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Abstract

Spiral layered structures subjected to thermal or diffusion-induced expansion often
develop inward collapse, yet predictive models that connect geometry, confinement,
and contact remain limited. Here we formulate a planar beam-based theory for an
Archimedean spiral confined by a rigid circular ring, in which eigenstrain is converted
into compressive circumferential resultants through kinematic constraint and unilateral
contact. Using a variational framework, we derive spiral-path Foppl-von Karman—type
governing equations including a one-sided Winkler penalty representation of wall con-
tact. A Rayleigh—Ritz energy estimate is then used to obtain closed-form scaling rela-
tions for the onset of instability. As an analytical benchmark, we reduce the spiral to the
zero-pitch limit and recover a circular ring model, yielding mode-dependent critical com-
pressive resultants for detached and fully contacting pre-buckling states. Complemen-
tary Dynamic/Explicit finite-element simulations under prescribed thermal expansion
validate the theory and provide robust onset identification via internal-energy release,
kinetic-energy bursts, and Fourier-mode growth. Finally, we study physically realistic
multi-turn spirals, where turn-to-turn self-contact produces intrinsic kinematic locking
without artificial end constraints, and we nondimensionalize the parameter space us-
ing the inner radius as the reference length to characterize the response in terms of
thickness and turn number. The results establish a unified eigenstrain-to-compression
mechanism for inward buckling, quantify the roles of confinement and contact state,

and provide dimensionless design trends for layered spiral structures.
Keywords: Archimedean spirals, layered structures, volumetric expansion,

Rayleigh-Ritz method, buckling instability
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Table 1: Notation: geometry and kinematics.

Symbol Definition

0 Initial (inner) radius at 6 = 0; reference length for nondimensional-
ization.

Tout Outer radius of the spiral.

R Radius of the circular ring in the ring-reduction limit (D — 0).

0 Polar angle parameter along the spiral/ring.

s Arc-length coordinate; ds = J(6) df.

J(0) Jacobian: J = /72 + (dr/df)2.

r(6) Spiral centerline radius; Archimedean: r = ry + bf.

D Radial increment per full turn (27) of the spiral.

b Spiral slope parameter, b = D /(27).

Ny Number of turns.

t Layer thickness (self-contact multi-turn: D = t).

u(6), w(h) Tangential and outward-normal displacements of the centerline.

Sign of w w > 0 outward (toward rigid wall / penetration direction in penalty
contact).

k(0) Reference curvature; for a ring x = 1/R.

R(0) Deformed curvature; Ak = & — K.




Table 2: Notation: mechanics, contact, and nondimensional groups.

Symbol Definition

E Young’s modulus.

AT Area A = bh (out-of-plane thickness b = 1) and second moment of
area of the beam’s cross section I = bh3/12.

EA, EI Extensional and bending stiffness.

et Tangential (Green—Lagrange) strain along the centerline.

golgen Eigenstrain: aegAT(0) or SegAc(h).

g§lastic Elastic strain: g4 — sggen.

N Tangential resultant, N = FA 2! (positive in tension).

M Bending moment, M = EI(k — k).

Q Shear resultant: @ = %(Mﬁ — Nwpy).

H() Heaviside function (unilateral contact activation).

k, ky Wall penalty stiffness (one-turn rigid-ring contact).

kn Inter-layer normal penalty stiffness (turn-to-turn contact).

g(0) Inter-layer gap (negative: overclosure).

guw(0) Wall gap to rigid ring (negative: overclosure).

Qofrs Poft Effective thermal / chemical expansion coefficients.

AT(6), Ac(6)
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Prescribed temperature / concentration change.

Critical eigenstrain: O¢ = qegATy,.

Dimensionless variable scaled by r¢ (e.g., w = w/r).
Dimensionless geometry ratio (e.g., £ = t/rg, R= R/ro).
Dimensionless load: N = Nr3/(EI).

Dimensionless stiffness: k = krg/(EI).

Coulomb friction coefficient (used only in the multi-layer frictional

study).




1. Introduction

Spirals are ubiquitous in nature, where most follow a logarithmic form (r = roe*?)
driven by proportional growth (dr/df o r), producing the self-similar patterns seen in
seashells and chameleon tails (Wentworth Thompson, 1917; Jean, 1994; Wang et al.,
2025). In contrast, spirals in engineering typically arise from the rolling of sheet-like
materials with constant thickness, which naturally generates an Archimedean form
(r = ro + bf) with constant spacing between layers (dr/df = b). This geometry enables
efficient packaging of long continuous sheets, as seen in sheet metal coils, battery jelly
rolls (Zhu et al., 2016), roll-to-roll manufactured films (Palavesam et al., 2018), and
robotic actuators (Yan et al., 2018). With the advent of advanced manufacturing, spiral
architectures now extend to the microscale, forming essential components in modern
electronics, including spiral inductors and interconnects in chips (Le et al., 2021).

The scientific fascination with spiral structures dates back to Archimedes, whose
study of the Archimedean spiral is often regarded as a precursor to modern differential
calculus (Netz, 2017). Since then, spirals have been investigated across disciplines: in
biology to explain phyllotaxis and shell growth (Jean, 1994; Wentworth Thompson,
1917), and in mathematics and physics to explore the geometry and topology of two-
and three-dimensional spiral forms (Polezhaev, 2019). In engineering, research on spiral
mechanics has predominantly focused on manufacturing processes such as winding and
rolling (Lee et al., 2012; Noh et al., 2024; Chen, 2025; Lee, 2018). Analytical and
numerical models have examined the effects of winding tension, inner radius, rolling
speed, and residual stress, with the objective of ensuring defect-free production. These
studies have successfully optimized roll-to-roll fabrication and are now widely applied
in industrial practice.

In contrast, the mechanical behavior of spiral structures during functional service
remains far less understood. In many emerging applications—including batteries, mi-
croelectronic devices, and robotic systems—spiral components are subjected to cyclic
volumetric expansion driven by mass diffusion, chemical reactions, thermal fluctua-
tions, or growth processes (Li et al., 2022; Bongtae Han and Yifan Guo, 1996). Under
such conditions, spirals exhibit complex deformation patterns, including inward buck-

ling and layer-wise collapse, which can compromise structural integrity and functional



performance. Despite increasing practical relevance, a unified mechanics framework ca-
pable of describing spiral structures under internally generated expansion loads is still
lacking. Understanding how distributed eigenstrains interact with geometric confine-
ment to produce instability remains an open and fundamentally important problem.
Prior studies have speculated that compressive hoop stresses in the inner layers are
the primary driving force (Gelam et al., 2025; Timms et al., 2023; Gelam et al., 2024),
yet existing models often approximate spirals as concentric rings or simplified shells,
but these abstractions fail to reproduce the observed instability patterns. To date,
no transferable theory exists to predict the onset, orientation, or progression of such
instabilities.

This study presents coupled chemo-mechanical theoretical and finite element models
to characterize the evolution of internal stress and buckling instabilities triggered by
either solute diffusion-induced or thermal expansion. Section 2 formulates the problem
and defines the geometry and mechanical setting. Section 3 establishes the kinematics
and an energy-based framework for the critical buckling of the spiral structure, followed
by nondimensionalization of the governing equations. The formulation is then special-
ized to the limiting ring case, for which an analytical solution is obtained. In Section
5, we develop finite-element models for both the spiral and the equivalent ring to com-
pute the critical buckling load numerically. Section 5.4 presents a parametric study
that quantifies how key geometric factors influence the buckling threshold. Section 6
discusses an alternative mathematical treatment of contact, compares spiral and ring
predictions, benchmarks the ring solution against the classical buckling of a circular
ring under external pressure, and inextensibility. Finally, Section 7 summarizes the

main findings and conclusions.

2. Problem formulation

Here, we study a deformable Archimedean spiral confined by a rigid circular ring.
The spiral is modeled as a slender, deformable strip of thickness h whose centerline

follows an Archimedean spiral, as illustrated in Figure 2(a).



2.1. Geometry - Archimedean spiral

An Archimedean spiral is a planar curve whose radius increases linearly with the
polar angle. In polar coordinates (r,#), an Archimedean spiral can be described by the
equation

D
r=ry+ —0, 0 € [0, 2m V] (1)
27

Here, 1y denotes the initial radius (i.e., radius when 6 = 0). D denotes the radial
increment per full turn of the spiral, corresponding to an angular change of 27 radians.
For a fully-compacted spiral structure, D = h, the thickness of the layer. N, repre-

sents the total number of complete turns that the spiral makes. The geometry of the

Archimedean spiral is illustrated in Figure 2(a).
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Figure 1: 3D view of the spiral-wound cylinder, highlighting the central plane of interest in light blue

The right panel shows the detailed spiral cross-section at this specific plane.

2.2. Plane strain condition assumption

In reality, spiral structures often exist in three-dimensional forms, such as battery

jelly rolls or rolls of sheet metal. In this study, we focus on the cross section of a

wide cylindrical roll composed of thin layers that is sufficiently far from the two edges.

Under this condition, the deformation in the cross section can reasonably be assumed
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Geometry of an Archimedean spiral

Figure 2: (a) Geometry of an Archimedean spiral. (b) and (c¢) Schematic illustration of the rigid
confinement and its equivalent representation. (b) A one-turn Archimedean spiral confined by a
rigid circular ring. Owing to the geometric mismatch between the spiral outer boundary and the
circular confinement, a finite gap may exist locally. (¢) An equivalent representation in which the
rigid confinement is modeled by a distributed unilateral (compression-only) spring with stiffness k,
which is activated only when the spiral contacts the rigid wall. (d) Schematic illustration of a one-turn
Archimedean spiral strip with finite thickness. D denotes the radial increment per full turn of the

spiral; in the limit D — 0, the spiral degenerates into a circular ring.



to satisfy a plane-strain condition. For simplicity, the width of the spiral cylinder is
normalized to b = 1.

Within this cross-sectional plane (Fig. 1, the spiral structure can be simplified
to a one-dimensional mechanical problem, analogous to classical beam or ring buck-
ling (Timoshenko and Goodier, 1970). Its mechanical behavior is described using beam
theory with bending stiffness E'I and extensional stiffness E A, where E is the elastic
modulus, A = bh is the cross-sectional area, and I = bh3/12 is the second moment
of area of the beam cross section. The spiral is subjected to a prescribed thermal or
chemical eigenstrain, while contact with the surrounding rigid ring is enforced through a
unilateral (no-penetration) constraint. Under these geometric and contact constraints,
the imposed eigenstrain is largely converted into internal stresses within the spiral

structure.

2.3. Arc-length coordinate system

The 1D problem is most convenient to be analyzed in the arc-length coordinate
system. Specifically,for a given spiral with fixed ry and EI, the position of any point
on the spiral can be specified by a single parameter, the arc length s. In the following
analysis, we perform energy integration in the arc-length coordinate system, but express
all quantities in terms of the angular parameter 0, treating ¢ as the parameter that
defines the arc length s(6). The arc length differential should satisfy the geometrical
relation:

ds* = dr® + (rdf)*. (2)

Thereby, the Jacobian function between the body-fixed arc length coordinate and the

polar coordinate can be defined as:




2.4. Sources of internal loads

We consider structural instability induced by volumetric changes. In general, such

cigen which represents the stress-free defor-

changes give rise to an eigenstrain tensor e
mation the material would undergo in the absence of mechanical constraints.
For diffusion-induced (chemical) swelling, as encountered in lithium-ion batter-

ies (Shi et al., 2026), the eigenstrain tensor is
é.eigen — 6eff AC, (5)

where B.g is the effective chemical expansion coefficient tensor and Ac denotes the local
change in species concentration. Similarly, when swelling is induced by a temperature

rise, the eigenstrain tensor takes the form
g8 — o g AT, (6)

where a.g is the effective coefficient of thermal expansion tensor and AT denotes the
local temperature change. Equations (5) and (6) share the same mathematical struc-
ture. Moreover, the governing transport laws—Fick’s law for diffusion and Fourier’s law
for heat conduction—possess analogous linear forms. Consequently, these two physical
fields are often treated interchangeably in computational modeling (Shi et al., 2026). In
what follows, we adopt a unified eigenstrain description that encompasses both mech-
anisms.

