plane buckled state of the classical Euler column for natural curvatures in
the range of |K‘nL| <k.L. Indoing so, we will give a brief review of results in the literature for this
problem for the case when there is no natural curvature. The out-of-plane bifurcation is anti-

symmetric, with or without natural curvature, with one half of the rod deflecting and twisting out-

of-the plane in one direction and the other half deflecting in the opposite direction. By contrast,

the out-of-plane bifurcation in the range of kL <|x,L| < k™ L is symmetric, with the entire rod

deflecting and twisting symmetrically with respect to the center of the rod.
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3. The classical Euler solution for in-plane buckling

If the column is restricted to deflect in the (i,,i,) plane, the energy of the column/loading

system with a prescribed P is

1

{(E3 ~R,)’ —2P(1—cos ﬂo)}dx, (5)

where the non-zero dimensionless curvatures are K, = ;L and K, =«,L, and P=PL’/ B,. The

rotation of the unit tangent vector to the rod centerline, e, about the x, -axis, is f,(x) as seen in

Fig. 2, and x=s5/L, where s is the distance from the left end of the rod along the inextensional

centerline. In addition, the dimensionless curvature about the x, -axis measured from the
straightened state is given by &, =d 3, / dx = f3, , and the dimensionless displacement components
measured from the straight state, (% =u,/L, W=ui. ), are related to B, by it/ =—sin}, ,
ir, =cos f3,,and i, =0. It follows that the end-shortening, A =—u,(L), through which P works,
is given by

A/L:j;(l—cosﬂo)dx. (6)
Clamped conditions #, =0 and £, =0 at each end are required. Thus,

i, (x) = —J.: sin B, dx with the constraint J.Ol sin 3, dx =0. (7)

Stationarity of the system energy, i.e., Eq. (5), with respect to variations in f;(x) requires

(recall that x, is independent of x)

ﬂoﬂ + Psin 130 =0, 130 0)= 180 (D=0, 3)

subject to the constraint in Eq. (7). This is the classic Euler problem for a compressed rod clamped
at its ends. Note that natural curvature has no influence on either the bifurcation buckling load or

the post-buckling behavior. While the solution to this problem can be expressed in terms of elliptic



functions, here the solution has been obtained using numerical ODE solution methods of the same

type required for solving the secondary out-of-plane bifurcation problem. Fig. 3 presents a plot of

P/P,,, versus A/ L, where P, is the classical Euler load at bifurcation load from the straight
state shown in Eq. (3), and plots of f,(x) and the buckled shape at several values of end-
shortening. These are plotted on the half-interval, 0 <(x) <1/2. The buckled shape is symmetric
with respect to the center of the rod, such that f,(x) is anti-symmetric. The ODE (8) is solved on

the half-interval with B,(1/2)=0.

18 PEi{ier

Fig. 3. In-plane buckling of the axially compressed Euler column. (Left) The post-buckling load end-
shortening behavior. (Middle) The rotation of the centerline on the half-interval at various end-shortenings.
(Right) The column shape on the half-interval for the same set of end-shortenings. The solutions depicted
on the right will be referred to as buckling down. For the opposite sign of f,(x), the column buckles up.

The load end-shortening curve is the same for buckling up or down, but the secondary out-of-plane
bifurcation in the presence of natural curvature depends strongly on whether buckling is up or down!

4. Secondary out-of-plane bifurcation from the Euler solution

In the bifurcation analysis which follows, one can take either the compressive load P or
the end-shortening A as the prescribed ‘load’ parameter. Both increase monotonically over the
range of interest in Fig. 3. The classical Euler solution is symmetric about the column midpoint,

and it does not have a limit point over the range plotted, nor are there any anti-symmetric in-plane

bifurcations. We ask: When does the symmetric Euler solution, which lies in the (i,,i,) plane
become unstable bifurcating into either a symmetric or unsymmetric mode out-of-the (i,,i,) plane

with 3D bending and twisting? For this analysis, we employ 3D Kirchoff rod theory with three



Euler angles to measure the orientation of the triad of orthogonal unit vectors embedded in the rod
on the out-of-plane solution branch to relative to the embedded triad in the deformed in-plane state
at bifurcation. With a superscript ‘0’ identifying the set of embedded unit vectors at bifurcation,

one has
e} =cos B,i, +sin B)i,, € = —sin i, +cos fii,, €] =i,. 9)

With e,(s) as the unit vectors of the triad on the out-of-plane branch of the solution,
(17,9, 1) is the set of angles defining the orientation of e,(s),i= 1, 2, 3, relative to €/ (s), i =1, 2,
3, as shown in Fig. 2. In particular, ¢(s) is the angle between the unit tangent vector e,(s) and
the unit tangent vector to the planar Euler solution at bifurcation e)(s). The relations are
e = (cosncos,u—cosgosinnsin,u)e? +sin gsinz e —(cosnsinu+cos¢>sinncos,u)i3,

e, =sin@sin u e +cos el +sin gcos ui,, (10)

e, =(sinzcos u+cospcosnsin s )e] —sin pcosre) +(—sinzsin u+cos @ cos cos i )i,.

The curvature components on the out-of-plane solution expressed relative to the orthogonal

embedded triad, e,, are

do dp, . . du . dp,
K, =cosn| ————-sin i |—sinn| ———sin@+——-CcoS@cos 4 |,
: n(ds ds ,uj 77( ds v ds peosH
dn du dp, .
K, =—+——C0S(®+——SINn () COoS L, 11
2T Ty COset— msingeos u (11)
K, =COS7] —d—’usin(p+%cos¢)cos,u +sinn[@—%sinyj.
ds ds ds ds

These expressions reduce to those for a pre-bifurcation state that is a circular arc in the (i, 1,)
plane for which df,/ds =1/ R [17]. Finally, the displacement components of the rod centerline
from the initial straight state with w =u i, +u,i, +u;i, satisfy

du, / ds = cos 3, sin @sin u —sin 3, cos @,

du, / ds = cos 3, cos ¢ —1+sin 3 sin ¢sin p, (12)
du, / ds =sin g cos p.



Introduce non-dimensional quantities similar to those in Leanza et al. [18]:
x=s/L,()=d()/dx,b=B,/B,, b=B,/B,,i=u/L,k=Lx, P=PL'/B,, ¥ =VL/B,.
The dimensionless energy of the system on the secondary bifurcated branch with P prescribed is

Y= I; {bl/?l2 +b,&, +(K, &, )" —2P(1-cos 3, cos ¢ —sin f3, sin psin y)}dx. (13)

On the secondary bifurcation branch, all three of the new Euler angles (77,9, 1) are zero at

bifurcation. Expand ¥ to second order in (77,9, ££) . The zeroth-order terms are the energy at the

bifurcated state. The contribution from the terms homogeneous of degree 1 vanishes because the
bifurcation state is in equilibrium. The second-order contribution, which determines the stability

of the in-plane Euler solution and the secondary bifurcation, is

- J{ (0= ¢ 77+,U)) +b2(77'+u'+ﬁo'(p)2 "

-2(8, —@)(iﬁo' (¢° +(ﬂ+77)2)+¢ﬂ'—n¢’)—l_’(008/30 ¢’ —2sin /3, pu )} dx

Boundary conditions associated with end clamping will be fully enforced, but note that the
clamping requires e, =e, =i.,i =1,3 at the ends. By Egs. (9) and (10), it follows that 3, =0

@=0,and ¥ =1+ =0 at the ends.

The quadratic bifurcation functional is reduced further by letting y =7+ 1 . Then note the
following, which follow from ¢(0)=¢(1)=0:

— ! , Ly ’ L
& [, (omydx=0, [ B/ (pnydx=—[ B ondx. (15)
The only terms in ‘sz involving 7 are
—2I;(ﬂo"+15sinﬂ0)¢ndx=0, (16)

and these vanish by Eq. (8). Thus, the bifurcation functional depends only on y and ¢:
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¥, = %j; {bl (w’—ﬁdw)z +b, ('/’”“ﬁolg”)z (17)

-2(8, —I?n)(iﬂo' (co2 +w2)+gow’)—13(cos B, @* —2sin f3, W)} dx.

The boundary conditions require y and ¢ to vanish at the ends of the rod, and ¢ is further
constrained by the condition that u, vanishes at the ends requiring to this order, from Eq. (12),
ir; = such that J‘; @dx=0. A slight variant on Eq. (17) that involves no constraint on ¢ is
obtained by letting ¢ = 173' , as
— = 11 —n % , 1\
‘Pz(u3,1//,P):—I {b1 (u3 — By ‘//) +bz(‘// + B, u; )
2 Jo
(18)
-2(f,) - ’?n)(;ﬁo’ (53,2 +y’ ) + 7’_‘3"//’)_F(COS By, —2sin 3, ’73’1//)} dx.

In this form, ‘T’z depends on u;(x) and w(x) with u;, 173' and y required to vanish at the ends.

It reduces to the corresponding functional derived by Leanza et al. [18] when the out-of-plane

bifurcation occurs from the straight state with £, =0.

Denote the lowest bifurcation load associated with the out-of-plane solution by l_’c . For
loads below ISC , stability to all sufficiently small disturbances requires ‘i’z >0 for all admissible,
nonzero combinations of i, and y . The search for the lowest value of P such that there exists
one or more nonzero (i, ,y ) with P, (@,1//,?):0 is an eigenvalue problem; P = P. is the
eigenvalue and (u,,y ) is the eigenmode (or modes) which can be normalized as desired.