When anisotropy is considered, B¢ and aeg are symmetric second-order tensors
whose components may differ in the tangential, normal, and out-of-plane directions. In
the isotropic limit, both tensors reduce to scalar multiples of the identity, cteg = g I,
and the eigenstrain is purely dilatational.

For the beam model employed in this study, the eigenstrain tensor is projected onto

the tangential direction of the spiral centerline. The tangential component,
e (0) = e, - €7 - ey, (7)

governs the axial stretching of the beam and is therefore the component directly re-

sponsible for generating compressive resultants under confinement. The normal com-

eigen

ponent e,>

produces a through-thickness expansion that alters the inter-layer gap in



multi-turn spirals but does not contribute to the tangential force resultant N. For a

eigen

esen enters only through the contact conditions (Sec-

one-dimensional beam model, e
tion 3.2.3) and is not required in the constitutive relation for N.
With this projection, the total tangential strain is decomposed additively into elastic

and eigenstrain contributions,

__elastic eigen
Ett = €y +ew (8)

where ¢, denotes the Green—Lagrange tangential strain derived in Section 3. The

tangential force resultant is related to the elastic part alone,
N = EAe = BA(en — e5,5™), 9)

with N > 0 denoting tension.
Two limiting cases illustrate the role of mechanical constraint. If the spiral is free to
expand without any geometric restriction, the total strain accommodates the eigenstrain
eigen

exactly, e = ¢, , the elastic strain vanishes, N = 0, and no instability arises. In

contrast, when the spiral is fully constrained so that tangential extension is suppressed

(4 = 0), the elastic strain equals the negative of the eigenstrain, 828 = 8" and
the resulting compressive tangential force N = —FEA %8 may trigger buckling. For

simplicity, intermediate cases with partial constraint are not considered in this studys;
we focus on the fully constrained limit and derive the corresponding critical buckling

condition.

2.5. Confinement and constraint

Under eigenstrain loading, a spiral structure develops compressive tangential forces
only if its free expansion is kinematically restricted. Two distinct sources of constraint
are relevant to the present problem.

The first is external confinement. The exterior of the spiral is enclosed by a rigid
circular ring (Fig. 2(b)), representative of the cylindrical casing that surrounds battery
jelly rolls, sheet metal coils, and similar industrial components. The rigid wall prevents
outward radial expansion, and the resulting contact generates compressive normal trac-
tions that push back on the spiral. Because the wall cannot pull the spiral, contact is

inherently unilateral: it resists penetration but permits separation. For an arbitrary

10



sing-turn ring in the spiral, we describe the ring—spiral interaction using a one-sided
Winkler foundation. Normal contact pressure/traction produced by penalty model is
gn =k H(w) w (Fig. 2(c)).

The second is internal kinematic locking. Because the spiral is an open-ended struc-
ture, external confinement alone does not fully suppress free expansion—the two ends
can separate or slide, partially relieving the eigenstrain. In a single-turn spiral, this
relief mechanism must be artificially suppressed (for instance, by coupling the displace-
ments at the two ends) to produce the compressive resultants required for buckling. In
multi-turn coils, however, adjacent layers press against one another under eigenstrain
loading, and the resulting turn-to-turn contact tractions restrict both radial separation
and tangential sliding. This inter-layer self-contact provides a natural kinematic lock-
ing that converts eigenstrain into compressive stress accumulation without the need for
artificial end constraints.

To obtain a tractable theory while retaining the essential mechanics, we study two

complementary configurations:

(i) A one-turn Archimedean spiral confined by a rigid ring, which isolates the eigenstrain-
to-compression mechanism and the role of unilateral wall contact in a setting

amenable to analytical treatment.

(i) A multi-turn spiral with turn-to-turn self-contact, in which inter-layer interactions
provide the kinematic locking that arises naturally in layered coils, eliminating

the need for artificial end constraints.

The mathematical formulations of both the wall contact and the inter-layer contact are

developed in the theoretical framework (Section 3).

2.6. Nondimensionalization and governing dimensionless groups

To reduce the parameter space and identify the controlling mechanics, we nondi-
mensionalize the formulation using the initial (inner) radius rq as the reference length.
This choice is natural because rq is prescribed for every configuration and remains fixed

as the number of turns or layer thickness varies.

11



2.6.1. Dimensionless variables

We introduce the dimensionless field variables

a) =9, ae) =), (10)
To To
and the dimensionless geometric quantities
o ="0 0 5= -2 ke -kon. )

With these definitions, arc-length derivatives scale as d/ds = (1/r¢) d/ds, while d/df is

unchanged.

2.6.2. Dimensionless geometry
For an Archimedean spiral r(0) = ro + b0 with b = D/(27), we define the dimen-

sionless pitch and radial increment

- b . D .
b= —, D = — = 27b. (12)
To To

The outer radius is 7oy = 19 + DNy, so the dimensionless outer radius is

A

Fo =2 — 14 N, D. (13)
To

Thus, once ry is chosen as the reference length, the spiral geometry is fully parameterized
by (Ny, D), with 7oy following from Eq. (13).

In multi-turn coils where adjacent turns are in self-contact, the radial increment per
turn equals the layer thickness (D = t), giving D = { with { = ¢/ro. The dimensionless

thickness ¢ and the number of turns NN, then serve as the two independent geometric

parameters.

2.6.3. Dimensionless mechanical quantities
Two key stiffness scales are the extensional stiffness FA and bending stiffness F'1.

Their ratio defines a dimensionless coupling parameter

ET

r=——
EArY

(14)

which measures the relative importance of bending over stretching at length scale ry.
For a rectangular cross-section with unit out-of-plane thickness (A = h, I = h3/12),

' = h2/12 where h = h/rq.

12



The eigenstrain amplitude is naturally dimensionless:
98N () = aeg AT(0) or %8°(0) = Bog Ac(h). (15)

Under full constraint, the induced compressive resultant scales as N ~ —E A %" We

define the dimensionless load
Nr?
EI’

N

(16)

which can equivalently be written as N = N/(EAT), connecting the dimensionless load
to the strain-like measure N/(EA).

The unilateral wall contact stiflness & is nondimensionalized as

kr
7 (17)

O~

k

For the ring limit with R = R/ro, the contact term in the dimensionless governing
equation carries the coefficient k R

In the analytical development, contact is assumed frictionless. In the multi-turn
computational study, Coulomb friction is introduced and characterized by the dimen-

sionless coefficient .

2.6.4. Summary of governing dimensionless groups
Using 1 as the reference length, the eigenstrain-driven confined spiral problem is

governed by the following independent dimensionless parameters:

N;, D (or equivalently t), r ., ko, ¥ or N, (18)
N vV
ge or:etry stiffness ratio confinement load

with p added only in the multi-turn frictional parametric study. The analytical solutions
(Section 4), computational results (Section 5), and parametric trends (Section 5.4) are
all interpreted in terms of these groups.

3. Theoretical Framework

3.1. Kinematics

The deformed position vector of the structure can be described as
x(s) = X (s) + u(s) t(s) + w(s) n(s), (19)

13



where X is the undeformed reference position, « is the deformed position, t is the
tangential unit vector of the spiral (undeformed), t = dX /ds, n is the outward normal
unit vector of the spiral(undeformed), u is the displacement along the tangential unit
vector, and w is the displacement along outward normal.

Taking the first derivative of Eq. (19) in terms of s yields:

' =(1+u+rw)t+ (v — Kku)n, (20)

. i -

A 7
where the operator ’ denotes differentiation with respect to the arc-length parameter s,
A represents the tangential stretch (extension) of the centerline, and 7 represents the
normal rotation of the centerline. Here, the Frenet—Serret formulas for differentiable
curves (Mate, 2017) has been applied, i.e., ' = —kn,n’ = kt, where k is the original
curvature of the spiral.
The Green-Lagrange tangential strain is thereby:

culs) = 3 (1917 = 1) = (4 ww) + 5 [+ w0l + (' —w?], (21)

A simplified version can be obtained by retaining the leading geometric nonlinear contri-
bution associated with the transverse displacement gradient and neglecting the remain-
ing higher-order terms involving the tangential displacement and curvature-coupled
components:

eu(s) = (v + rw) + %(w/)Q, (22)

which is the total strain at an arbitrary point of a beam undergoing moderately large
deflection (Wierzbicki and Ling, 2024).
For a planar curve described in polar coordinates as r(6), the original undeformed

curvature is given by
w(6) = 72+ 2(rg)? — rrog
2+ (o))"

where the subscripts denote partial derivatives, e.g., 19 = dr/df, r¢g = d*r/d6>.

: (23)

For an Archimedean spiral » =ry+ b0 (b= D/2m),

r? 4+ 2b°

The unit vector in the tangential direction of the deformed frame is

Ls

t =

~t+nn, (25)

||
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which demonstrates the role of n as an effect of rotation.

Its derivative with respect to the deformed arc-length parameter s is
dt dtds _1dt
45 dsds  Ads
and the deformed curvature is obtained:

dt
%%-n%(l—us%—ﬁw)(/{jLns). (27)

The change in curvature is calculated:

(1 —us + kw) [(k +ns)n — kN t], (26)

[

AR =FK — KR 1y — Klg + KW = Wy + kst + KW, (28)

A limit example: For a circular ring, the curvature is constant, x = 1/R, leading to
ks = 0. The arc-length parameter is related to the angular coordinate by s = Rf. As

a result, the change in curvature is expressed as

1
Abiying = Wes + K2w = T2 Wos + Y= ﬁ(w% + w), (29)

which agrees with classical theories (Wierzbicki and Ling, 2024).

3.2. Constitutive relations
Assuming linear elastic behaviour throughout, the tangential force resultant and

bending moment are related to the kinematic measures derived in Section 3.1 by

N = BAse M = EI Ak, (30)

where gélastic — ¢, — 8 ig the elastic part of the tangential strain (Eq. 8), & is the

reference curvature of the undeformed spiral, and & is the deformed curvature. By
convention, N > 0 denotes tension and a positive Ax corresponds to an increase in

curvature (inward tightening for the spiral geometry).

3.3. Energy analysis

The total potential energy of the confined spiral consists of three contributions:

Utotal = Ustretching + Ubending + Hcontact~ (31)

The stretching and bending energies store the elastic strain energy arising from tan-
gential deformation and curvature change of the centerline, respectively; the contact
potential accounts for the unilateral interaction with the rigid wall and, in the multi-
turn case, the turn-to-turn inter-layer contact. We develop each term below, assuming

linear elastic constitutive behaviour throughout.

15



3.3.1. Stretching enerqgy

The stretching energy stored in the spiral is the elastic energy associated with tan-
gential (membrane) deformation of the centerline. Using the constitutive relation (30)
and the arc-length—to—-# mapping ds = J df, the stretching energy integrated along the
spiral is

27 Ny )
stretchmg / —ds = — (giiastlc (‘9))2 J(Q) d@, (32)
0

where the elastic strain efl®tic = ¢, — egge“ follows from the strain decomposition (8),

and the total tangential strain &,(6) is given by the kinematic relation (22) derived in

Section 3.1.