Rendering W, stationary, 6%, =0, with respect to all admissible (i;,j) generates the

eigenvalue problem ODEs:

b@”” + [—bzﬂolz + (/30' -K, )ﬂo' + Pcos B, } L73" + [(2172 - 3),80' + K, J Psin B, 073'
(19)
+[(—b1 b, +1)p, —En}//"+[2bl —b,—2]Psin B,y +[b, ~1] B, cos B,y =0,

by +| (b +b, -V +, |7 ~b.Psin 7 = 6, -VB/ +E, |y =0, @0)

11



with iz;, i, and y vanishingat x=0 and x=1.

The in-plane buckled Euler column shape is symmetric about the rod mid-point, with the

angle of the tangent vector to the centerline, f,(x), being anti-symmetric. The x dependence of
each of coefficients in the two ODEs, which depend on f,(x), is either symmetric or anti-
symmetric about x =1/2 such that the eigenmodes will be either symmetric or anti-symmetric
about x=1/2. Over the entire range of parameters considered in this paper, we have found that

the eigenmode associated with the lowest, or critical, eigenvalue, P., is always anti-symmetric

about x=1/2,1i.e., #;(x) and y(x) are anti-symmetric about x =1/2 . For such modes, the ODE

can be solved on the half-interval, 0<x<1/2, with u; =0, 1,73" =0 and ¥ =0 as boundary

conditions at x =1/2 . We have used the numerical ODE solver, BFPFD (IMSL, 2021), to obtain
the critical eigenvalue and associated eigenmode. The eigenmode has been normalized such that

the maximum value of #;(x) on the half-interval is unity.

4.1. Out-of-plane of bifurcation from the Euler solution with no natural curvature

Results from the literature can be found for the problem of interest in the absence of natural
curvature. A selection of these results has been used to validate our formulation and numerical

method. Rods formed from isotropic elastic materials with Young’s modulus £ and Poisson’s

ratio v with circular solid or concentric annular cross-sections have b =5 /B, =1 and

b, =B, /B, =1/(1+v). The dependence of the dimensionless end-shortening at the point of out-

of-plane bifurcation for these rods is presented as a function of v in Fig. 4. The two numerical
values recorded on the figure agree to three significant figures to those given in the literature [20-
23]. The dependence on Poisson’s ratio is not negligible. Note also that for these cases with no
natural curvature, the out-of-plane bifurcation occurs at large in-plane buckling deflections. Again,
we emphasize these results do not depend on the sign of the in-plane buckling deflection, i.e., on

whether the rod buckles up or down. The corresponding values of P./ P, can be read off the

uler

plot in Fig. 3.
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Fig. 4. Values of the end-shortening and axial compressive load at the state at which out-of-plane bifurcation
occurs when there is no natural curvature. (Left) For rods with circular cross-sections, as dependent on
Poisson’s ratio. (Right) For rods with solid rectangular cross-sections with v=1/3 . The associated
dimensionless compressive load is also plotted for the rectangular cross-sections.

The energy functional for the special case of rods with no natural curvature which have
two equal bending stiffnesses which are also equal to the torsional stiffness, such as rods with
circular cross-sections and v =0, reduces to a simpler form. Several authors have referred to such
rods as being ‘isotropic’. The authors of these papers have been able to obtain analytical results
for this special case not only for the secondary out-of-plane bifurcation point but also for the

subsequent out-of-plane post-bifurcation behavior [20, 21, 23].

Stump and van der Heijden [22] have provided numerical results for out-of-plane
bifurcation and post-bifurcation behavior for rods of rectangular cross-section with no natural
curvature, and their numerical values for the bifurcation are in agreement with those on the right
in Fig. 4 to the extent that can be inferred from their numerical plots. These pertain to rods with
rectangular cross-sections made from isotopically elastic materials with b, = B,/ B, = (h/t)’. An
accurate approximation for the torsional stiffness of a rod with a rectangular cross-section has been

given by Sokolnikoff [24], which provides

h=B_ 2 l—gitanh(zﬁj . @1)
B, 1+v 7> h 2t
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Fig. 4 reveals that increasing 4 /¢, which increases the out-of-plane bending stiffness relative to

the in-plane bending stiffness, significantly delays out-of-plane bifurcation, as expected.

4.2. The role of natural curvature in out-of-plane bifurcation from the Euler solution

As emphasized earlier, this section analyzes the out-of-plane bifurcation in the range of

natural curvatures, KnL| < k. L, for which in-plane Euler buckling precedes out-of-plane buckling.

Out-of-plane buckling initiates as a secondary bifurcation at compressive loads above P, . . The

Euler *

numerical analysis of the out-of-plane bifurcation reveals that the mode associated with the lowest

eigenvalue, F. (or A.), is anti-symmetric with respect to the center of the rod, except possibly

very near the ends of the range, KnL| =~k L. That is, the out-of-plane deflection of the rod and the

twist vanish at the center with equal and opposite valuesat x=1/2+a and x=1/2-a. Example

plots of the bifurcation mode will be shown later.

Rods made from an isotropic elastic material with circular or square cross-sections have
identical in-plane and out-of-plane bending stiffnesses (i.e., B, = B,) and, thus, by Eq. (2), x, =0
. Such rods lie outside our current range of interest. In the presence of natural curvature, their

first bifurcation from the straight state occurs at loads below £, .. in the form of a symmetric mode

uler
involving out-of-plane deflection and twist, as analyzed by Leanza et al. [18]. Rods with

rectangular cross-section having greater out-of-plane relative to in-plane stiffness, i.e., A/t >1
with b, =(h/t)’ >1, have x, >0, and these rods will be used to illustrate the role of natural

curvature on out-of-plane bifurcation from the Euler buckled state.

Fig. 5 presents the dimensionless end-shortening, A. /L, at the out-of-plane bifurcation
point as a function of the dimensionless natural curvature x,L for rods with rectangular cross-

section (#/t=2,3,4)and v =1/3. The large effect of natural curvature is evident. The figure also

highlights the importance of the sign of the in-plane Euler solution relative to the sign of the natural

curvature. In Fig. 5(a), the in-plane Euler deflection is downward, and in Fig. 5(b) it is upward.

Results over the entire range of |K‘nL| <k, L have not been presented, but we believe the range

covered will be of the most interest. At the end of the range where A /L is the largest, we have

14



terminated the curves at A, /L =0.9 which is roughly the point at which the Euler solution makes

self-contact (c.f., Fig. 3). In addition, results have not been presented at the other end of the range

where A, /L is the smallest for reasons discussed shortly.

A A
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h
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Fig. 5. The effect of uniform natural curvature on the out-of-plane bifurcation from the classical Euler
k,L| <Kk, L. As discussed

in the text, the effect depends strongly on whether the in-plane pre-bifurcation Euler buckling is down (a)
or up (b). A composite of the results for both up and down pre-buckling deflections is given in (c). For

these results: v=1/3, with x,L=11.05 for h/t=2 , x,L=19.4 for h/t=3, and x,L =274 for

h/t=4. The associated values of the dimensionless bifurcation load PCL2 / By can be determined from
Fig. 4.

solution for rods with rectangular cross-sections (//¢=2,3,4) in the range of

Table 1. Critical end-shortening (Ac/L) at the out-of-plane bifurcation of elastic rods with rectangular cross-
section and Poisson’s ratio 1/3 for different values of dimensionless natural curvatures. The results

correspond to Euler buckling being down, as illustrated in Fig. 5(a). For 4/t =2 and 3, x, L =+20 is outside
the range of natural curvature for exhibiting in-plane pre-bifurcation Euler buckling.

hit=2 hit=3 hit=4

K,L Bifurcation | Numerical Bifurcation | Numerical Bifurcation | Numerical Experiment
analysis results analysis results analysis results

=20 --- --- --- --- 0.256 0.2557 0.41

-10 0.426 0.4244 0.628 0.6273 0.690 0.6900 0.68

0 0.808 0.8073 0.852 0.8522 0.871 0.8702 0.87

10 0.882 0.8818 0.910 0.9102 0.921 0.9209 0.84

20 --- --- --- --- 0.943 0.9430 0.83

The steep reduction in the end-shortening causing out-of-plane bifurcation, A. /L, occurs

when x, 1s negative if Euler buckling is down and vice versa. The plots for buckling up and
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buckling down are mirror images of one another, consistent with the up/down symmetry when the
sign of the natural curvature is switched. Fig. 5(c) combines the results in Fig. 5(a) and (b),
including both up and down Euler buckling. Unless the direction of Euler buckling, up or down,
is ‘forced’ by external means, the direction of the Euler buckling will almost certainly be
determined by imperfections in the rod or in the loading system. Further, the fact that the natural
curvature has such a strong influence on the end-shortening for out-of-plane bifurcation will likely
result in the rod being most sensitive to the imperfections that push Euler buckling in the direction

of the smaller, rather than the larger, critical end-shortening.

The theoretical predictions in the presence of natural curvature from the bifurcation
analysis are compared with the numerical results obtained from an independent Kirchhoff rod
model presented in our previous work [19]. The results are summarized in Table 1, with the Euler
buckling direction downward, corresponding to the case shown in Fig. 5(a). Excellent agreement
is observed between the current theoretical predictions and the previous numerical results.
Experimental results for elastic rods with 4/t = 4 are also provided, showing reasonable agreement.
In particular, for x,L = 0, 10, and 20, out-of-plane bifurcation occurs at a very large end-
shortening, where self-contact takes place. To avoid self-contact and facilitate the onset of

bifurcation in the experiments, a small out-of-plane end offset is applied at the loading end.
As noted above, results for values of natural curvature approaching i‘K': have not been
presented. The mathematical behavior for natural curvatures in the vicinity of *x, is almost

certainly complicated. Bifurcation when x, =x, and x, =—x, has been analyzed by Leanza et al.