3.3.2. Bending energy
The bending energy arises from changes in curvature of the centerline relative to

the undeformed configuration. Using the constitutive relation (30),

1 [ M? _BI 2m Ny
—ds

Uenin:_
bendins =9 | EI 2

(Ar)* J(6) db, (33)

where the curvature change Ax = K — K is expressed in the #-parametrization by

Eq. (28).

3.3.3. Contact potential energy

As described in Section 2.5, two types of contact interaction arise in the confined
spiral: (i) contact between the outermost layer and the surrounding outside ring, and
(ii) turn-to-turn contact between adjacent inner layers. Both interactions are unilateral
(compression-only) and are modeled here as one-sided penalty foundations using the

Heaviside step function

H(z) = (34)

as the activation switch.

Wall contact. The outermost layer, 8 € [2m(N; — 1), 2nVy], is confined by the rigid
ring (Fig. 2(b)). Because the spiral outer boundary is not perfectly circular, a small
geometric mismatch exists between the spiral and the confinement; however, this gap
is negligible when the layer thickness is much smaller than the confinement radius, and

the outermost layer is treated as initially in contact with the wall.

16



Following the Winkler foundation approach (Bhattacharya et al., 2021), the rigid
wall is replaced by a distributed, one-sided spring foundation (Fig. 2(c)) that resists
outward penetration but permits inward separation. The wall contact potential energy
is

27 Ne
Mo, = / ke H(w(0)) w()? J(6) db), (35)
2 27T(Nt—1)

where k,, is the wall penalty stiffness and w(f) is the outward-normal displacement of
the centerline (w > 0 toward the wall). The Heaviside function activates the penalty
only when the spiral pushes into the wall (w > 0); when the spiral separates (w < 0),

the foundation transmits no traction.

Turn-to-turn contact. Within the inner windings, 6 € [0, 2m(N; — 1)], adjacent layers
may come into contact under eigenstrain loading. The radial gap between a layer at

angle # and its outer neighbor is
9(0) = go + [w(0 + 27) — w(8)], (36)

where g is the initial clearance. Positive g indicates separation; negative g indicates

overclosure (penetration). The inter-layer contact potential energy is

1

2m(Ny—1)
Mayer = / ki H(—g(0)) g(0)? J(6) do, (37)

2
where ky is the inter-layer normal penalty stiffness and H(—g) activates the penalty

only under overclosure (g < 0).

Total contact energy. The total contact contribution to the potential energy is the sum

of the wall and inter-layer terms:
Hcontact = Hlayer + 1_[Wall- (38)

One-turn reduction. For the prototype one-turn spiral (N; = 1, 6 € [0, 27]) confined by

a outside ring, no inner windings exist and Ilj,ye; = 0. The contact energy reduces to

Hcontact - % /0 ' k H(U)(‘g)) U)(Q)Q ‘](‘9) d@, (39)

where k denotes the wall penalty stiffness for the one-turn configuration. This reduced

form is used in the variational derivation and the Rayleigh—Ritz estimate that follow.
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3.4. Variational formulation and governing equations

3.4.1. Stationarity of the total potential energy

Equilibrium configurations of the confined spiral correspond to stationary points
of the total potential energy Usotal = Ustretching + Ubending + lcontact- The governing
equations and associated natural boundary conditions are obtained by requiring the

first variation to vanish for all admissible variations du and dw:

6Utotal = 5Ustretching + 5Ubending + 5Hcontact = 0. (40)

Taking the variation of each energy term (Eqs. 32, 33, and 39), integrating by parts
in 0, and collecting the coefficients of du and dw separately (see Appendix Appendix A
for details) yields the following Euler—Lagrange equations.

Tangential equilibrium (coefficient of du).
—EA(g5%) ,+ EI (Ak) kg = 0. (41)

Normal equilibrium (coefficient of dw ).

" d o1 d (1
—EA<€§%abt1CI{J+ @(Sgastlcjw79))+EI(¢] (Af{) /{2 —+ @(j (A/@)79))+kH(w)wJ = 0.

(42)

The first group of terms in each equation originates from the stretching energy and
couples the tangential force to membrane deformation; the second group originates from
the bending energy and involves the curvature change; the contact term appears only in
the normal equation and acts as a one-sided restoring force proportional to the outward
displacement. Together, these two equations govern the coupled tangential-normal

response of the spiral centerline under eigenstrain loading with unilateral confinement.

3.4.2. Governing equations in resultant form

Introducing the tangential force resultant N = EA 5% and the bending moment
M = EI(R — k) from Eq. (30), Egs. (41)—(42) can be rewritten as the following spiral-

path Foppl-von Karman-type system.

Tangential equilibrium.

Nﬂ = MK'/’@. (43)
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Normal equilibrium.

- (N5J+%(gw79)) + (JMI{2+%(§M79)> +EkHw)wJ =0.  (44)

In Eq. (43), the tangential force varies along the spiral only where the curvature is
non-uniform (kg # 0); for a circular ring (kp = 0), the tangential force is constant,
recovering the classical result. In Eq. (44), the first group represents the destabilizing
effect of the compressive resultant acting through the curved geometry, the second
group is the bending resistance, and the last term is the one-sided contact restoring

force.

Boundary conditions. At the two ends of the spiral (§ = 0 and 6 = 27 ]N;), either the

kinematic (essential) variable or the corresponding static (natural) resultant is pre-

scribed: )
U=1u or N=N,
1
7 weg =1 or M=DM,

Q==(Myg—Nuwg). (46)

Straight-beam limit. As a consistency check, setting xk = 0 and J = 1 (initially straight
beam with Cartesian coordinate x) reduces Eqgs. (43)—(44) to the classical Féppl-von

Kéarmédn beam on a one-sided elastic foundation:
N.=0, —(Nwg) + (Flwg,),  +kHw)w=0, (47)

confirming that the spiral-path formulation contains the standard beam—column model

as a special case.

3.5. Dimensionless governing equations

Substituting the dimensionless variables defined in Section 2.6 into the governing

equations (43)—(44) yields the dimensionless spiral-path Féppl-von Karmén system.
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Tangential equilibrium.

Ny = MFryg, (48)

)

where M = M ro/(EI) = & — & is the dimensionless bending moment.

Normal equiltbrium.

- d (N _ S, d (1 _ e
- (foJ—l— @(711]70)) + <JMI<J —1—@(}]\4,9)) +kJH(w)w = 0. (49)
Ring limit. In the zero-pitch limit (ﬁ — 0), the spiral degenerates into a circular ring of
dimensionless radius R = R /7o, with constant Jacobian J = f?, curvature i = 1/ R, and

kg = 0. Equation (48) then gives N = const, and Eq. (49) reduces to the dimensionless

ring equation
—(N R2> w g9 + (’(D’gggg + Q’JJ’QQ + QI)) + (/7'6‘ R4) H(ﬂ)) w =0, (50)
where the base-state equilibrium has been subtracted as described in Appendix Ap-
pendix B. The ring equation is controlled by two dimensionless groups: N RQ, which
measures the compressive resultant relative to bending stiffness, and 12;1%4, which mea-
sures the confinement stiffness relative to bending stiffness.
Equations (48)—(49) and their ring specialization (50) constitute the complete di-

mensionless problem statement.

4. Analytical Solutions

The dimensionless governing equations (48)—(49) define a nonlinear boundary-value
problem with an unknown contact set, for which no general closed-form solution is
available. In this section we develop analytical estimates for the critical compressive
resultant through three complementary steps. First, we formulate a Rayleigh-Ritz
energy approach that converts the stability problem into a one-parameter optimization
over the detached arc length (Sections 4.1 and 4.2). Second, we specialize the spiral
to the zero-pitch (circular ring) limit, which admits mode-dependent critical loads in
closed form and serves as an analytical benchmark (Sections 4.3 and 4.4). Third, we
collect all results in dimensionless form and compare the eigenstrain-loaded ring with

the classical pressure-loaded ring (Section 4.5).
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4.1. Rayleigh—Ritz estimate of the critical compressive resultant

To estimate the critical compressive resultant without solving the full free-boundary
contact problem, we employ a Rayleigh—Ritz energy approach (Timoshenko and Gere,
2012).

4.1.1. Second-order energy and the Rayleigh quotient

We consider the onset of buckling as a bifurcation from a uniformly compressed pre-
buckling state in which the spiral carries a constant tangential resultant N (compressive,
N < 0) and the centerline remains undeflected. The stability of this state is governed
by the sign of the second-order potential energy evaluated for small perturbations du,
dw about the base configuration.

The second-order stretching energy consists of two parts: the work done by the
pre-buckling resultant through the second-order shortening associated with transverse

deflection, and the membrane energy from any residual midplane stretching:

27r 2 2
v = N/ —d9 + EA/ <ﬁ+/<;w> J db. (51)
0

stretching — ~ o J

The first term is destabilizing (it releases energy as the beam deflects); the second
penalizes any tangential strain that accompanies the buckling mode.

The second-order bending energy is

U@ 1

21
e =3 BT [ (A Tt (52)

and the contact energy for the one-turn spiral (Eq. 39) is

1 2
e = [ KHw)w* T ds. (53)
0

At the critical load, the total second-order energy transitions from positive-definite

+ Uéizlding +12) .. = 0 and solving for

to zero for the critical mode. Setting US contact

tretching

N yields the Rayleigh quotient

2w Ug 2 27 27
EA/ (7’—|—nw> Jd9+EI/ (A/@)2Jd9+/ k H (w) w? J df
0 0 0

21 wQ
0

—db
|

If the wall is assumed to be rigid, no deformation energy is stored in the wall. Moreover,

N, = (54)

if the contact is modeled as an ideal frictionless unilateral constraint, the contact force
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does no virtual work for admissible perturbations. The second-order contact potential

2

energy term, n?

contacts can be taken as zero. The effect of contact is therefore imposed

through the admissible displacement constraints rather than through an explicit contact

energy term. Therefore, we set 2 term equal to 0.

contact

2 2 Ug 2
EI/ (Aw)2JdO + EA/ (55 + k) T do
0 0 J

27rw2
/ —0 dp
o J

which provides an upper bound on | N,,| for a kinematically admissible trial displacement

Ne = ) (55)

(u,w).

4.1.2. Inextensibility approrimation

For a slender spiral (h < 19), the bending stiffness is much smaller than the exten-
sional stiffness (EI/(EAr?) < 1), and the spiral is well approximated as inextensible
prior to buckling. We therefore enforce the linearized near inextensibility constraint

1
ju,g—i-/iwmo, (56)

which eliminates the membrane energy term in Eq. (51) and reduces the Rayleigh

quotient to

21
EI/ (Ar)? J df
Ncr = 0

(57)

Here, Eq. (56) is a local description of inextensibility that strictly applies everywehre,
while a global description that integrates over 0 to 27 is more acculate. We will discuss
it in Section 6.5.

The constraint (56) also provides the kinematic link between u and w: given a trial

deflection w(6), the tangential displacement is obtained by integration,

u(f) ~ - / k(1) T () w(n) dn + C, (58)

where C' is a constant determined by the boundary conditions. This relation ensures
that u enters the curvature change expression (Eq. 28) consistently with the inexten-

sibility assumption. To satisfy the boundary conditions for the closed-end one-turn
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spiral, (0) = u(27), w(0) = w(27), we have

/0 () () () ~ 0, (59)

with
C = u(0) = u(2m). (60)

Ring-limit check. For a circular ring (k = 1/R, J = R), Eq. (56) gives uy = —w, the

classical inextensional ring relation, confirming the correct sign and form.

4.1.83. Semi-analytical Rayleigh—Ritz estimate of inward buckling
A semi-analytical Rayleigh—Ritz framework was developed to estimate the critical
compressive force of the confined Archimedean spiral and to interpret the corresponding

inward instability mode. The spiral centerline was described by
r(6) =ro + bo, (61)
where b = p/(2m) and p is the spiral pitch. The arc-length Jacobian is therefore
J(0) = Vr?2 + b2, (62)

such that
ds = J(0)d6. (63)

The perturbation of the spiral is described by a tangential displacement w(f) and
a normal displacement w(€). The sign convention is chosen such that w > 0 denotes
outward motion, whereas w < 0 denotes inward motion. Since the rigid outer ring
confines the inner spiral structure and restricts outward deformation, the admissible

normal displacement is assumed to satisfy the unilateral constraint
w(f) < 0. (64)

To be consistent with this constraint and to capture the localized deformation near

the tied region, a Gaussian-like inward mode shape with a kink at # = 0 is introduced:

2

w(0) = ~vesp (2 ) exp (-l co?

¢

) s o9

and

w(d) =0,  [¢[>¢. (66)
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Here,

& = wrap(0 — 6y) (67)

denotes the wrapped angular distance from the center of the localized inward defor-
mation. The negative sign indicates that the perturbation is directed inward, and A,
controls the maximum perturbation amplitude. The Gaussian term determines the
overall decay of the perturbation away from the center, with ¢ controlling its width.
The factor exp(—f|¢|) provides an additional kink-like localization near the deforma-
tion center, while the cos?(7&/2¢) term acts as a smooth cutoff so that the perturbation
vanishes at |{| = ¢. Therefore, the perturbation is confined to a finite angular region
|€| < ¢ and smoothly approaches zero at the boundary. The amplitude Ay cancels in
the Rayleigh quotient and therefore does not affect the predicted critical force.

The corresponding tangential displacement is first constructed from the local inex-

tensibility relation of a curved beam. The axial stretching measure is written as

S = % + Kw, (68)

where £ is the curvature of the Archimedean spiral,

2 2b2
K = L (69)
(r2 + b2)*?

For a strictly inextensible perturbation, one would require
S =0. (70)

This gives
up = —Jrw. (71)

The tangential displacement u(6) is then obtained by numerical integration of Eq. (71)
along the spiral.

However, for the one-sided inward mode w(f) < 0, the displacement obtained from
the local inextensibility condition generally does not satisfy the periodic or tied com-
patibility condition

u(0) = u(2m). (72)

This incompatibility occurs because the inward-only mode tends to produce a nonzero

net tangential drift when Eq. (71) is integrated over one period. Therefore, a linear
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drift correction is applied to enforce Eq. (72). If the integrated tangential displacement
has a net drift

Au = u(2m) — u(0), (73)
the corrected tangential displacement is defined as

Au

corr(0) = u(0) — —0. 4
oo () = u(6) — 5 (74)
Correspondingly,
Au
UG, corr = U9 — g (75)

After this correction, the stretching measure becomes
U T
S = 9’% + Kw. (76)

Although the drift correction enforces the tied compatibility condition, it introduces a
residual stretching strain. Therefore, the admissible inward perturbation is not strictly
inextensible. Instead, it is interpreted as a constrained bending—stretching mode caused
by the incompatibility between the unilateral inward constraint w(f) < 0 and the
periodic compatibility condition on u(#).

The critical compressive force is estimated using the Rayleigh quotient

 EI[QJd0+ EA[S*]d6

NCT
Jw%/Jdo

(77)

Here, the first term in the numerator represents the bending contribution, while the
second term represents the stretching contribution. The curvature-change measure @)
is expressed as

Q = Alwﬁ@ + A2w79 + Agu + A4w, (78)

where the geometry-dependent coefficients are

1
A = RO (79)
br
P — 80
() (80)
br (r? + 4b?
ay= - (81)
(r2 + b?)
and )
r? + 2b2
ey .
(r2 +v?)
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Hence, the inward buckling problem can be solved semi-analytically by varying the
two parameters ¢ and ¢ in the inward mode shape (Eq.65) to minimize the critical
force N, over the admissible trial space:

ET 2 2
No — min [Q Jd«92+EAfS J df
$0 Jw%/Jdo

(83)

This solution differs from traditional analytical solutions of buckling because the in-
tegral terms require computational codes for calculation. This semi-analytical estimate
of the first inward instability mode also allows us to quantify the relative importance
of bending and stretching energies, through the ratio

Us EA [ S2]db (84)
Uy, EI[Q*Jd0’
which evaluates whether the mode is bending-dominated or stretching-coupled. The

contribution of contact will be elaborated on in the following section.

4.2. Glock decomposition: prescribed detached region

The Heaviside function in Eq. (57) couples the contact state to the unknown buckling
mode, precluding a closed-form evaluation. We resolve this by adopting the approach
introduced by Glock (Glock, 1977; Omara et al., 1997) for the buckling of confined
liners: the circumference is decomposed into a detached segment 0 € [—¢, ¢], where
the spiral separates from the wall and deforms inward (w < 0), and a contact segment
0 € ¢, 2m — ¢|, where the spiral remains pressed against the rigid ring and w = 0.

Because w = 0 in the contact segment, all energy contributions are confined to the
detached arc. The contact energy term vanishes (the spiral is separated from the wall
where it deflects, and stationary where it contacts), and the Rayleigh quotient under

inextensibility assumption (Eq.57) reduces to

EI /Z(AI{)Q J df
P : (85)

¢
/ &dg
o T

The detached half-angle ¢ has already been treated as a parameter of the shape function

Nex() =

for optimization, and the physically realized configuration corresponds to the value that

minimizes | N (¢)|, representing the most energetically favorable detachment geometry.
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4.83. Special case: reduction to a circular ring
To isolate the instability mechanism and provide an analytical benchmark, we con-
sider the zero-pitch limit of the Archimedean spiral (Fig. 2(d)). As the pitch vanishes,

i.e., D — 0, the centerline radius becomes independent of the angular coordinate,
D
7“(9) =710+ —0 — R,
27

and the Archimedean spiral degenerates into a circular centerline with constant Ja-
cobian J = R and curvature k = 1/R, with Ky = 0. However, this geometric limit
alone produces an open circular arc parameterized over 6 € [0, 27]. To recover a closed
circular ring, the two ends of the arc must be identified by imposing periodic boundary
conditions, such that the displacement and rotation fields, together with the correspond-
ing force and moment resultants, are continuous across # = 0 and § = 27w. Therefore,
the circular ring can be regarded as the zero-pitch, periodically closed limit of the

Archimedean spiral.

4.3.1. Ring governing equation
Substituting J = R and x = 1/R into the dimensional governing equations (43)—
(44) yields the ring equilibrium equation (see Appendix Appendix B for the detailed
reduction):
N El

— W + = (w0000 + 2w + w) + k R H(w)w = 0, (86)

where N is the constant circumferential compressive resultant (positive in tension) and
the base-state equilibrium has been subtracted as described in Appendix Appendix B.
The tangential equilibrium (43) reduces to Ny = 0, confirming that the hoop force is

uniform around the ring.

4.3.2. Mode-dependent critical load
Assuming a Fourier trial mode w(f) = Acos(nf) with n > 2 (the n = 1 mode
is a rigid-body translation), substitution into Eq. (86) yields the critical compressive

resultant for each admissible mode:

EI 2 —1)? kR?
Ne(n) = e 3 H(w), n=234,... (87)

The first term is the bending resistance and the second is the contact stiffness contri-

bution. Because the penalty regularization permits small overclosure, Eq. (87) is used
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as an analytical baseline to capture scaling and mode dependence; exact unilateral con-
tact corresponds to a complementarity problem with an unknown active set, which is

discussed in Section 6.

4.3.3. Pre-buckling contact state: limiting baselines

Depending on the pre-buckling contact condition, two limiting cases provide ana-
lytical bounds.

If the ring is fully detached (H = 0), the contact stiffness vanishes:

EI (n? —1)?

N () = =3

) n>2. (88)

If the ring is fully confined and contact is active along the entire circumference

(H=1):
kI (n? —1)? B kR? 0> 9. (89)

R2? n? n?

Equations (88) and (89) bracket the true critical load: the detached limit provides a

N () =

lower bound on |N,,| and the fully contacting limit provides an upper bound. Here, k

is the wall penalty stiffness, which depends on the material properties of the outer wall.

4.4. Semi-analytical Rayleigh—Ritz estimate for a ring

The Fourier-mode analysis of Section 4.3.2 assumes a global sinusoidal mode over
the entire circumference. However, if the outer wall is rigid, this global sinusoidal
assumption may no longer be valid because the deformation is geometrically constrained
by the wall. In particular, partial wall contact can localize the deformation and restrict
the admissible displacement field. To address this limitation and to account for the
effect of partial wall contact, we apply the Glock decomposition. (Section 4.2) to the
ring, which yields a closed-form expression for N (¢).

For a ring (J = R, k = 1/R, Ky = 0), the curvature change reduces to & — k =
(wgg +w)/R* (Eq. 29), and the inextensibility relation gives uy = —w. The Rayleigh

quotient (85) becomes

¢
246
- Bl /_QS(’LU,@@ + w)

Ncr(¢) — ﬁ @
/ w?e do
—¢
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To satisfy the inextensibility condition, eq.59 can be reduce to

/0 " o(6)d(6) = 0. (91)

/ ’ w(8)d(0) = 0, (92)

The trial function should satisfies both displacement and slope continuity at the
take-off points: w(£¢) = 0 and wy(£¢) = 0, as well as the inextensibility condition.
These conditions ensure smooth detachment from the rigid wall, consistent with the
Glock model (Glock, 1977; Omara et al., 1997).

The pre-buckling compressive force is generated by constraining the swelling-induced
eigenstrain of the spiral layer. Under strong tangential constraint, the free expansion
is largely suppressed, leading to a compressive membrane force N = FAs. However,
during local inward buckling, enforcing strict inextensibility on the perturbation field
would impose a global compatibility condition that excludes single-sided deformation
modes. Therefore, the buckling formulation retains the stretching energy and treats
the centerline as nearly, but not exactly, inextensible. This treatment is also consistent
with the discussion in the spiral section above. Unlike classical sinusoidal ring modes,
which contain both inward and outward radial displacements, the prescribed Gaussian-
like mode enforces a one-sided inward deformation and localizes the instability near
the imposed imperfection. This choice is therefore more consistent with the observed
collapse mechanism, where buckling initiates from a localized defect and subsequently
evolves into an inward deformation pattern.

Therefore, we choose the following admissible localized Gaussian trial function:

62 o (70
w(f) = —Agexp | —= | exp <—6\/92 + €2> cos” | — | . (93)

202 2¢
The trial function describes a localized inward deformation centered at ¢ = 0. The neg-
ative sign ensures that the normal displacement is directed inward, so that w(f) < 0
within the prescribed deformation region. The parameter Ay controls the maximum
deformation amplitude. The Gaussian term exp(—6?/20?) localizes the deformation

near the center, with ¢ controlling the width of the localized region. The additional ex-

ponential factor exp(—£v/6% + €2) further modulates the decay of the deformation away
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from the center, where 8 controls the decay rate and € is introduced as a small regu-
larization parameter to avoid non-smooth behavior at § = 0. The factor cos®(m6/2¢)
acts as a smooth cutoff function, forcing the deformation to vanish at the boundary
0 = +¢. Therefore, this function represents a smooth, localized, inward perturbation
with finite angular extent.