[18], revealing that: (1) at out-of-plane bifurcation, the rod is straight with . =P,

Euler >

and (2) the
bifurcation mode is symmetric with respect to the rod center. Results from the present analysis as

<K‘: suggests that the out-of-plane bifurcation mode is anti-

k, =tk from inside the range |,
symmetric with B. > P, , . We have not sorted out the mathematical details of the behavior in the

‘tails’ of the range. The details will almost certainly involve interaction between the symmetric

and anti-symmetric modes.

Representative examples of the anti-symmetric eigenmode shapes for out-of-plane

bifurcations are plotted in Fig. 6. Neither the magnitude nor the sign of the mode is determined
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by the bifurcation analysis. In the figure, modes have been normalized such that the maximum

value of u, / L is unity.

2 T T T 2 T T T T 2 \ I T T
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Fig. 6. Out-of-plane bifurcation eigenmodes for rods with rectangular cross-section with 2/¢t=2, v=1/3
, and three natural curvatures, x,L =-10,0,10. The modes have been normalized such that (v, /L)_, =1.

max

5. Imperfection sensitivity of out-of-plane bifurcation in elastic rods

The imperfection sensitivity of the out-of-plane bifurcation in elastic rods with natural
curvature is further investigated. Two types of geometric imperfections are considered: symmetric

in-plane geometric imperfections and anti-symmetric out-of-plane geometric imperfections.

5.1. The role of in-plane geometric imperfections

The in-plane Euler solution is symmetric with respect to the center of the buckled rod.
Imperfections in the form of in-plane geometric non-uniformities of the rod will be amplified the
most by the compressive load and have the most severe effect if they are also symmetric, and we

restrict attention to symmetric in-plane imperfections. Superimposed on the uniform natural
curvature about the x; -axis, k,, is an imperfection in the form of a small nonuniform natural

curvature given by

kK =dp, /ds= E@n’t/ *)cos(27s/ L) with B = E(nt/L)sin(2zs/ L), (22)

where ¢ is the in-plane thickness of the rectangular cross-section of the rod and E is the

dimensionless imperfection amplitude. With a moment, M, =Bk, , applied to each end of the

17



rod, the rod becomes nearly straight, apart from the effect of the imperfection, and the slopes at

the ends of the rod are zero. The rod can be inserted into the compression rig and clamped with an

initial slope distribution given by S, =& (xt/L)sin(2zs/L) (when P=0). We will limit the
imperfection amplitude, &, to be small in the sense that ‘ s ‘ <<1, such that du, / ds = -3, when

P =0. Thus, the in-plane deflection of the rod in the unloaded state (P =0) is

ul = E %(l—cos(Zﬁs/L)). 23)

An amplitude with ‘E ‘ =1 corresponds to an imperfection deflection magnitude at the center of the

rod of one thickness with §_ >0 corresponding to a downward deflection and vice versa. The
imperfection modifies the ODE governing the in-plane Euler problem, Eq. (8), such that with
B,(x) continuing as the angle of rotation measured from the direction i,, as in Fig. 2, the exact

equations governing the in-plane behavior are

By +Psin(B,)=p8", B,(0)=p,1/2)=0,

(24)
A/L= ZJ;/Z(I—cosﬂo)dx,

where, as earlier, x =5/ L, and anti-symmetry of f,(x) is assumed.

The introduction of an imperfection usually results in the maximum load occurring at a
limit point, however, not in the case of an in-plane imperfection. For the imperfections considered

in this section, the secondary buckling load still occurs as an out-of-plane bifurcation. The

functional ¥, in Eq. (17) still governs this bifurcation, but one term must be modified, i.e., in the
third term, ( ,BO' —k,) must be replaced by ( ﬂo' — i, —i!). In turn, this modification requires that

—(k! B, ) —(k'w') be added to the left-hand side of ODE (19) and that —i' 8, 'w + (', )’ be
added to the left-hand side of ODE (20). It should be noted that the modified equations apply for
any in-plane imperfection with 3, zero at the ends and curvature i’ (x) =, that is symmetric

about the center of the rod. Additional modifications are required if the imperfection is not
symmetric about the center. In particular, the rod will generally be subject to a uniform vertical

force in addition to the applied horizontal force P, which must be included in the formulation.
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Plots of the in-plane load/end-shortening and load/buckling amplitude behavior as
dependent on small imperfections (Egs. (22) and (23)) are presented for a representative example
in Fig. 7. For a typical slender rod with #/L <0.01, the imperfection levels plotted are not

unrealistic. It is important to recall that the natural curvature x, has no influence on the curves in