After defining the admissible trial function, the semi-analytical critical load is ob-
tained through an energy minimization procedure. The trial mode shape w(6) is sub-
stituted into the total potential energy, including the bending energy, stretching energy;,
and the work done by the compressive load. This gives the total potential energy as a

function of the unknown mode amplitude Ay and the applied load N:
H(Ao, N) = Ubending + Ustretching - WN- (94)

The critical load corresponds to the point at which the undeformed equilibrium state
loses stability. Therefore, the second variation of the total potential energy with respect

to the perturbation amplitude is set to zero:

0?11

Solving this condition gives the semi-analytical prediction of the critical load.

4.5. Dimensionless critical loads

Using the dimensionless load N = N72/(EI) and radius R = R/ry (Section 2.6),

the critical loads derived above can be expressed in compact dimensionless form.

4.5.1. Fourier-mode critical loads

The detached-ring limit (Eq. 88) nondimensionalizes to

B 2 1 2
Nty =~V (96)
n? R?
and the full-contact limit (Eq. 89) becomes
B 2_1)2 LR?
Ny = D R sy (97)

n2 R? n?
These two expressions bracket the true critical load for any intermediate contact state

and depend on only two dimensionless groups: R and k. The lowest admissible mode

n =2 gives NI(2) = —9/(4R?).
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4.5.2. Comparison with classical external-pressure ring
For a ring under uniform follower pressure, the classical critical hoop force (Ap-

pendix Appendix C) nondimensionalizes to
Npressure(n> _ _TL2 -1
cr R2
The ratio of the eigenstrain critical load to the pressure critical load is
Ndet n n2 -1
\7 rggsu(re) = ) (99)
N& (n) n?

which equals 3/4 for n = 2 and approaches unity for large n. The eigenstrain-loaded

: n>2. (98)

ring buckles at a lower compressive resultant than the pressure-loaded ring because
the follower pressure contributes an additional geometric stiffness—the —pw term in
the area-change functional (Appendix Appendix C)—that is absent when N is a pre-

existing internal stress.

4.5.83. Summary

Table 3 collects the dimensionless critical loads for all semi-analytical solutions con-
sidered. As mentioned previously, their computation only requires a conventional op-
timization code or equation solver, and no finite element computation is required. The
predictions of these solutions will be demonstrated in Section 5 to be compared with
finite element simulations, as validation.

Table 3: Dimensionless critical compressive resultant N., = N, r2/(EI) for a circular ring of dimen-

sionless radius R = R/ry.

Model Ne(n) Ne(n=2)

2 1 2 9
Detached ring (eigenstrain) —u ——

n?R? 4R?

2

-1

External follower pressure _n - —i

R2 R?

(n?—1)> EkR? 9  kR?

Full contact (eigenstrain, bilateral) —-— "~ — i
ull contact (eigenstrain, bilateral) n2R2 n2 4R? 4

5. Computational Modeling

Finite element simulations are performed using the commercial explicit dynamics

code Abaqus/Explicit, which provides robust treatment of the complex contact con-
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ditions central to this problem. Thermal expansion serves as the loading mechanism,
representing the general eigenstrain framework developed in Section 2.5.

The section is organized in three parts. We first study a circular ring confined by
a rigid ring (Section 5.1), for which the analytical ring-limit solutions of Section 4.3
provide a direct benchmark. We then model a one-turn spiral under the same con-
finement (Section 5.2) and compare the results with the Rayleigh-Ritz estimates of
Section 4.1. Finally, we extend the study to multi-turn spirals (Section 5.4), where
turn-to-turn self-contact provides intrinsic kinematic locking, and perform a paramet-
ric study over thickness and turn number to characterize the onset of inward buckling

in the dimensionless parameter space (£, Ny).

5.1. Circular ring confined by a rigid ring

5.1.1. Model description

A circular ring of radius R = 20 mm and in-plane thickness h = 1 mm is confined by
a rigid circular ring of the same radius (Fig. 3(a)). The deformable ring is discretized
with two-node Timoshenko beam elements (B21 in Abaqus) and assigned material
properties £ = 70 GPa, v = 0.33, and thermal expansion coefficient o = 0.001 per °C.
Thermal loading is applied as a uniform temperature increment AT, producing an
eigenstrain %8 = o AT.

To trigger buckling in the Abaqus/Explicit analysis, a localized inward Gaussian im-
perfection is prescribed at the crown with an angular extent of 2°. Three dimensionless

imperfection amplitudes are considered: §* = ¢/h = 0.5, 0.3, and 0.1.

5.1.2. Onset identification criteria

The onset of buckling is identified using three independent criteria, applied to each
imperfection amplitude.

The first criterion is energy-based. In the pre-buckling regime, the imposed thermal
expansion progressively builds elastic strain energy while the rigid confinement sup-
presses free expansion; most of the input work is stored as internal (strain) energy and
the kinetic energy remains negligible. At the critical temperature, the pre-buckling equi-
librium becomes unstable and the structure transitions rapidly to a post-buckled config-

uration, releasing stored strain energy. A portion of this released energy is temporarily
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Figure 3: Schematic illustration of the thermally driven confined configurations. (a) A confined
imperfect ring subjected to a uniform temperature change AT, modeled as a thermal eigenstrain

e®8n = o AT, which induces an outward expansion tendency. The outer rigid wall constrains the
expansion and generates contact pressure. (b) A confined imperfect one-turn spiral under the same

thermal loading; the spiral opening is stabilized using an equation constraint that couples the two end

vertices (enforcing equal in-plane displacements u; and wuz) to prevent gap opening and promote stress
accumulation.

converted into kinetic energy, producing the characteristic signature of an abrupt drop
in internal energy accompanied by a sharp kinetic-energy burst (Fig. 4(a—d)). Similar
energy-based onset indicators have been reported in Putelat and Triantafyllidis (2014);
Peng and Meguid (2017). After the onset of buckling, the structure evolves toward
a stable post-buckling equilibrium path. Therefore, the internal energy approaches a
stable plateau, while the kinetic energy remains close to zero after the transient re-
sponse. Prior to buckling, the ratio K F/IE remains below 5% , confirming that the
pre-buckling response is predominantly quasi-static.

The second criterion is force-based. Figure 5(a) shows the dimensionless thermal
strain aAT and the normalized hoop force N/EA as functions of AT for §* = 0.1.
In the pre-buckling regime, the two curves nearly coincide, confirming that the im-
posed eigenstrain is almost entirely converted into elastic mechanical strain and the
ring remains effectively fully confined by the rigid boundary. At the critical tempera-

ture, a sudden departure from the linear force—strain relation occurs, accompanied by
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Figure 4: Energy evolution under thermally induced eigenstrain for different dimensionless Gaussian
imperfection amplitudes, 6* = §/h. (a—d) Internal energy (black) and kinetic energy (red) versus
temperature change for (a) 6* = 0.5, (b) 6* = 0.3, (¢) §* = 0.1, and (d) §* = 0. Here, the eigenstrain
is varied by changing the imposed temperature field. The imperfection has an angular extent of 2°.

The corresponding critical eigenstrains are .. = 0.046, 0.06, 0.11, and 0, respectively.

oscillations in N/E A, signaling loss of stability.

The third criterion is mode-based. The radial displacement field is expanded in
Fourier harmonics, and the n = 2 component—which quantifies ovalization—is tracked
over time. Following Kodio et al. (2020), the second-harmonic amplitude is estimated

from four equally spaced samples (0 = 0, 7/2, w, 37/2):

As(t) ~ i\/[wo, D) — () + [ur (5 8) — (35, 1)) (100)

Figure 5(c) shows that A, remains negligible throughout the pre-buckling regime and
grows sharply at AT =~ 105.6 °C, corresponding to ., = 0.105, providing a geometric
onset criterion that is independent of force or energy fluctuations and consistent with

the other two criteria.
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Figure 5: (a) Dimensionless thermal strain aAT (black) and normalized hoop force N/EA (red)
versus temperature change for §* = 0.1. The near overlap in the pre-buckling regime confirms full
confinement. (b) First buckling mode at instability onset, showing asymmetric inward deformation
localized near the imperfection. (c¢) Evolution of the second Fourier-mode amplitude As; the sharp

growth at AT = 105.6 °C identifies the buckling onset, corresponding to ., = 0.105.

5.1.83. Results and discussion

The three criteria yield mutually consistent onset eigenstrains for each imperfection
amplitude, demonstrating that the identification is robust. The critical eigenstrain
levels are €., = 0.046, 0.06, and 0.11 for 6* = 0.5, 0.3, and 0.1, respectively: reducing
the imperfection amplitude raises the buckling threshold, bringing the response closer
to the theoretical prediction for a perfect ring.

The first buckling mode for ¢* = 0.1 (Fig. 5(b)) exhibits a strongly asymmetric
inward deformation localized near the imperfection, rather than a uniform n = 2 oval-
ization, which indicates the imperfection dominated the buckling mode. The imposed
geometric imperfection biases the instability toward a non-axisymmetric collapse pat-
tern and suppresses symmetric bifurcation. Nevertheless, the deformation is dominated
by the n = 2 harmonic, as confirmed by the Fourier tracking, although the imperfection
influences the detailed deformation pattern.

The case with zero imperfection does not buckle within the simulated eigenstrain
range (Fig. 4(d)). This behavior is consistent with the theoretical prediction that a
perfectly symmetric ring does not select a localized buckling mode in the absence of an

initial imperfection.
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5.1.4. Validation against analytical ring estimates

We now compare the finite-element results with the semi-analytical predictions of
Section 4. Two analytical estimates are available for the ring: the Fourier-mode result
for a globally detached ring (Eq. 88), and the Glock-type Rayleigh—Ritz estimate with
a prescribed detached arc (Eq. 90). Each addresses a different physical regime, and the

comparison clarifies which regime the finite-element model captures.

Fourier-mode estimate (global detachment). The detached-ring critical load for mode

n =2 (Eq. 88) evaluates to

9Bl 9x5833.3

det
Ne™(2) 4R?2 4 x 400

~ 32.8 N/mm, (101)

corresponding to a normalized strain |[N3¢|/(EA) ~ 4.7 x 1074, or equivalently AT, ~
0.47 °C. The finite-element simulation with §* = 0.1 gives ., ~ 0.11 (Fig. 4(c)), more
than two orders of magnitude larger. This discrepancy is expected: the Fourier-mode
estimate assumes the ring is detached from the wall everywhere and buckles into a global
cos(20) mode, whereas the confined ring in the FE model remains pressed against the
rigid wall over nearly the entire circumference until a localized snap-through occurs at
the imperfection. The global detached-ring estimate therefore does not apply to the

confined, imperfection-triggered instability observed in the simulation.

Glock-type estimate (partial detachment). The Rayleigh-Ritz estimate with a prescribed
detached arc (Eq. 90) directly accounts for partial wall contact. However, it requires
specifying the detached half-angle ¢, which depends on the imperfection geometry and
is not known a priori. One may extract the detached angle from the FE simulation and
use it as input to the analytical expression—a consistency check rather than a blind
prediction. From the Abaqus results for 0* = 0.1, the detached half-angle at onset is
measured as ¢ &~ 4.55° (0.0794 rad). Using the same geometric and material parameters
as those adopted in the finite element model, the semi-analytical formulation discussed

in section 4.4 predicts

NCI‘
N..(0.0794) ~ 22850 N /mm, % ~ 0.32. (102)

The FE simulation yields N/(EA) ~ 0.11 (Fig. 5(a)), which is approximately 2.91

times larger than the corresponding value obtained from the finite element simulation.
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Additional differences may arise from the idealized kinematic assumptions in the semi-
analytical formulation. The theory restricts the admissible deformation to a prescribed
inward-only localized mode and treats stretching through a simplified nearly inextensi-
ble constraint. The finite element model, however, permits a more general deformation
field, including local stretching, contact-induced redistribution, and mode evolution
during loading. These additional degrees of freedom reduce the total energy required
for buckling and can lower the critical load compared with the semi-analytical estimate.

Figure 6 shows the dependence of the semi-analytical critical load on the effec-
tive perturbation half-width ¢. The predicted critical load decreases rapidly when ¢
increases from a small value, indicating that a highly localized admissible mode pro-
duces a large curvature variation and therefore a high bending-energy penalty. As ¢
becomes larger, the admissible mode is allowed to spread over a wider angular region,
which reduces the bending contribution and lowers the Rayleigh—Ritz estimate of the
critical load. The curve gradually approaches a plateau at large ¢, suggesting that
the semi-analytical prediction is highly sensitive to the prescribed localization width
when the mode is strongly confined, but becomes less sensitive once the perturbation is
sufficiently spread out. This result explains why using a very small FE-observed local-
ized angle can lead to an overprediction of the critical load: the restricted trial mode
over-penalizes bending compared with the more freely evolving deformation mode in
the finite element simulation. In addition, the trend shown in this figure is consistent
with Fig. 7(b): increasing the effective imperfection or perturbation width of the ring

reduces the predicted critical load.

Interpretation. The comparison reveals two distinct instability regimes for the confined
ring, summarized in Table 4. When the FE-observed detached angle is substituted into
the semi-analytical expression, the predicted critical load is approximately 2.91 times
larger than the finite element result. This difference may be mainly attributed to the
restricted admissible mode shape, which overestimates the bending energy.

This distinction also has practical implications: in real structures, geometric im-
perfections and manufacturing defects set the detached region, and the critical load is
controlled by the local imperfection geometry rather than by a global energy minimum.

The analytical framework developed in Section 4 accommodates both regimes through
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Figure 6: Critical load as a function of the effective perturbation half-width ¢ obtained from the
Rayleigh-Ritz formulation. The predicted critical load decreases rapidly as ¢ increases. A highly
localized admissible mode imposes large curvature variations within a narrow angular region, which
increases the bending-energy contribution and can therefore overestimate the critical load. The curve
gradually approaches a plateau for larger ¢, showing that the critical-load estimate is highly sensitive

to the prescribed localization width.
the parameterization by ¢; the physically relevant value of ¢ must be determined from
either the imperfection geometry or a complementary finite-element analysis.

Table 4: Comparison of analytical and FE critical loads for the confined ring (R = 20 mm, h = 1 mm,

E =70 GPa, a = 0.001/°C).

Model Detached arc |Ng|/(FA) AT (°C)
Fourier n = 2, full detachment 360° 4.7 %1074 0.47
Rayleigh—Ritz at FE-observed ¢ 9.10° 0.32 320
FE (6* =0.1) ~ 9.10° 0.11 110

5.2. Spiral confined by a rigid ring
5.3. Model description and FEM results

Following the confined ring model, we next model a one-turn spiral confined by

the same rigid ring, as illustrated in Figure 3(b). Because a one-turn open spiral can
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Figure 7: Energy response and critical eigenstrain comparison for the spiral and ring structures. (a)
Internal energy and kinetic energy evolution of the spiral structure as a function of eigenstrain for the
zero-imperfection case §* = 0. A sudden increase in kinetic energy occurs at €., &~ 0.03, indicating the
onset of buckling. (b) Critical eigenstrain as a function of the dimensionless Gaussian imperfection
amplitude. For the spiral structure, the critical eigenstrain remains approximately constant at e, =~
0.03, suggesting weak sensitivity to the imperfection amplitude. In contrast, the ring structure shows a
strong imperfection sensitivity, where the critical eigenstrain decreases as the imperfection amplitude

increases.

partially relieve eigenstrain by end motion, we impose an equal-displacement constraint
at the two ends to emulate the kinematic locking that occurs naturally in multi-turn
spirals due to turn-to-turn self-contact. The spiral opening is stabilized using an equal
displacement constraint that couples the two end nodes, u¢ = u?,ug = uf, thereby
preventing end separation, promoting stress accumulation, and enabling buckling. The
boundary conditions, loading, and material properties are kept identical to those of the
ring case.

The Gaussian imperfection amplitudes were chosen to be consistent with those used
in the ring model, with 6* = 0.1, 0.3, and 0.5. In addition, the zero-imperfection
case, 0* = 0, was also considered as a reference case. As shown in Fig. 7(b), the spi-
ral structure is found to buckle at nearly the same critical eigenstrain over the entire
imperfection range 0* = 0-0.5. This indicates that the critical buckling condition of
the spiral is only weakly sensitive to the prescribed Gaussian imperfection amplitude.
Unlike the ring, whose buckling response is strongly affected by the presence and mag-

nitude of the initial imperfection, the spiral does not require a large imposed defect to
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trigger instability. Instead, the instability is mainly governed by the intrinsic geometry
of the spiral itself.

The corresponding energy histories for §* = 0-0.5 are also nearly identical. There-
fore, for clarity, only one representative energy plot is presented in Fig. 7(a), correspond-
ing to the zero-imperfection case 6* = 0. The interpretation of the internal energy drop
and the kinetic energy burst follows the same physical mechanism as discussed for the
imperfect ring. Near the critical eigenstrain, the structure undergoes a sudden transi-
tion from the pre-buckling path to the post-buckling deformation mode. During this
transition, part of the stored strain energy is released, leading to a decrease in inter-
nal energy and a simultaneous transient increase in kinetic energy. After this transient
response, the structure evolves toward a stable post-buckling equilibrium state. The in-
ternal energy then stabilizes at a nearly constant value, while the kinetic energy decays
to approximately zero. In all cases considered here, the ratio between kinetic energy
and internal energy remains below 1%. Therefore, the KE/IE ratio is not separately
plotted in this figure.

Interestingly, the one-turn spiral can buckle even without an explicitly prescribed
geometric imperfection once the opening is stabilized by the equation constraint. This
behavior is fundamentally different from that of a closed circular ring. For a perfect
circular ring, the geometry is circumferentially symmetric. In the absence of an im-
posed imperfection, there is no preferred location or direction for the structure to select
a localized non-axisymmetric buckling mode. Therefore, the zero-imperfection ring
does not buckle within the simulated eigenstrain range. By contrast, a one-turn spiral
is not circumferentially uniform. Its curvature, orientation, and boundary configura-
tion vary along the spiral centerline. This non-uniform geometry naturally breaks the
circumferential symmetry and provides a preferred pathway for inward deformation.
Intuitively, buckling will initiate where the curvature is the smallest. As a result, even
without a prescribed Gaussian defect, the spiral geometry itself can initiate an unstable
deformation mode under the prescribed eigenstrain loading.

The end constraint also plays an important role in this response. By stabilizing the
opening of the spiral, the equation constraint prevents the structure from freely relaxing

the imposed thermal eigenstrain through rigid motion or simple opening displacement.
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Consequently, stress can accumulate in the spiral as the temperature change increases.
Once the stored elastic energy reaches the critical level, the structure readily transi-
tions into an unstable buckling path. Therefore, the spontaneous buckling observed in
the zero-imperfection spiral should not be interpreted as being caused by an external
defect. Rather, it results from the combined effect of stress accumulation, geometric
non-uniformity, and the intrinsic asymmetry of the spiral configuration.

As summarized in Fig. 7(b), the ring and spiral structures exhibit clearly different
imperfection sensitivities. The ring does not buckle in the absence of an imposed imper-
fection because its perfectly symmetric configuration provides no perturbation to break
symmetry and activate a non-axisymmetric instability. Once an imperfection is intro-
duced, the response is dominated by the prescribed crown imperfection over the range
of amplitudes considered. Moreover, reducing the imperfection amplitude increases the
critical temperature change, indicating a higher buckling threshold and bringing the
response closer to the ideal ring prediction. Conversely, larger imperfections trigger
instability at smaller temperature changes, thereby lowering the critical buckling load
and increasing the deviation from the analytical prediction for an ideal ring.

In contrast, the spiral can buckle without any prescribed imperfection and shows
only weak sensitivity to small imperfection amplitudes. The nearly constant critical
eigenstrain over 0* = 0-0.5 suggests that the dominant instability mechanism is con-
trolled by the spiral geometry rather than by the imposed initial defect. For small
imperfections, the prescribed Gaussian defect mainly affects the detailed local defor-
mation pattern, but it does not significantly alter the critical buckling condition. This
further supports the conclusion that the spiral is relatively insensitive to the prescribed
imperfection amplitude within the range considered. Its geometric asymmetry can natu-
rally break the symmetry, promote stress localization, and trigger inward buckling even
in the absence of an externally imposed imperfection under the prescribed eigenstrain

loading.

5.3.1. Validation
By evaluating the semi-analytical solution in Section 4.1.3 using the same parame-

ters as those adopted in the finite element model, the critical load is obtained as
Nanalytical — 9198 N. (103)
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In comparison, the finite element simulation in section 5.2 gives the following
NEEM = 2100 N, (104)
corresponding to a critical eigenstrain of
€ = 0.03. (105)

The relative difference between the semi-analytical prediction and the finite element

result is

| Nanalytical _ yFEM 1007 — 12128 = 2100]
NEEM 2100

x 100% = 1.33%. (106)

The small discrepancy indicates good agreement between the finite element model and
the theoretical formulation.

The first mode shape comparison is shown in Fig. 8. Figure 8(a) shows the centerline
predicted by the semi-analytical formulation, while Fig. 8(b) shows the corresponding
mode shape obtained from the finite element simulation. Although the two results
are represented differently, both exhibit a similar inward-kinked deformation pattern.
This agreement suggests that the semi-analytical formulation captures the dominant
deformation mode observed in the finite element simulation.

Although the deformation visually appears as an inward bending mode, the stretch-
ing contribution cannot be determined from the centerline shape alone. Therefore, the
axial stretching measure

S = % + Kw (107)

was evaluated quantitatively. The resulting non-negligible value of

Us

— =~ 10 108
- (108)
indicates that the first inward mode involves significant axial stretching and should be
interpreted as a constrained bending—stretching mode. The structure can only be re-

garded as nearly inextensible before the critical point. After buckling occurs, stretching

energy is still present, as also shown in Fig. 5(a).
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Figure 8: Comparison between the theoretical semi-analytical mode shape and the finite element mode
shape for the inward kinked spiral deformation. Panel (a) shows the trial deformed centerline predicted
by the semi-analytical formulation, while panel (b) shows the corresponding mode shape obtained from

finite element analysis(solid element).

5.4. Parametric study

In multi-turn spirals, adjacent turns are in self-contact, which suppresses relative
sliding and opening between layers. This turn-to-turn interaction introduces intrinsic
kinematic locking and allows the thermally induced eigenstrain to be converted into
compressive resultants without imposing artificial equal-displacement end constraints.
Therefore, the multi-turn spiral is treated as a physically relevant layered-structure
limit and is used to assess how geometric parameters control inward buckling.