Fig. 7.
2 2
P
PEHFEJ‘ |
15 ] 15 L. '_ ........ ]
1 i 1 e ST o G
Et/L=0,+001%0.02,+0.03 F1/L=001 0_015{”_
05 i 05 - 0.02 {2002 |
0.03 ~0.03
A w,(1/2)
0 i i i i L 0 i L
0 02 04 06 08 1 05 0 05

Fig. 7. The effect of the small geometric in-plane imperfection (Egs. (22) and (23)) (Left) on the in-plane
load/end-shortening behavior of the Euler rod, and (Right) on the load/buckling deflection at the center of
the rod. These results assume that the load or end-shortening is applied monotonically from zero with no
external agent acting to change the direction of buckling. For this example, the rod has a rectangular cross-
section with #/¢t=4 and v=1/3. The uniform natural curvature x, has no influence on the in-plane

behavior.

The effect of the imperfection seen in Fig. 7 is typical for the stable in-plane behavior of a
compressed Euler rod in that it only produces modest alterations and does not give rise to a
substantial loss of load-carrying capacity. In other words, the sensitivity to in-plane imperfections
is modest. When the rod is subject to a monotonically increasing load or end-shortening from zero,

the sign of the in-plane imperfection selects whether the buckling is down or up. For the sign
conventions in this paper, g? >0 causes buckling down and E < 0 causes buckling up, as seen on
the right in Fig. 7. We have not plotted other solution branches in Fig. 7 that lie above those for
the perfect rod, 5 =0. For example, if rods with f_ <0 in Fig. 7 were forced by an external agent

to buckle down, they would support slightly higher loads at the same end-shortening.
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The strong influence of the uniform natural curvature x, on the out-of-plane bifurcation

in the presence of an in-plane imperfection is illustrated in Fig. 8 for the same rod example
discussed in Fig. 7. The curves apply for positive imperfections and buckling down in-plane
behavior. These results have been computed with the modified eigenvalue equations. To a
reasonable approximation, the critical end-shortening at out-of-plane bifurcation in the presence

of the imperfection is nearly the same as for the perfect rod, with detailed values summarized in

Table 2. Again, the conclusion to be drawn is that uniform natural curvature &, has a major effect

on out-of-plane bifurcation, while the in-plane imperfections have a relatively modest effect on

the bifurcation. The important role of the in-plane imperfection is to select whether the in-plane

buckling is down or up which, in turn, has a major effect in the presence of substantial «, .

2 .
P
Euler
15 L... ]
K L= :
: * ~ out-of-plane
1 bifurcation
—Ft/L
05 0.01 i
0.02 (buckles down)
0.03 A
: L
0 i i i 1
0 0.2 0.4 0.6 0.8 1

Fig. 8. The effect of uniform natural curvature x, combined with the in-plane geometric imperfection on
the out-of-plane bifurcation. The rod has a rectangular cross-section with #/¢t=4 and v =1/3. Starting
from the unloaded state, imperfections with £ >0 cause the initial in-plane Euler buckling to be downward.
Out-of-plane bifurcation results are shown for four values of natural curvature: «, L =-20,-10, 0,10 (
k'L =274). Identical results are obtained for & <0 with upward in-plane buckling, but with the signs of
the natural curvature switched.

20



Table 2. Critical end-shortening and the corresponding load at the out-of-plane bifurcation of elastic rods
with in-plane geometric imperfection (4#/t = 4 and v = 1/3). The Euler buckling direction is down,
corresponding to the case in Fig. 5(a).

K L=-20 K L=-10 K L=0 K L=10
Et/L AC /L PC /})Euler AC /L PC /PEuler AC /L PC /PEu/er AC /L PC /PEuler
0 0.256 1.150 0.691 1.571 0.870 1.872 0.921 1.982
0.01 0.254 1.114 0.692 1.547 0.873 1.857 0.924 1.960
0.02 0.252 1.078 0.693 1.522 0.877 1.831 0.926 1.938
0.03 0.249 1.041 0.695 1.498 0.879 1.810 0.928 1.916

5.2. The role of out-of-plane geometric imperfections

An out-of-plane geometric imperfection is introduced in the form of pre-twist, with the

pre-twist angle varying linearly along the longitudinal direction of the rod, as

y(s)=y, (% —lj, s € [O,L], (25)

where y, is the imperfection amplitude. Such an imperfection is antisymmetric about the

midpoint of the rod and is expected to trigger the secondary bifurcation, leading to out-of-plane
deformation. Here, the effect of this antisymmetric geometric imperfection on the out-of-plane
bifurcation behavior of elastic rods with natural curvature is studied using finite element
simulations. In the simulations, the imperfection is created by applying a pair of twisting angles,

ie., y, and —y, , at the two ends of the rod. The resulting deformed configuration is then exported

to release the strain, and the stress-free configuration serves as the initial configuration of the rod

with natural curvature. More details of the finite element simulations are provided in Appendix B.