To better understand the effect of geometry, we perform a parametric study by
varying the layer thickness, inner radius, and number of turns. In the self-contact

configuration, the pitch is taken to be equal to the layer thickness, i.e.,
D=t, (109)

so that neighboring turns remain in contact without a gap.
To facilitate comparison across different geometries, all lengths are nondimension-
alized by the initial inner radius 7y, defined as the radius at § = 0. The dimensionless

thickness is defined as

t=—, (110)



and the number of turns is denoted by N;. Under the self-contact condition D = ¢, the
outer radius is given by

Tout = To + Ntt7 (111)

or, equivalently,

oy = 1% — 1 4 N, (112)

Therefore, the multi-turn self-contact geometry can be characterized by the two inde-
pendent dimensionless parameters (£, N;).

To isolate the effect of the number of turns, the outer radius r., is fixed as the
reference length while the thickness ratio is held constant at ¢ = 0.047. The inner

radius is then adjusted according to the self-contact relation
fout = 7A‘0 + Ntﬂ (113)

which ensures geometrically consistent comparisons for different values of V.

The resulting instability is driven by the geometric confinement and kinematic cou-
pling induced by turn-to-turn self-contact. In contrast, a single-turn spiral does not
provide such interlayer constraints and therefore does not buckle under the same load-
ing unless additional boundary constraints are imposed, as discussed in the previous
section.

The parametric study shows that the inward buckling threshold is strongly affected
by both the dimensionless thickness and the number of turns(Fig 9). A larger dimen-
sionless thickness increases the bending resistance of the spiral layers, leading to a higher
critical temperature. Similarly, increasing the number of turns generally enhances turn-
to-turn self-contact, which strengthens geometric confinement and kinematic coupling
between adjacent layers. A slight deviation is observed at N; = 8, where the critical
temperature is approximately 126°C (eigenstrain of 0.126). This local discrepancy may
result from a change in the active contact configuration or a transition in the dominant
buckling mode. Since the instability of a self-contacting spiral is strongly affected by
which turns are in contact and where stress localizes, small changes in contact evolu-
tion can lead to a non-monotonic point in the critical temperature curve. Numerical
factors, including mesh resolution, contact discretization, and the threshold used to

identify buckling onset, may also contribute to this deviation. Nevertheless, the over-
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Figure 9: Parametric study of inward buckling in multi-turn self-contact spiral structures. The dashed
lines represent power-law fits to the two curves, highlighting the scaling trend of the critical load with
respect to the geometric parameter. (a) Critical temperature versus dimensionless thickness £ = t/r(.
A larger thickness increases the critical temperature, indicating stronger resistance to inward buckling.
(b) Critical temperature versus number of turns N; for fixed outer radius and constant ¢ = 0.047.
Increasing the number of turns enhances turn-to-turn self-contact, geometric confinement, and stress
accumulation, leading to a higher buckling threshold. These results indicate that the critical buckling
condition is controlled by the dimensionless thickness and the self-contact configuration of the multi-

turn spiral.

all trend indicates that increasing the number of turns promotes stress accumulation
and generally raises the buckling threshold. Therefore, the instability of the multi-turn
spiral is governed by the combined effects of layer stiffness, self-contact, and geometric
confinement.

It is also worth noting that the two increasing trends have different characteris-
tics. The critical temperature increases rapidly with dimensionless thickness, showing
a nearly exponential dependence, whereas the effect of the number of turns appears
to gradually approach a plateau. This suggests that thickness directly strengthens the
bending resistance, while additional turns may eventually provide limited extra con-
finement once the main self-contact region has formed. The lower value at N, = 8
may arise from a local change in contact configuration, a mode transition, or numerical
sensitivity. Further parametric studies are required to clarify whether the turn-number

plateau is a physical saturation behavior or a result of model resolution and contact

evolution.
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6. Discussions

6.1. Complementarity conditions for contact mechanism

Throughout the analytical development we represent wall contact by a penalty stiff-
ness k with a Heaviside activation (Eq. 39). This regularization is what makes the
closed-form critical load N (n) and its mode scaling (Eq. 87) possible. The physically
exact description, however, is unilateral (Signorini) contact, which is governed by a

complementarity condition rather than a smooth penalty:
g(0)>0,  AO)>0, ) g(6) = 0. (114)

Here g(6) = —w(#) is the gap between the structure and the rigid wall, and A(6) is the
normal contact reaction. The first condition states that the gap cannot be negative,
since the spiral or ring cannot cross the outer wall. The second states that the reaction
cannot be negative, since a frictionless rigid wall can push on the structure but cannot
pull it. The third is the complementarity condition itself, which couples the two: where
the structure is separated from the wall (g > 0), the reaction must vanish (A = 0),
so no force is transmitted across a gap; where the structure is in contact (g = 0), the
reaction may be positive, supplying whatever compressive traction is needed to prevent
penetration. Together these three conditions enforce the correct no-penetration physics
without prescribing in advance which portions of the boundary are in contact.

The corresponding equilibrium statement is
Llw]+ J X =0, (115)

where, for the spiral, the operator L collects the membrane and bending contributions

of the normal equilibrium equation (44),

L‘[w}:—(NKJ—FC%(%UJ@))+<JM/-€2+C%(%M9)). (116)

The essential difficulty is that the contact set is not known beforehand: it is part of the
solution. Under the strict inward constraint w(f) < 0 (equivalently g > 0), a pure global
Fourier mode w = A cos(n#) is no longer admissible, because such a mode contains both
inward and outward excursions and the outward lobes would penetrate the wall. The
admissible field is therefore restricted to inward and locally detached deformation, and

the stability problem becomes a variational inequality with an unknown active set.
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Solving this variational inequality directly lies beyond the scope of the present an-
alytical treatment. We therefore adopt the penalty regularization throughout, which
relaxes the hard constraint into a one-sided elastic foundation and recovers the closed-
form expressions used in Section 4. The penalty model permits a small, controlled
overclosure in place of the exact reaction A\, and reproduces the complementarity be-

haviour in the limit of large k.

6.2. Fundamental differences in the mechanical behavior of spirals and rings

A circular ring may be viewed as the geometric limit of a one—turn spiral in which
the radial increment vanishes. In this limit the radius becomes independent of the

circumferential coordinate,
r)=a+b0 — R (b —0),

and therefore

J(0) = Vi +? — R,

which is constant. From a purely geometric perspective, the ring may therefore be
regarded as a special case of the spiral with constant metric coefficient J.

However, despite this geometric connection, the two problems are fundamentally
different from a mechanical standpoint because their boundary conditions are not equiv-
alent. A spiral is an open curve defined on 6 € [0, 27] with two physical ends, whereas

a ring is a closed structure satisfying periodic boundary conditions,
w(0) = w(27), w'(0) = w'(2m).

Consequently, even in the limit b — 0, the spiral problem does not strictly reduce to the
classical ring problem. Instead, the spiral approaches the behavior of an open circular
arc with constant curvature. Only after imposing periodic boundary conditions does
the classical closed-ring model emerge.

Another essential distinction lies in the spatial distribution of curvature. In a circular

ring the curvature is uniform,
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which preserves full circumferential symmetry. By contrast, an Archimedean spiral
exhibits a non-uniform curvature distribution,
B r? 4 20

ﬁ< )_ (TQ +b2)3/27
so that the structural stiffness varies along the circumferential direction, as illustrated
in 10. This intrinsic geometric inhomogeneity breaks the rotational symmetry of the
system and provides a natural mechanism for symmetry breaking in the post-buckling
response.
r’+2b2
(rz + b2)3/2’
= D =1mm (b=D/2n=0.159), one turn -
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Figure 10: Spiral curvature x as a function of 6.

These geometric and boundary-condition differences strongly influence how com-
pressive stresses develop under volumetric expansion loading. In a spiral, the open
ends together with possible interlayer interactions in a multilayer coil restrict the nat-
ural radial expansion induced by eigenstrain. The resulting incompatibility generates
compressive stresses along the spiral centerline, which can drive the structure toward an
unstable equilibrium configuration. Because the spiral lacks circumferential symmetry,
this instability can emerge spontaneously even in the absence of a prescribed geometric
imperfection.

By contrast, in a closed ring the compressive stress arises from the kinematic con-
straint associated with the closed-loop geometry: uniform thermal expansion cannot be
accommodated without developing in-plane compressive forces along the ring. Never-

theless, the ring retains perfect circumferential symmetry, and therefore classical ring
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buckling is characterized by symmetric Fourier modes determined by the wave number
n.

These observations highlight that, although the spiral and the ring are geometrically
related, their mechanical behavior is fundamentally governed by different symmetry
and boundary-condition constraints. As a result, the spiral exhibits a richer instability
behavior that is absent in the classical closed-ring problem.

For reference, a multilayer configuration composed of concentric rings may be re-
garded as an idealized counterpart of the spiral architecture. In such a system each layer
forms a closed loop with uniform curvature and satisfies periodic boundary conditions
along the circumferential direction. As a result, the structure preserves full circum-
ferential symmetry and instability typically develops through global Fourier modes of
the ring. By contrast, the spiral geometry introduces both curvature variation and
open-ended boundaries, which break this symmetry and allow stress to redistribute
non-uniformly along the structure. This geometric asymmetry promotes localized in-
stability modes and provides a natural mechanism for the inward collapse observed in

spiral structures.

6.3. Comparison with the ring under external pressure

It is instructive to contrast the eigenstrain-driven critical load with the classical
result for a ring buckling under external pressure, since the two are algebraically similar
yet arise from different loading mechanics.

Consider a thin circular ring under uniform external hydrostatic pressure p that
remains normal to the surface (a follower load). Under the small-deformation assump-
tion, pre-buckling shear and bending effects are negligible, and local equilibrium gives
a direct relation between the circumferential membrane (hoop) force N and the applied

pressure,

N ~ pR. (117)

The onset of instability is governed by the critical hoop force
Nee = — (n? — 1), n>2, (118)

or equivalently, using Eq. (117), the classical critical pressure (Timoshenko and Gere,
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2012)
Per = /53 (n2 - 1) (119)

Here n is the buckling mode number; the restriction n > 2 applies because n = 1
corresponds to a rigid-body translation of the ring with no change in cross-sectional
shape or internal strain.

The pressure result (118) is closely analogous to the detached-ring eigenstrain re-
sult (88): in both, N is the internal hoop force at the onset of buckling. The two differ,

however, by the mode-dependent factor

NeEt(n) _ (n® —1)?/n® _ n?—1
Ngressure(n) = n2 — 1 = nZz ' (120)

which equals 3/4 at n = 2 and approaches unity for large n. The origin of this differ-
ence is the nature of the load. External pressure is a follower load that remains normal
to the deformed ring, so it does additional work through the change in enclosed area
as the ring deflects. This contributes an extra geometric term —pw to the governing
equation (Appendix Appendix C, Eq. C.10), which lowers the resistance to buckling
and thereby raises the critical hoop force relative to the eigenstrain case. By contrast,
the eigenstrain-induced hoop force in our formulation is a pre-existing internal stress
generated by constrained expansion under full confinement; it does not vary with the
deformed radius, so the —p w contribution is absent. The eigenstrain-loaded ring there-
fore buckles at a lower hoop force than the pressure-loaded ring at the same mode

number.