Figs. 9(a-c) and 10(a-c) illustrate the dimensionless load as a function of the dimensionless
end-shortening for elastic rods with positive or negative natural curvature, under axial compression,
for different pre-twist imperfection amplitudes. The rod has a rectangular cross-section with A/t =
4 and v = 1/3. The Euler buckling direction is consistent with the rod’s naturally curved direction,
corresponding to the case shown in Fig. 5(b). For rods with different natural curvatures, the
antisymmetric pre-twist geometric imperfection has little influence on the rod behavior before the
secondary bifurcation. However, out-of-plane bifurcation is triggered when the end-shortening
reaches a critical value, and the rod transitions to an equilibrium branch with a lower load, even

for an imperfection amplitude as small as 0.01 rad (0.57 degrees). As the imperfection amplitude
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increases from 0.01 to 0.1 rad, the critical end-shortening at bifurcation decreases slightly. This
indicates that the primary role of the antisymmetric pre-twist geometric imperfection is to trigger
the out-of-plane bifurcation, while having only a limited effect on the critical load or end-

shortening at the onset of bifurcation.

In the absence of natural curvature, or when the magnitude of natural curvature is relatively
small (e.g., K,L =+ ), the rod undergoes significant twisting after bifurcation, as illustrated in
Figs. 9(d-e) and 10(d-e) and observed experimentally in Fig. Al in the Appendix. By contrast,
when the rod has a relatively large positive natural curvature (e.g., kK,L =3.187), it exhibits
snapping after the onset of twisting bifurcation and transitions into a 2-loop overlapping circle as
the end-shortening further increases (Fig. 9(f)). A more comprehensive parametric study based on
the Kirchhoff rod model in our previous work [19] indicated that, for 4/t =4 and v = 1/3, the critical
natural curvature separating twisting and snapping post-bifurcation behavior is approximately

k,L=2287 . When the rod has a relatively large-magnitude negative natural curvature (e.g.,

k,L=-3.187), the rod first undergoes twisting and then snapping after the onset of bifurcation,

as shown in Fig. 10(f). However, such post-bifurcation behavior occurs at very large end-
shortening, where self-contact takes place. These results further reveal that the post-bifurcation
behavior also significantly depends on both the natural curvature and the Euler buckling direction.
By appropriately controlling these two factors, the rod can exhibit different post-bifurcation

behavior, including twisting, snapping, and twisting followed by snapping.

22



Load-displacement curves of pre-twisted rods under axial compression
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Fig. 9. Mechanical behavior of pre-twisted elastic rods with positive natural curvatures under axial
compression, predicted by finite element simulations. (a-c) Dimensionless load P/Pguer versus
dimensionless end-shortening A/L for different pre-twisted angles y,.: (a) x.L = 0; (b) x,L = 7; (c) k.l =
3.18z. Here, Pruer = 7.6231 N is the Euler buckling load predicted by finite element simulations, which is
slightly smaller than the theoretical value 7.8271 N. The dashed lines in (c) correspond to the snapping
process. (d-e) Deformation processes of elastic rods with y,=0.01 rad: (d) x.L = 0; () k.l = m; (f) l =
3.18x. In all cases, 4/t =4 and v = 1/3. The dot represents the fixed end.
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Load-displacement curves of pre-twisted rods under axial compression
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Fig. 10. Mechanical behavior of pre-twisted elastic rods with negative natural curvatures under axial
compression, predicted by finite element simulations.
dimensionless end-shortening A/L for different pre-twisted angles y.: (a) x,.L =
7.6231 N is the Euler buckling load predicted by finite element simulations, which is
slightly smaller than the theoretical value 7.8271 N. The dashed lines in (c) correspond to the snapping
process. (d-e) Deformation processes of elastic rods with y,, =
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6. Conclusions

In this paper, we investigated the secondary out-of-plane bifurcation from the Euler
buckling in clamped-clamped elastic rods with natural curvature under axial compression. The
bifurcation analysis was performed based on Kirchhoff’s three-dimensional theory of
inextensional rods, and the critical end-shortening, critical load, and associated eigenmode at the
onset of out-of-plane bifurcation were determined. Natural curvature plays a critical role in the
out-of-plane bifurcation, while its effect depends significantly on the bending direction of the in-
plane Euler buckling. When the Euler buckling direction is consistent with the rod’s naturally
curved direction, the critical end-shortening for out-of-plane bifurcation decreases as the natural
curvature increases, and vice versa. As a result, by appropriately selecting the Euler buckling
direction and the magnitude of natural curvature, the out-of-plane bifurcation can occur at
relatively small end-shortenings without self-contact. Experiments were conducted to validate

these results, and reasonable agreement was observed.