6.4. Role of imposed end constraints for spiral

A fundamental difference between an Archimedean spiral and a circular ring is that
the spiral is naturally an open curve with two free ends. Under imposed expansion, a
free-standing spiral can partially relax the deformation through end motion, sliding, or
radial unwinding. Therefore, it does not necessarily accumulate large circumferential
compressive stress in the same manner as a closed ring, unless additional resistance
mechanisms, such as interlayer friction, adhesion, external confinement, or end con-
straints, inhibit this free relaxation. In the present study, we intentionally impose end
constraints in both the theoretical formulation and the finite-element simulations to iso-

late the stress accumulation mechanism. These constraints idealize situations in which
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the spiral cannot freely unwind or expand due to surrounding mechanical restrictions.
As a result, part of the imposed eigenstrain is converted into elastic strain, leading to
the build-up of compressive hoop stress and eventually driving inward buckling. Thus,
the instability analyzed here should be interpreted as the response of a constrained

spiral, rather than that of a completely free-standing spiral.

6.5. Discussion of inextensibility

If strict inextensibility before buckling is imposed, the tangential and normal dis-

placements must satisfy the inextensibility condition

1d
—2 L kw =0, (121)

where u(f) is the tangential displacement, w(f) is the normal displacement, J(6) is
the arc-length metric, and k() is the curvature of the spiral centerline. Integrating

Eq. (121) from 0 to € gives

0
u(6) = — / (1) T () () dn + C, (122)

where C' = u(0) is an integration constant. In the present formulation, the end con-
straint

u(2m) = u(0) (123)

is imposed to enable stress accumulation in the spiral and to maintain consistency with
the boundary conditions used in the subsequent finite-element simulations. Combin-
ing Eqs. (122) and (123) gives an additional compatibility constraint on the normal

displacement,
2
/ k(0)J(0)w(0)dd = 0. (124)
0
This condition means that the curvature-weighted average normal displacement must

vanish. For a circular ring, where x and J are constants, Eq. (124) reduces to

27
/ w(f)do = 0. (125)
0
Therefore, if w(0) is restricted to be non-positive everywhere, i.e.,

w(f) <0, (126)
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then Eq. (125) can only be satisfied by the trivial solution
w(f) = 0. (127)

This shows that strict inextensibility, periodic tangential displacement, and an inward-
only normal displacement cannot generally be satisfied simultaneously. In other words,
a truly inextensible closed ring or spiral would require w(#) to contain both inward
and outward components so that the weighted average displacement is zero. Since the
present problem also includes a rigid outer wall, outward displacement is geometrically
restricted by the non-penetration condition. Therefore, instead of enforcing the strict
inextensibility condition exactly, we include the stretching energy and minimize the
total energy with respect to the admissible displacement field. In this way, the structure
is treated as nearly inextensible: stretching is energetically penalized, but the constraint

du/Jdf + kw = 0 is not imposed exactly.

7. Conclusions

In this paper, we developed a theoretical and finite-element framework for the in-
ward buckling of spiral layered structures subjected to volumetric expansion and ex-
ternal confinement. The imposed thermal or chemical eigenstrain was converted into a
compressive tangential resultant when the free expansion of the spiral was restricted by
geometric confinement, end constraints, or inter-layer interactions. This eigenstrain-to-
compression mechanism provides the driving force for inward instability.

To benchmark the spiral model, we compared it with its limiting case: a circular
ring obtained by setting the radial increment per revolution to zero, so that the cen-
terline radius becomes constant. This reduction removes the geometric non-uniformity
of the Archimedean spiral and isolates the roles of curvature, confinement, and contact
constraints. Under the same loading and boundary conditions, the ring response serves
as a baseline for validating the formulation and for interpreting how the spiral geometry
modifies the effective stiffness and stress distribution. In particular, increasing the num-
ber of turns introduces additional geometric confinement and inter-layer interactions,
which redistribute the compressive stress and alter the instability threshold relative to

the ideal ring limit.
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The analysis shows that contact plays a central role in determining the buckling
threshold. Compared with a freely deforming or globally detached ring, contact with
the rigid wall greatly increases the critical load because it restricts the admissible de-
formation shape. The wall prevents outward motion and limits the structure to inward
or locally detached deformation modes. As a result, the structure cannot adopt the
energetically favorable global sinusoidal buckling mode, and a much larger compressive
load is required to trigger instability. In this sense, contact does not simply add a local
reaction force; it fundamentally changes the admissible displacement field and raises
the critical buckling load.

The contact energy term was retained in the general energy formulation to facilitate
future extensions to multilayer spiral structures. For the single-layer case with an ideal
rigid outer wall and frictionless unilateral contact, the contact contribution may be
taken as zero because no elastic energy is stored in the rigid wall. In this case, the
effect of contact is imposed through the admissible displacement constraint rather than
through an explicit elastic energy term. However, in a multilayer spiral, neighboring
layers can come into contact with each other. Such inter-layer contact can generate
additional penalty energy, restrict relative layer motion, and modify the admissible
deformation field. Therefore, although the contact energy term is not active in the
present ideal rigid-wall formulation, retaining it provides a more general framework for
describing inter-layer contact effects in practical multilayer configurations.

The ring limit also highlights the limitation of global imperfection or global Fourier-
mode assumptions. For a confined ring, a global sinusoidal imperfection is not physically
admissible once the rigid wall is present, because the wall restricts the outward part of
the mode. Therefore, the buckling mode cannot be treated as a fully global deformation
around the entire circumference. Instead, the instability must be described using a
local imperfection or a localized detached region, where inward deformation initiates
near the defect and then evolves into a snap-through-like collapse. This explains why
the confined ring exhibits strong sensitivity to local imperfection geometry, while the
spiral can buckle through its own geometric asymmetry, turn-to-turn constraint, and
stress localization.

The role of inextensibility was also clarified. In the inextensible approximation, the
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tangential strain of the perturbation is taken to be zero, so the deformation does not
store additional stretching energy during the linearized buckling calculation. Under this
condition, the imposed eigenstrain cannot be accommodated as free extension; instead,
it is transferred into elastic strain and therefore into compressive stress. Thus, the
inextensible assumption removes the perturbation stretching energy from the Rayleigh—
Ritz estimate, while the constrained eigenstrain remains the source of the compressive
resultant that drives buckling.

Overall, the results demonstrate that inward buckling of confined spiral and ring
structures is governed by the combined effects of eigenstrain-induced compression, uni-
lateral contact, geometric confinement, and imperfection localization. Contact substan-
tially increases the critical load by restricting the deformation shape, while the rigid
wall makes global ring imperfections inappropriate and requires a local imperfection-
based description. These findings provide a mechanics-based explanation for localized
inward collapse in spiral layered structures and establish a foundation for predicting

buckling thresholds in practical confined multilayer systems.
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Appendix A. First variation of the total potential energy

The first variation of the stretching energy is given by

27TNt ) .
6Ustretching — EA/ é\?iasmc 68:;135‘510 Jde
0

1 dw
elastic
+ ey -

J do

27 N
0

27 N, elastic
td
_BA / St 5w df
0

= BA| = gu dw

27 Ny ]
0 (A1)
do

amie elastic d elastic 1 dw
—EA\/O |:€ti t /€J+ @ (st; t j@)} owdo.

Similarly, taking the variation of bending energy, we obtain

i 1AW 1™ 1d(k—r) . |7V
SUbending = EI | (7 — K)j% o ( - ) 50 ]
0 0
27 Ny
+ EI/ (F —r) % Su df (A.2)
0

2mit d (1d(k— k)
o 2 el e S
—I—EI/O |:J(li K)K +d9 (J p7] )} dw de.

Finally, taking the variation of the contact energy, we obtain

27I'Nt
M eontact = / k H(w)wJdwdb. (A.3)
0

Collecting the coefficients of du and dw yields the governing equations and natural
boundary conditions. Enforcing 6U;.a = 0 for arbitrary variations du and dw yields

the governing equations and natural boundary conditions.
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Appendix B. Reduce to a circular ring
When a spiral reduce to a circular ring. We have,
! 0, J=R (B.1)
K= — = = R. )
R’ Ko )
For tangential equilibrium equation (41), when k¢ = 0, it reduces to,
Ng =10 (B.2)
For normal equilibrium equation (42), along with (B.2), it can be reduce to,
N M 1
— (N + Ew%) + (E + EMQ@) + kRH(U)) w = 0. <B3)
Together with equation(29), we can obtain:
N EI
- (N + ;99) + ﬁ (wgege + 211)99 + w) + kRH(w) w = 0. (B4)

For the buckling analysis, we focus on small perturbations about the base state w(0).
The constant term N is absorbed into the base-state equilibrium and therefore elimi-

nated from the perturbation equation, yielding,

N EI
}1;09 + ﬁ (wgege + 271).99 + U)) + /{ZRH(U)) w = 0. <B5)
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Appendix C. Buckling of a circular ring under uniform follower pressure:

energy derivation

We consider a thin circular ring of radius R and bending rigidity £ subjected
to a uniform external pressure p that remains normal to the deformed ring (follower

pressure). The kinematics is described by the in-plane displacement field
x(0) = X(0)+ud)td) +w(d)n(H), 0 €10, 2n], (C.1)

where u and w denote the tangential and radial displacements, respectively. For a

circular ring, ds = Rdf and k = 1/R.

Appendixz C.1. Total potential energy

The total potential energy is written as
w] = Ufu] + Mfw],  Tfu] = —p Adfu], (C2)

where U, is the bending energy and 1I, is the pressure potential energy, expressed in

terms of the change of the enclosed area AA.

Appendiz C.2. Bending energy

Using the curvature variation for a circular ring,

_ 1
AHEKJ—K:—E(’LU-FIUQQ), (03)
the bending energy is
1 27 ) 1 27 E.[ 9
Up[w] = = EI(Ar)*ds = = — (w4 wee) "~ db. (C.4)
2 Jo 2 ), R?

Appendiz C.3. Pressure potential energy

For a closed planar curve, the enclosed area is A = 1 0%(3;3/9 — yzg)dfh. A stan-
dard small-deformation expansion about the circular base configuration yields the area

change (up to second order) as

27 1 1
AAlw] = / (Rw + sz + Ewg) df + (terms involving u and higher-order terms).
0
(C.5)
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In the linear buckling analysis, only the terms that contribute to the first variation

about the circular base state are needed, which lead to the pressure contribution
2m
mmkrwAAMzbém:—p/ (6w + wow + wo Sws) db.  (C.6)
0

Integrating the last term by parts and noting periodicity (dw(0) = dw(27), dwy(0) =

dwy(2m)), we obtain
27 27
O, = —p/ (0w + w dw — wgy dw) db = —p/ (14w — wyp) dw db. (C.7)
0 0

The constant term corresponds to the axisymmetric base-state equilibrium and is ab-
sorbed into the base configuration. Therefore, the linearized pressure contribution to

the buckling equation is
2m
oI, = —p/ (w + wgy) dw db. (C.8)
0

Appendiz C.4. Stationarity and governing equation

Taking the first variation of U, from (C.4) gives

27 E]
5%:/ — 5 (waano + 2 + w) | w0 db, (C.9)
0

where periodic boundary terms vanish. Enforcing stationarity 0II = §U, + 011, = 0

for arbitrary dw yields the linear buckling equation for a circular ring under uniform

follower pressure:

EI
—p (w + ’a)gg) — ﬁ (w()ggg + 2wgg + w) = 0. (C.l())

Appendiz C.5. Critical pressure

Assuming a sinusoidal mode w(0) = W cos(nf) (n > 2), substituting into (C.10)

gives the classical result

—(n*—1). (C.11)
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