In addition, the effects of symmetric in-plane geometric imperfections and antisymmetric
pre-twist geometric imperfections on the out-of-plane bifurcation were examined. Both types of
geometric imperfection only produce modest changes in the critical end-shortening or critical load
at bifurcation. The primary role of the in-plane imperfection is to select the Euler buckling
direction, which in turn has a major effect in the presence of substantial natural curvature. By
contrast, the primary role of pre-twist geometric imperfection is to trigger the out-of-plane
bifurcation, which leads to post-bifurcation behavior characterized by twisting, snapping, or
twisting followed by snapping, depending on the magnitude of the natural curvature and the Euler
buckling direction. The rich instability behavior of Euler’s elastica with natural curvature provides
a new building block for reconfigurable mechanical systems that harness mechanical instability,
with potential functional applications in areas such as reconfigurable mechanical metamaterials

and soft robotics.
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Appendix A. Experiments

The experimental rods were all printed in their naturally curved states using polylactic acid
(PLA Basic, Bambu Lab) with an X1 Carbon 3D printer. The length, cross-sectional height, and
thickness were L =200 mm, 2 =2.2 mm, and ¢ = 0.55 mm, respectively. As illustrated in Fig. 1(a),
the naturally curved rod was first straightened and then clamped into a universal testing machine
(3344, Instron, Inc., USA). The bottom end was fully fixed, while the top end was fixed but allowed
to translate along the longitudinal direction for compressive displacement. The rod was axially
compressed at a rate of 4 mm/s. As mentioned previously, for rods with dimensionless natural

curvature x,L =0, 10, and 20, listed in Table 1, out-of-plane bifurcation occurs at very large end-

shortening, where self-contact takes place. Therefore, in these tests, an out-of-plane offset of /2 was

prescribed at the top end relative to the bottom end to facilitate the onset of bifurcation.

Twisting bifurcation of an elastic rod without natural curvature

(a) P (b) In-plane Euler buckling (c) Out-of-plane bifurcation
Y with twisting
B NL=02 AL=0.87

(Onset of bifurcation)

A/L=0.9
(Post-bifurcation with
significant twisting)

L

Cross- —le—
section :

h

& 7777
Fixed-fixed

Front view Side view

Front view Side view

Fig. Al. Twisting bifurcation of an elastic rod without natural curvature under axial compression. (a)
Schematic of an elastic rod with length L, rectangular cross-section height /4, and thickness ¢. The rod is
fixed at both ends, with the top end allowed to displace axially. In the experiment, an end-shortening A is
prescribed, and the reaction force P is measured. (b, ¢) Experimental images of an elastic rod with A/t = 4
under axial compression. (b) At a small end-shortening, e.g., A/L = 0.2, the rod exhibits in-plane Euler
buckling. (c) As A/L reaches a critical value of 0.87, out-of-plane twisting bifurcation occurs, leading to
significant twisting under further loading, as illustrated by the configuration at A/L = 0.9. As mentioned
earlier, to avoid self-contact and facilitate the onset of bifurcation, an out-of-plane offset is applied at the
top end relative to the bottom end. Scale bar: 3 cm.
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Appendix B. Finite element simulations

The mechanical behavior of elastic rods with natural curvature and pre-twist geometric
imperfections under axial compression is simulated using the commercial software ABAQUS
2024 (Dassault Systemes, France). In all simulations, C3D8R elements (8-node linear brick
elements with reduced integration) are used, and self-contact and penetration are allowed. To
incorporate the effect of natural curvature, the rod is modeled as a thermally stressed bilayer with
orthotropic thermal expansion. The coefficients of thermal expansion (CTEs) of the two layers
along the rod longitudinal direction are assumed to be equal in magnitude but opposite in sign,

namely «, and —a, , while those in the other two directions are set to zero. A linear elastic,

isotropic constitutive relation is adopted, with Young’s modulus and Poisson’s ratio taken as £ =
2.6 GPaand v=1/3, respectively. Consistent with the experimental rods, the length, cross-sectional

height, and thickness are taken as L =200 mm, 4 = 2.2 mm, and ¢ = 0.55 mm, respectively.

Moreover, the pre-twist geometric imperfection is introduced by first applying a pair of
twisting angles, —y, and y,_ , about the longitudinal direction of the bilayer, and then exporting
the resulting deformed configuration to release the strain. The obtained stress-free pre-twisted
bilayer configuration is used as the initial configuration of the rod. The two layers are assigned the

same temperature change AT =tk / (3a;) [25],and a, is taken as 0.002 K—'. Both ends are fixed,

while the loading end is allowed to translate along the axial loading direction. A static
displacement-controlled loading method is used in the simulation, and a small damping factor of

10-8is introduced to stabilize the simulation.
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